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1
A Note for the Reader
Thank you for your interest in this book.
In order for this work to be as useful to the complex analysis community as possible,
we want it to be as comprehensive and as accurate as can be. We also aim to include
new problems in all nine chapters.
We therefore ask for your help in three ways:
(a) Let us know of any errors and omissions.
While you are reading this work, you may come across some errors or
omissions. Please let us know about these by emailing Eleanor Lingham
(e.lingham@shu.ac.uk).
(b) Send us some new problems.
For any mathematics research area to thrive, there needs to be an abundance of
interesting problems to work on. If you have some interesting unsolved problems,
we ask you to please consider sharing them with the wider mathematics community
by publishing them in this work.
To do so, email Eleanor Lingham (e.lingham@shu.ac.uk) with the following:
(i) A clear statement of the problem, as you would like it to appear.
(ii) Full details of any definitions needed (you could check this work to see if the
definition is already included).
(iii) Full details of any references needed.
(iv) A direction to which chapter the problem should appear in.
(v) An attribution for the problem, if one exists.
(c) Please let other interested members of the complex analysis community
know about this project.
Please send all replies by January 6th 2019 - Walter K. Hayman’s 93rd birthday.
With best regards and thanks,
Walter Hayman and Eleanor Lingham Contact: e.lingham@shu.ac.uk
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Introduction
By Walter K. Hayman and Eleanor F. Lingham (to appear)
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Chapter 1
Meromorphic Functions
Preface by A. Eremenko (to appear)
Notation We use the usual notations of Nevanlinna theory (see for example Nevan-
linna [599], [598] and Hayman [395]).
If f(z) is meromorphic in |z| < R, and 0 < r < R we write
n(r, a) = n(r, a, f)
for the number of roots of the equation f(z) = a in |z| ≤ r, when multiple roots
are counted according to multiplicity, and n(r, a) when multiple roots are counted only
once. We also define
N(r, a) =
∫ r
0
[n(t, a)− n(0, a)] dt
t
+ n(0, a) log r,
N(r, a) =
∫ r
a
[n(t, a) − n(0, a)] dt
t
+ n(0, a) log r,
m(r, f) = m(r,∞, f) = 1
2π
∫ 2pi
0
log+ |f(reiθ)| dθ,
where log+ x = max
{
log x, 0
}
,
m(r, a, f) = m
(
r,∞, 1
f − a
)
, a 6=∞.
and
T (r, f) = m(r,∞, f) +N(r,∞, f).
Then for every finite a, we have by the first fundamental theorem (see Hayman [395,
p. 5]),
T (r, f) = m(r, a, f) +N(r, a, f) +O(1), as r→ R. (1.1)
We further define the deficiency,
δ(a, f) = lim inf
r→R
m(r, a, f)
T (r, f)
= 1− lim sup
r→R
N(r, a, f)
T (r, f)
,
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the Valiron deficiency
∆(a, f) = lim sup
r→R
m(r, a, f)
T (r, f)
,
and further
Θ(a, f) = 1− lim sup
r→R
N(r, a, f)
T (r, f)
.
We then have the “defect relation” (see Hayman [395, p. 43]),∑
a
δ(a, f) ≤
∑
a
Θ(a, f) ≤ 2, (1.2)
provided that either R =∞ and f(z) is not constant, or R < +∞ and
lim sup
r→R
T (r, f)
log
(
1/(R − r)) = +∞.
If R = +∞ we also define the lower order λ and order ρ,
λ = lim inf
r→R
log T (r, f)
log r
, ρ = lim sup
r→R
log T (r, f)
log r
.
If δ(a, f) > 0 the value a is called deficient. If follows from (1.2) that there are at
most countably many deficient values if the conditions for (1.2) are satisfied.
Problem 1.1 Is (1.2) all that is true in general? In other words, can we construct a
meromorphic function f(z) such that f(z) has an arbitrary sequence an of deficient
values and no others, and further that δ(an, f) = δn, where δn is an arbitrary
sequence subject to
∑
δn ≤ 2? (If f(z) is an entire function δ(f,∞) = 1, so that∑
a6=∞ δ(a, f) ≤ 1. For a solution of the problem in this case see [395, p. 80]).
Update 1.1 This problem has been completely settled by Drasin [197]. He constructs
a meromorphic function f(z) with arbitrary deficiencies and branching indices on a
presassigned sequence an of complex numbers with f(z) growing arbitrarily slowly,
subject to having infinite order.
Problem 1.2 How big can the set of Valiron deficiencies be for functions in the plane?
It is known that
N(r, a) = T (r, f) +O
(
T (r, f)
1
2
+ε
)
(1.3)
as r →∞, for all a outside a set of capacity zero (see Nevanlinna [598, pp. 260-264].
In the case R < +∞ this is more or less best-possible, but in the plane we only know
from an example of Valiron [763] that the corresponding set of a can be non-countably
infinite. It is also not known whether (1.3) can be sharpened.
Update 1.2 Hyllengren [455] has shown that all values of a set E can have Valiron
deficiency greater than a positive constant for a function of finite order in the plane,
if and only if there exists a sequence of complex numbers an and a k > 0 such that
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each point of E lies in infinitely many of the discs {z : |z − an| < e−ekn}.
Hayman [403] proved that all values of any Fσ set of capacity zero can be Valiron
deficiencies for an entire function of infinite order and a little more.
Problem 1.3 If f(z) is meromorphic of finite order ρ and
∑
δ(a, f) = 2, it is
conjectured that ρ = n/2, where n is an integer and n ≥ 2, and all the deficiencies are
rational. F. Nevanlinna [596] has proved this result on the condition that f(z) has no
multiple values, so that n(r, a) = n(r, a) for every a (see also R. Nevanlinna [597]).
Update 1.3 Weitsmann proved that the number of deficiencies is at most twice
the order in this case [781]. The conjecture was completely proved by Drasin [198].
Eremenko [241] gave a simpler proof of a stronger result, see Problem 1.33.
Problem 1.4 Let f(z) be an entire function of finite order ρ, and let n1(r, a) denote
the number of simple zeros of the equation f(z) = a. If
n1(r, a) = O(r
c), n1(r, b) = O(r
c), as r →∞,
where a 6= b, c < ρ, is it true that ρ is an integral multiple of 12? More strongly, is this
result true if Θ(a) = 12 = Θ(b)? (For a somewhat weaker result in this direction, see
Gol’dberg and Tairova [326].)
Update 1.4 The answer is ‘no’, even in a very weak sense. Gol’dberg [314] has
constructed an example of an entire function for which
n1(r, a) = O((log r)
2+ε), n1(r, b) = O((log r)
2+ε) as r →∞,
but the order is not a multiple of 12 .
Problem 1.5 Under what conditions can
∑
δ(a, f) be nearly 2 for an entire function
of finite order ρ? Pfluger [633] proved that if
∑
δ(a, f) = 2, then (see Hayman [395,
p.115]) ρ is a positive integer q, the lower order λ is such that λ = ρ and all the
deficiencies are integral multiplicities of 1/q. If further∑
δ(a, f) > 2− ε(λ),
where ε(λ) is a positive quantity depending on λ, then Edrei and Fuchs ([216], [217])
proved that these results remain true ‘nearly’, in the sense that there exist ‘large’
deficiencies which are nearly positive integral multiplicities of 1/q, and whose sum of
deficiencies is ‘nearly’ 2. Can there be a finite or infinite number of small deficiences
as well in this case?
Update 1.5 No progress on this problem has been reported to us. Hayman suspects
that the answer is ‘no’.
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Problem 1.6 Arakelyan [27] has proved that, given ρ > 12 and a countable set E, there
exists an entire function f(z) of order ρ, for which all the points of E are deficient.
Can E be the precise set of deficiencies of f in the sense that f has no other deficient
values? It is also conjectured that if the an are deficient values for an entire function
of finite order, then ∑(
log[1/δ(an, f)]
)−1
< +∞.
(N. U. Arakelyan)
Update 1.6 Eremenko [232] has proved the first conjecture. He also proved [240] that
the second conjecture is false: given ρ > 1/2 and a sequence of complex numbers (ak),
there is an entire function f of order ρ with the property δ(ak, f) > c
k, k = 1, 2, . . . ,
for some c ∈ (0, 1). On the other hand, Lewis and Wu [520] proved ∑ δ(ak, f)α < ∞
for entire functions of finite order with an absolute constant α < 1/3− 2−264. The ex-
act rate of decrease of deficiencies of an entire function of finite order remains unknown.
Problem 1.7 If f(z) is an entire function of finite order ρ which is not an integer, it
is known that (see Pfluger [633] and Hayman [395, p.104]),∑
δ(a, f) ≤ 2−K(ρ)
where K(ρ) is a positive quantity depending on ρ. What is the best possible value for
K(ρ)? Edrei and Fuchs [217] conjectured (see also Hayman [395, p. 104]) that if q is
the integral part of ρ, and if q ≥ 1, then
K(ρ) =
| sin(πρ)|
q + | sin(πρ)| , q ≤ ρ < q +
1
2
,
K(ρ) =
| sin(πρ)|
q + 1
, q +
1
2
≤ ρ < q + 1.
This result would be sharp.
If ρ ≤ 12 , there are no deficient values, so that K(ρ) = 1. If 12 < ρ < 1, Pfluger [633]
proved that K(ρ) = sin(πρ). See also Hayman [395, p. 104].
Update 1.7 For Problem 1.7 and Problem 1.8 a better lower bound was found by
Miles and Shea [571], who also obtained the exact lower bound for any order ρ of
lim sup
r→∞
N(r, 0) +N(r,∞)
m2(r)
,
where
m2(r) =
( 1
2π
∫ 2pi
0
(log |f(reiθ)|)2 dθ
) 1
2
.
Hellerstein and Williamson [429] have solved the problems completely for entire
functions with zeros on a ray.
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Problem 1.8 Following the notation in Problem 1.7, if f(z) is meromorphic in the
plane of order ρ, it is conjectured by Pfluger [633], that for a 6= b
lim sup
r→∞
N(r, a) +N(r, b)
T (r, f)
≥ K(ρ).
This is known to be true for 0 < ρ ≤ 1. If equality holds in the above inequality, it is
conjectured that f(z) has regular growth, i.e. ρ = λ.
Update 1.8 See Update 1.7.
Problem 1.9 If f(z) is an entire function of finite order ρ which has a finite deficient
value, find the best possible lower bound for the lower order λ of f(z). (Edrei and
Fuchs [217] showed that λ > 0.)
Gol’dberg [309] showed that for every ρ > 1, λ ≥ 1 is possible.
Update 1.9 This had been settled by Gol’dberg in [309].
Problem 1.10 If f(z) is a meromorphic function of finite order with more than two
deficient values, is it true that if σ > 1, then
lim sup
r→∞
T (σr)
T (r)
< +∞.
Update 1.10 No progress on this problem has been reported to us. (The update in
[405] has been withdrawn).
Problem 1.11 If f(z) is a meromorphic function of finite order with at least one
finite deficient value, does the conclusion of Problem 1.10 hold?
Update 1.11 Drasin writes that Kotman [491] has shown that the answer to this
question is ‘no’.
Problem 1.12 Edrei, Fuchs and Hellerstein [220] ask if f(z) is an entire function of
infinite order with real zeros, is δ(0, f) > 0? More generally, is δ(0, f) = 1?
Update 1.12 This has been disproved by Miles [568], who showed that δ(0, f) = 0 is
possible. However, Miles also showed
N(r, 0)
T (r, f)
→ 0
as r →∞ outside a fairly small set in this case.
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Problem 1.13 If f(z) is an entire function of finite order ρ and lower order λ with
real zeros, find the best possible bound B = B(ρ, λ) such that δ(0, f) ≥ B. From
Edrei, Fuchs and Hellerstein [220] it is known that B > 0 if 2 < ρ < ∞, and it is
conjectured that B → 1 as ρ→ +∞.
Update 1.13 An affirmative answer with the exact value of B(λ) was given by
Hellerstein and Shea [428].
Problem 1.14 If f(z) is a meromorphic function of finite order, then it is known
(see Hayman [395, pp. 90, 98]) that
∑
δ(a, f)α converges if α > 13 , but may diverge if
α < 13 . What happens when α =
1
3?
Update 1.14 This has been completely settled by Weitsman [782] who proved that∑(
δ(a, f)
)1/3
does indeed converge for any meromorphic function of finite order.
Problem 1.15 (Edrei’s spread conjecture) If f(z) is meromorphic in the plane
and of lower order λ, and if δ = δ(a, f) > 0, is it true that, for a sequence r = rν →∞,
f(z) is close to a on a part of the circle |z| = rν having angular measure at least
4
λ
sin−1
√(
δ
2
)
+ o(1)?
(For a result in this direction, see Edrei [214].)
Update 1.15 This result was proved by Baernstein [37] by means of the function
T ∗(r, θ), where
T ∗(r, θ) = sup
E
1
2π
∫
E
log |f(reiϕ)| dϕ +N(r, f),
where E runs over all sets of measure exactly 2θ. See also Baernstein [36].
Problem 1.16 For any function f(z) in the plane, let n(r) = supa n(r, a) be the
maximum number of roots of the equation f(z) = a in |z| < r, and
A(r) =
1
π
∫ ∫
|z|<r
|f ′(z)|2
{1 + |f(z)|2}2 dx dy =
1
π
∫ ∫
|a|<∞
n(r, a) |da|2
(1 + |a|2)2 .
Then πA(r) is the area, with due count of multiplicity, of the image on the Riemann
sphere of the disc |z| < r under f , and A(r) is the average value of n(r, a) as a moves
over the Riemann sphere. It is known (see Hayman [395, p. 14]) that
1 ≤ lim inf
r→∞
n(r)
A(r)
≤ e.
Can e be replaced by any smaller quantity, and in particular, by 1?
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Update 1.16 Toppila [754] has shown that e cannot be replaced by 1. He has con-
structed an example of a meromorphic function for which
lim inf
r→∞
n(r)
A(r)
≥ 80
79
for every sufficiently large r. The question remains open for entire functions. Among
other examples, Toppila shows that for an entire function the following can occur
lim sup
n(r, 0)
A(7r/6)
≥ 9
5
and
lim sup
n(r)
A(Kr)
=∞
for every K, K ≥ 1.
Miles [570] gave a positive answer, by showing that for every meromorphic function
lim inf
r→∞
maxa n(r, a)
A(r)
≤ e− 10−28.
Problem 1.17 (Paley’s conjecture) For any entire function f(z) of finite order ρ
in the plane, we have
1 ≤ lim inf
r→∞
logM(r, f)
T (r, f)
≤ C(ρ),
where C(ρ) depends on ρ only. This follows very simply from Hayman [395, Theorem
1.6, p.18]. It is known by Wahlund [775] that the best possible value of C(ρ) is
πρ/ sin(πρ) for 0 < ρ < 12 , and it is conjectured that C(ρ) = πρ is the corresponding
result for ρ > 12 .
Update 1.17 This inequality has been proved by Govorov [346] for entire functions,
and by Petrenko [630] for meromorphic functions.
Problem 1.18 Suppose that f(z) is meromorphic in the plane, and that f(z) and
f (l)(z) have no zeros, for some l ≥ 2. Prove that f(z) = eaz+b or (Az +B)−n.
The result is known if f(z) has only a finite number of poles, (see Clunie [159] and
Hayman [395, p.67]), or if f(z) has finite order and f 6= 0, f ′ 6= 0, f ′′ 6= 0, and
lim inf
r→∞
log n(r, f)
log r
< +∞,
(see Hayman [392]), or if none of the derivatives of f(z) have any zeros and f(z) has
unrestricted growth (see Polya [637], Hayman [395, p. 63]).
Update 1.18 The conjecture was proved by Mues [588] if f has finite order and
ff ′′ 6= 0 (instead of ff ′f ′′ 6= 0). For l > 2, the conjecture was proved by Frank [274].
10
Since then, Frank, Polloczek and Hennekemper [276] have obtained various extensions.
Thus, if f , f (l) have only a finite number of zeros, and l > 2, then
f(z) =
p1
p2
ep3 ,
where p1, p2, p3 are polynomials. However, the paper [276] contains mistakes, including
a gap in the proof of the case l = 2.
The last case which remained unsolved, l = 2, was settled by Langley [506] who proved
that the only meromorphic functions f for which ff ′′ is zero-free, are f(z) = eaz+b
and f(z) = (az + b)−n.
Problem 1.19 Suppose that f(z) is meromorphic in the plane and f ′(z)f(z)n 6= 1,
where n ≥ 1. Prove that f(z) is constant. Hayman [392] has shown this to be true for
n ≥ 3.
Update 1.19 The case n = 2 has been settled by Mues [589]. The last case which
remained unsolved, n = 1, was settled by Bergweiler and Eremenko [85]: for every
non-constant meromorphic function f , the equation f ′(z)f(z) = c has solutions for
every c, c 6= 0,∞. This was first proved by Bergweiler and Eremenko for functions of
finite order; then, Bergweiler and Eremenko [85], Chen and Fang [154], and Zalcman
[811] independently noticed that a general result of Pang [623] permits an extension
to arbitrary meromorphic functions. The proof actually applies whenever n ≥ 1.
There were many extensions and generalizations of this result of Bergweiler and
Eremenko. The strongest result so far is due to Jianming Chang [151]: Let f be a
transcendental meromorphic function whose derivative is bounded on the set of ze-
ros of f. Then the equation f(z) = c has infinitely many solutions for every c ∈ C\{0}.
Problem 1.20 If f(z) is non-constant and meromorphic in the plane, and n = 3 or 4,
prove that φ(z) = f ′(z)− f(z)n assumes all finite complex values. This is known to be
true if f(z) is an entire function, or if n ≥ 5 in the case where f(z) is meromorphic,
see Hayman [392].
In connection to this, it would be most interesting to have general conditions under
which a polynomial in f(z) and its derivatives, can fail to take some complex value.
When f(z) is a meromorphic rather than an entire function, rather little is known,
see however Clunie ([159], [161]) and Hayman [395, Chp. 3].
Update 1.20 This question is closely related to Problem 1.19. Mues [589] proved
that φ(z) may omit a finite non-zero value when n = 3 or 4. He also showed that φ
must have infinitely many zeros for n = 4. The remaining case of zeros for n = 3 was
settled by Bergweiler and Eremenko [85].
Problem 1.21 If f(z) is non-constant in the plane, it is known (see Hayman [395,
pp.55-56]) that
αf = lim sup
r→∞
T (r, f)
T (r, f ′)
≥
{
1
2 if f(z) is meromorphic,
1 if f(z) is an entire function.
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These inequalities are sharp. It is not known whether
βf = lim inf
r→∞
T (r, f)
T (r, f ′)
can be greater than one, or even infinite. It is known that βf is finite if f(z) has finite
order. Examples show that αf may be infinite for entire functions of any order ρ, i.e.
0 ≤ ρ ≤ ∞, and that given any positive constants K, ρ there exists an entire function
of order at most ρ, such that
T (r, f)
T (r, f ′)
> K
on a set of r having positive lower logarithmic density. For this and related results,
see Hayman [397].
Update 1.21 Let f be meromorphic in the plane. The relation between T (r, f ′) and
T (r, f) constitutes an old problem of Nevanlinna theory. It is classical that
m(r, f ′) ≤ m(r, f) +m
(
r,
f ′
f
)
≤ m(r, f) +O(log T (r, f))
outside an exceptional set. In particular, if f is entire so that m(r, f) = T (r, f), we
deduce that T (r, f ′) < (1 + o(1))T (r, f) outside an exceptional set.
The question of a corresponding result in the opposite direction, had been open until
fairly recently. Hayman [396] has shown that there exist entire functions of finite order
ρ for which T (r, f) > KT (r, f ′) on a set having positive lower logarithmic density, for
every positive ρ and K > 1. Toppila [755] has given a simple example for which
βf = lim sup
→∞
T (r, f)
T (r, f ′)
≥ 1 + 7
107
.
for all sufficiently large r. In this example, he takes for f ′ the square of the sine
product, having permuted the zeros in successive annuli, to the positive or negative
axis. The result is that f ′ is sometimes large on each half-axis, and so f , the integral
of f ′, is always large on and near the real axis.
On the other hand, Hayman and Miles [415] have proved that βf ≤ 3e if f is
meromorphic, and βf ≤ 2e if f is entire. Density estimates are also given to show
that previous examples are fairly sharp.
Problem 1.22 The defect relation (1.2) is a consequence of the inequality (see Hayman
[395, formula (2.9), p. 43]), which is called the “second fundamental theorem”,
k∑
ν=1
N(r, aν , f) ≥
(
q − 2 + o(1))T (r, f) (1.4)
which holds for any distinct numbers aν and q ≥ 3, as r →∞ outside a set E of finite
measure, if f(z) is meromorphic in the plane. The exceptional set E is known to be
unnecessary if f(z) has finite order. Does (1.4) also hold as r →∞ without restriction
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if f(z) has infinite order?
Update 1.22 A negative answer to this question is provided by the examples
discussed in connection with Problem 1.2. These show that the second fundamental
theorem fails to hold on the sequence r = rν .
Problem 1.23 Under what circumstances does f(z0 + z) have the same deficiencies
as f(z)? It was shown by Dugue´ [202] that this need not be the case for meromorphic
functions, and by Hayman [387] that it is not necessarily true for entire functions of
infinite order. The case of functions of finite order remains open. Valiron [765] notes
that a sufficient condition is
T (r + 1, f)
T (r, f)
→ 1, as r→∞,
and this is the case in particular if ρ− λ < 1. Since for entire functions of lower order
λ, λ ≤ 12 there are no deficiencies anyway, it follows that the result is true at any rate,
for entire functions of order ρ < 32 and, since λ ≥ 0 always, for meromorphic functions
of order less than one.
Update 1.23 Gol’dberg and Ostrovskii [322] give examples of meromorphic functions
of finite order for which the deficiency is not invariant under change of origin. See
also Gol’dberg and Ostrovskii [325]; and Wittich ([792], [794]) for details.
Miles [569] provided a counter-example of an entire f of large finite order. Gol’dberg,
Eremenko and Sodin [320] have constructed such f with preassigned order ρ, such
that 5 < ρ <∞.
Problem 1.24 If f is meromorphic in the plane, can n(r, a) be compared in general
with its average value
A(r) =
1
π
∫ ∫
|z|<r
|f ′(z)|2
(1 + |f(z)|2)2 dx dy
in the same sort of way that N(r, a) can be compared with T (r)? In particular, is it
true that n(r, a)A˜(r) as r →∞, outside an exceptional set of r, independent of a, and
possibly an exceptional set of a? (Compare Problem 1.16.)
(P. Erdo¨s)
Update 1.24 Miles [566] had shown that
lim
r→∞,r /∈E
n(r, a)
A(r)
= 1,
for all a not in A, a set of inner capacity zero, and all r not in E where E is a set of
finite logarithmic measure.
13
Problem 1.25 In the opposite direction to Problem 1.24, does there exist a meromor-
phic function such that for every pair of distinct values a, b, we have
lim sup
r→∞
n(r, a)
n(r, b)
=∞ and lim inf
r→∞
n(r, a)
n(r, b)
= 0.
Note, of course, that either of the above limits for all distinct a, b implies the other.
(Compare the result (1.3) quoted in Problem 1.2, which shows that this certainly
cannot occur for the N -function.) The above question can also be asked for entire
functions.
(P. Erdo¨s)
Update 1.25 The exceptional sets are necessary. Both Gol’dberg [315] and Toppila
[754] have produced examples of entire functions for which
lim sup
r→∞
n(r, a)
n(r, b)
=∞,
for every finite unequal pair (a, b). A corresponding example for meromorphic
functions has also been given by Toppila [754].
Problem 1.26 The analogue of Problem 1.7 may be asked for meromorphic functions.
The proposers conjecture that in this case∑
δ(a, f) ≤ max{Λ1(ρ),Λ2(ρ)},
where for ρ ≥ 1, q = [2ρ] we have
Λ1(ρ) = 2−
2 sin
(
1
2π(2ρ− q)
)
q + 2 sin
(
1
2π(2ρ− q)
) ,
Λ2(ρ) = 2−
2 cos
(
1
2π(2ρ− q)
)
q + 1
.
Weitsman [783] shows that this result would be sharp. The correct bound is known
for 0 ≤ ρ ≤ 1.
(D. Drasin and A. Weitsman)
Update 1.26 No progress on this problem has been reported to us.
Problem 1.27 Let E be the set for which m(r, a) →∞ as r →∞. How large can E
be if:
(a) f is entire and of order 12 mean type,
(b) f is meromorphic of order ρ, where 0 ≤ ρ ≤ 12 .
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The proposers settled this problem in all other cases (see Update 2.1 for more details).
(D. Drasin and A. Weitsman)
Update 1.27 For part (b) above, Damodaran [180] proved the existence of mero-
morphic functions of growth T (r, f) = O(ρ(r)(log r)3), where ρ(r) → ∞ arbitrarily
slowly, such that m(r, a) → ∞ for all a in an arbitrarily prescribed set of capacity
zero. Lewis [519] and Eremenko [230] independently improved this to (log r)2 in place
of (log r)3. This is best-possible, following from an old result of Tumura [759].
Problem 1.28 Are there upper bounds of any kind on the set of asymptotic values
of a meromorphic function of finite order?
(D. Drasin and A. Weitsman)
Update 1.28 A negative answer to this question has been given by Eremenko [231]
who has constructed meromorphic functions of positive and of zero order, having
every value in the closed plane as an asymptotic value. This has been improved by
Canton, Drasin and Granados [133] who proved that for every φ(r)→ +∞ and every
analytic (Suslin) set A, there exists a meromorphic function f with the property
T (r, f) = O(φ(r) log2 r) and whose set of asymptotic values coincides with A.
Problem 1.29 Under what circumstances does there exist a meromorphic function
f(z) of finite order ρ with preassigned deficiencies δn = δ(an, f) at a preassigned
sequence of complex numbers? Weitsman has solved this problem (see Update 1.14)
by showing that it is necessary that ∑
δ
1
3
n <∞, (1.5)
but the bound of the sum of the series depends on the largest term δ1. On the other
hand, Hayman [395, p.98] showed that the condition∑
δ
1
3
n < A, (1.6)
with A = 9−
1
3 is sufficient to yield a meromorphic function of order 1 mean type, such
that δ(an, f) ≥ δn. Possibly (1.6) with a constant A, A = A1(ρ) is sufficient, and with
a larger constant, A, A = A2(ρ) is necessary. If ρ is allowed to be arbitrary but finite,
the problem may be a little easier.
Update 1.29 Eremenko [238] has constructed an example of a function of finite
order, having preassigned deficiencies δn = δ(an, f), subject to 0 < δn < 1,
∑
δn < 2
and
∑
δ
1
3
n < ∞, and no other conditions. In view of the results reported in Update
1.3 and Update 1.33, this result is a complete solution of the Inverse Problem in the
class of functions of (unspecified) finite order.
Problem 1.30 Can one establish an upper bound on the number of finite asymptotic
values of a meromorphic function f(z) in C, taking into account both the order of f ,
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and the angular measure of its tracts?
(W. Al-Katifi)
Update 1.30 No progress on this problem has been reported to us.
Problem 1.31 Let the function f be meromorphic in the plane, and not rational, and
satisfy the condition
T (r, f)
(log r)3
→∞, as r →∞, (1.7)
where T (r, f) is the Nevanlinna characteristic. A theorem of Yang Lo [804] states that
then there exists a direction θ0 ∈ [0, 2π) such that for every positive ε, either f attains
every finite value infinitely often in Dε = {z : | arg z − θ0| < ε}, or else f (k) attains
every value, except possibly zero, infinitely often in Dε for all positive integers k. Can
the condition (1.7) be dropped completely? Or, possibly, can it be replaced be the
‘more usual’ condition
T (r, f)
(log r)2
→∞, as r→∞ ?
One cannot expect any more from Yang Lo’s method of finding θ0 through the use of
‘filling discs’. Rossi [673] has shown that (1.7) cannot be improved if θ0 is sought in
this way.
(D. Drasin; communicated by J. Rossi)
Update 1.31 Rossi writes that there is an incorrect paper of Zhu [815] where he
purports to use filling discs to solve this problem. However, Fenton and Rossi [264]
remark that Zhu’s approach is wrong, and points to the example in Rossi [673]. Some
work on this problem has been produced by Sauer [698].
Problem 1.32 Let f be meromorphic in C, and let f−1 denote any element of the
inverse function that is analytic in a neighbourhood of a point w. A well-known
theorem of Gross [352], states that f−1 may be continued analytically along almost
all rays beginning at w. Is it possible to refine the exceptional set in this theorem?
(A. Eremenko)
Update 1.32 No progress on this problem has been reported to us.
Problem 1.33 Let f be a meromorphic function of finite order ρ. Does the condition
N(r, 1/f ′) + 2N(r, f)−N(r, f ′) = o(T (r, f)), as r →∞,
imply that 2ρ is an integer?
(A. Eremenko)
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Update 1.33 This is a slightly more precise conjecture than Problem 2.25. Both
problems are solved completely by the following theorem of Eremenko [241]:
suppose that f is a meromorphic function of finite lower order λ, and that
N1(r, f) := N(r, 1/f
′) + 2N(r, f) −N(r, f ′) = o(T (r, f)).
Then
(a) 2λ is an integer greater than or equal to 2.
(b) T (r, f) = rλl(r), where l is a slowly varying function in the sense of Karamata,
(c)
∑
δ(a, f) = 2, all deficient values are asymptotoic, and all deficiencies are
multiples of 1/λ.
Problem 1.34 Let n1(r, a, f) denote the number of simple zeros of f(z)−a in {|z| ≤ r}.
Selberg [703] has shown that if:
(a) f is a meromorphic function of finite order ρ, and
(b) n1(r, a, f) = O(1), as r→∞ for four distinct values of a, then
ρ is an integral multiple of 12 or
1
3 .
Does this conclusion remain true if (b) is replaced by:
(c) n1(r, a, f) = o(T (r, f)), as r →∞, for four distinct values of a?
Gol’dberg [313] has constucted an entire function of arbitrary prescribed order which
satisfies the condition (c) for two distinct values of a.
(A. Eremenko)
Update 1.34 The answer is ‘no’. Ku¨nzi [503] has shown that ρ can be arbitrary,
subject to 1 < ρ < ∞, and Gol’dberg [313] has a counter-example for arbitrary
positive ρ.
Problem 1.35 Determine the upper and lower estimates for the growth of entire and
meromorphic solutions of algebraic ordinary differential equations (AODE). (This is
a classical problem.)
For AODEs of first order, it is known that the meromorphic solutions f must have
finite order (see Gol’dberg [308]) and that (log r)2 = O(T (r, f)) (see Eremenko [234],
[236]). (The latter two references contain a general account of first order AODEs,
including modern proofs of some classical results.) The order of entire solutions of first
order AODEs is an integral multiple of 12 (see Malmquist [552]). For AODEs of second
order, it is known that the order of entire solutions is positive, see Zimogljad [817].
There is no upper estimate valid for all entire or meromorphic solutions of AODEs of
order grreater than one, but there is an old conjecture that log |f(z)| ≤ expn(|z|) for
entire solutions f of an AODE of order n.
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(A. Eremenko)
Update 1.35 Steinmetz ([730], [731]) proved that every meromorphic solution
of a homogeneous algebraic differential equation of second order has the form
f = (g1/g2)exp(g3), where the gi are entire functions of finite order. Thus
T (r, f) = O(exp(rk)) for some positive k. Due to Wiman and Valiron (see, for
example [766]), it is known that ‘most’ algebraic differntial equations do not have
entire solutions of infinite order. A precise statement of this sort is contained in
Hayman [410].
Problem 1.36 Let F be a polynomial in two variables, and let y be a meromorphic
solution of the algebraic ordinary differential equation F (y(n), y) = 0. Is it true that
y must be an elliptic function, or a rational function of exponentials, or a rational
function? This is known in the following cases:
(a) n = 1: a classical result, probably due to Abel;
(b) n = 2: an old result of Picard [634], and independently, Bank and Kaufman [52];
(c) n is odd and y has at least one pole, Eremenko [235]; and
(d) the genus of the curve F (x1, x2) = 0 is at least equal to one, Eremenko [235].
(A. Eremenko)
Update 1.36 This has been solved by Eremenko, Liao and Tuen-Wai Ng [247] who
prove (c) for all n, and give an example of an entire solution which is neither rational,
nor a rational function of an exponential.
Problem 1.37 Find criteria for and/or give explicit methods for the construction of
meromorphic functions f in C with the following properties:
(a) all poles of f are of odd multiplicity;
(b) all zeros of f are of even multiplicity.
(Here ‘explicit methods’ means that all computations must be practicable.) The
background of this problem lies in the question of meromorphic solutions of the
differential equation y′′ +A(z)y = 0 in the whole plane.
(J. Winkler)
Update 1.37 We mention a result of Schmieder [701],which may be relevant: on
every open Riemann surface, there exists an analytic function with prescribed divisors
of zeros and critical points, subject to the trivial restrictions.
Problem 1.38
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(a) Let f be non-constant and meromorphic in the open unit disc D, with α < +∞,
and define
α = lim sup
r→1
T (r, f)
− log(1− r) , (1.8)
and
Ψ = (f)m0(f ′)m1 . . . (f (k))mk .
It is known that Ψ assumes all finite values, except possibly zero, infinitely often,
provided that m0 ≥ 3 and α > 2/(m0 − 2), (or m0 ≥ 2 and α > 2/(m0 − 1), if f
is analytic). For which smaller values of α does the same conclusion hold?
(b) Let f be non-constant and meromorphic in D, with α < +∞ in (1.8); assume
also that f has only finitely many zeros and poles in D. Let l be a positive
integer, and write Ψ =
∑l
ν=0 aνf
(ν), where the aν are functions in D for which
T (r, aν) = O(T (r, f)) as r → 1 (for each ν). It is known that if Ψ is non-constant,
then Ψ assumes every finite value, except possibly zero, infinitely often, provided
that α > 12 l(l + 1) + 1. For which smaller values of α does the same conclusion
hold?
(L. R. Sons)
Update 1.38 For part (b), Gunsul [360] has put forth a condition that enables
smaller values of α for which the same conclusion holds.
Problem 1.39 Let f be a function meromorphic in D, for which α < +∞ in (1.8).
(a) Shea and Sons [707, Theorem 5] have shown that if f(z) 6= 0,∞ and f ′(z) 6= 1 in
D, then α ≤ 2. Is 2 best possible?
(b) Shea and Sons [707] have shown that, if f(z) 6= 0 and f ′(z) 6= 1 in D, then α ≤ 7.
What is the best possible α in this case?
(L. R. Sons)
Update 1.39 No progress on this problem has been reported to us.
Problem 1.40 Let f be a function meromorphic in D of finite order ρ. Shea and Sons
[707] have shown that∑
a6=∞
δ(a, f) ≤ δ(0, f ′)(1 + k(f))+ 2
λ
(ρ+ 1),
where
k(f) = lim sup
r→1
N(r,∞, f)
T (r, f) + 1
and λ(f) = lim inf
r→∞
T (r, f)
log(1/(1 − r)) .
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Can the factor 2 be eliminated? (If so, the result is then best possible).
(L. R. Sons)
Update 1.40 No progress on this problem has been reported to us.
Problem 1.41 Let f be a function meromorphic in D, for which α = +∞ in (1.8).
Then it is known that ∑
a∈C∪{∞}
δ(a, f) ≤ 2.
Are there functions which have an ‘arbitrary’ assignment of deficiencies at an arbitrary
sequence of complex numbers, subject only to these conditions?
For analytic functions, Girynk [304] has a result; whereas for arbitrary meromorphic
functions, there is a result of Krutin [499].
(L. R. Sons)
Update 1.41 No progress on this problem has been reported to us.
Problem 1.42 Let f be meromorphic in C, and suppose that the function
F (z) = f (k)(z) +
k−2∑
j=0
aj(z)f
(j)(z)
is non-constant, where k ≥ 3 and the coefficients aj are polynomials. Characterise
those functions f for which f and F have no zeros.
The case where f is entire has been settled by Frank and Hellerstein [275]. If all the aj
are constant, then the problem has also been solved by Steinmetz [732] using results
from Frank and Hellerstein [275]. It seems possible that if the aj are not all constants,
then the only solutions with infinitely many poles are of the form f = (H ′)
1
2
(k−1)H−l,
where l is a positive integer, and H ′′/H ′ is a polynomial.
(G. Frank and J. K. Langley)
Update 1.42 This was solved by Bru¨ggemann [121], who proved the following: let a
linear differential operator
L(f) = f (n) +
n−2∑
j=0
ajf
j
with polynomial coefficients aj be given, with at least one non-constant aj. Then
the only meromorphic functions f with infinitely many poles, satisfying fL(f) 6= 0,
are of the form f = (H ′)−(n−1)/2H−l, where l is a positive integer, and H ′′/H ′ is a
polynomial.
An extension to rational coefficients has been given by Langley:
Linear differential polynomials in zero-free meromorphic functions, Ann. Acad. Sci.
Fenn., to appear.
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Problem 1.43 Let f be a meromorphic function of lower order λ. Let
m0(r, f) = inf{|f(z)| : |z| = r}
and
M(r, f) = sup{|f(z)| : |z| = r}
and suppose that
log r = o(logM(r, f)), as r →∞.
Gol’dberg and Ostrovskii [322] proved that if 0 < λ < 12 , then
lim sup
r→∞
logm0(r, f)
logM(r, f)
+ πλ sin(πλ) lim sup
r→∞
N(r, f)
logM(r, f)
≥ cos(πλ).
Does this inequality remain valid for 12 ≤ λ < 1? See also Gol’dberg and Ostrovskii
[325].
(A. A. Gol’dberg and I. V. Ostrovskii)
Update 1.43 No progress on this problem has been reported to us.
New Problems
To appear.
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Chapter 2
Entire Functions
Preface by P. Rippon (to appear)
Notation Let f(z) be an entire function. We say that a is an asymptotic value of
f(z), if
f(z)→ a,
as z → ∞ along a path Γ, called a corresponding asymptotic path. Some of the
most interesting open problems concerning entire functions centre on these asymptotic
values and paths. It follows from a famous result of Ahlfors [7], that an entire function
of finite order ρ can have at most 2ρ distinct finite asymptotic values. On the other
hand, by a theorem of Iversen [457], ∞ is an asymptotic value of every entire function.
Some of the following problems are concerned with generalisations arising out of the
above two theorems.
Throughout this section
M(r) =M(r, f) = max
|z|=r
|f(z)|
denotes the maximum modulus of f(z).
Problem 2.1 Suppose that f(z) is an entire function of finite order. What can we
say about the set E of values w such that
(a)
λ(r, f − w) = min
|z|=r
|f(z)− w| → 0, as r →∞;
or
(b)
m
(
r,
1
f − w
)
=
1
2π
∫ 2pi
0
log+
∣∣∣ 1
f(reiθ)−w
∣∣∣ dθ, as r →∞ ?
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Clearly (b) implies (a). By the result of Arakelyan [27] (see Problem 1.6 also), the
set of deficient values, which is clearly contained in E, can include any countable set.
Can E be non-countably infinite in case (b), or contain interior points in case (a)?
Update 2.1 Part(a) was settled by the examples of Arakelyan [27]. Let E be a
dense countable set in the place, every value of which is deficient. Then clearly
λ(r, f − w)→ 0 as r→∞, for every w in the plane.
Part (b) was settled by Drasin and Weitsman [200]. The set of w for which
m(r, 1f−w ) → ∞ as r → ∞ must have capacity zero, and an arbitrary set of capacity
zero may occur.
Problem 2.2 Produce a general method for constructing an entire function of
finite order, and in fact, minimal growth, which tends to different asymptotic values
w1, w2, . . . , wk as z →∞, along preassigned asymptotic paths C1, C2, . . . , Ck. (Known
methods by Kennedy [472] and Al-Katifi [14] only seem to work if the wν are all
equal, unless the Cν are straight lines.)
Update 2.2 Such a construction has been given by Hayman [401].
Problem 2.3 If φ(z) is an entire function growing slowly compared with the function
f(z), we can consider φ(z) to be an asymptotic function of f(z), if f(z)− φ(z)→ 0 as
z → ∞ along a path Γ. Is it true that an entire function of order ρ can have almost
2ρ distinct asymptotic functions of order less than 12?
(If φ = φ1(z)− φ2(z) and the minimum modulus of φ tends to zero, then φ has lower
order at least 12 mean type (See Hayman [421, p. 288]).
A positive result in this direction is due to Denjoy [190], but only when the paths
are straight lines. The result when the φλ(z) are polynomials is true (and is a trivial
consequence of Ahlfors’ theorem for asymptotic values [7]).
Update 2.3 An answer has been given by Somorjai [723] with 130 instead of
1
2 , and
Fenton [263] has obtained the same conclusion, if the orders are less than 14 .
Problem 2.4 Suppose that f(z) is a meromorphic function in the plane, and that
for some θ, 0 ≤ θ < 2π, f(z) assumes every value infinitely often, with at most two
exceptions, in every angle θ− ε < arg z < θ+ ε, when ε > 0. Then the ray arg z = θ is
called a Julia line. Lehto [508] has shown that if f(z) is an entire function, or if f(z)
is meromorphic and
lim sup
r→∞
T (r, f)
(log r)2
= +∞,
(but not necessarily otherwise), at least one direction of Julia exists. What can we
say about the exceptional values at different Julia lines? In particular, can an entire
function f(z) have one exceptional (finite) value a at one Julia line Γa, and a different
exceptional value b at a different Julia line Γb?
(C. Re´nyi)
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Update 2.4 An example has been given by Toppila [753] of a function having
different exceptional values at each of n Julia lines. See also Gol’dberg [310].
Problem 2.5 What can we say about the set E of values a which an entire function
f(z) assumes infinitely often in every angle? Simple examples show that E may be
the whole open plane, e.g. if
f(z) = σ(z) = z
∏
(m,n)6=(0,0)
(
1− z
zm,n
)
exp
{
z
zm,n
+
1
2
(
z
zm,n
)2}
.
where zm,n = m + ni, or the whole plane except one point, if e.g. f(z) = e
σ(z). If
zm = 2
meim, and
f(z) = ez
∞∏
m=1
(
1− z
zm
)
,
then E consists of the value 0 only, since clearly f(z) → 0 as z → ∞, uniformly for
π/2 + ε < arg z < 3π/2 − ε, if ε > 0. Can E consist of exactly two values?
(C. Re´nyi)
Update 2.5 Gol’dberg [311] has answered several of the questions posed in this
problem. In particular, he showed that, given any countable set A, there exists E
such that A ⊂ E ⊂ A, where A is the closure of A.
Problem 2.6 Let f(z) be an entire function. Then Boas (unpublished) proved that
there exists a path Γ∞ such that, for every n,∣∣∣∣f(z)zn
∣∣∣∣→∞, as z →∞ along Γ. (2.1)
Can we improve this result if something is known about the lower growth of M(r, f)?
Hayman [393] has shown that there exist functions of infinite order and, in fact, growing
arbitrarily rapidly, such that, on every path Γ on which f(z)→∞, we have
log log |f(z)| = O(log |z|),
i.e. f(z) has finite order on Γ.
Update 2.6 Talpur [744] has shown that if f has order ρ and α < ρ < 12 , ε > 0, then
we can find a path Γ going to ∞ on which
log |f(z)| > logM(|z|(1−ρ/α)/(1+ε)) cos(πα),
where M(r, f) is the maximum modulus. Eremenko [233] has proved the following
result: let f be an entire function of order ρ and lower order λ. Then there exists an
asymptotic path Γ, such that
log |f(z)| > (A(ρ, λ) + o(1)) log |z|, as z →∞, z ∈ Γ,
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where A(ρ, λ) is some explicitly written function, with the property A(ρ, λ) > 0, for
0 < λ ≤ ρ <∞. When λ < 1/2, we have A(ρ, λ) ≥ λ. See also Update 2.8.
Problem 2.7 If f(z) of finite order, can anything be asserted about the length of
Γ∞, which is the path on which f(z) tends to ∞, or the part of it in |z| ≤ r?
Update 2.7 If f is entire, then a classical theorem of Iversen [457] asserts that
f(z)→∞ as z → ∞ along some path Γ∞. It was asked how short Γ∞ can be.
Let ℓ(r) be the length of the arc of Γ∞ to the first intersection with |z| = r. If
T (r, f) = O((log r)2) as r →∞,
then Hayman [394] showed that Γ∞ can be taken to be a straight line.
Eremenko and Gol’dberg [319] have constructed examples for which T (r, f)/(log r)2
tends to ∞ arbitrarily slowly but ℓ(r) = O(r) fails to hold. An independent proof has
been given by Toppila [756].
On the other hand, Chang Kuan Heo [152] has proved that if f has finite order ρ, then
for any positive ε,
ℓ(r) = O(r(1+
1
2
ρ+ε))
can always hold.
It is also possible that f(z) → a as z → ∞ along a path Γa. In this case. Gol’dberg
and Eremenko [319] have constructed examples with f having order arbitrarily close
to 12 , while ℓ(r) 6= O(r). See also Update 2.10, and Lewis, Rossi and Weitsman [518].
Problem 2.8 Does (2.1) remain true if the number n(r) of poles of f(z) in |z| < r
satisfies n(r) = O(rk), where k < 12 < λ, and λ is the lower order of f(z)? Gol’dberg
and Ostrovskii [322] have shown that (2.1) can be false if 12 < k < λ.
Update 2.8 The original version of this problem had order ρ instead of lower order
λ. However, Gol’dberg pointed out to Hayman orally that this would give a negative
answer.
One may ask for corresponding results if f is meromorphic with sufficiently few poles.
If ∞ is Nevanlinna deficient, and T (r, f) = O(log r)2, then Anderson and Clunie [24]
showed that f → ∞ along almost all straight lines. The result fails for functions of
larger growth, according to an example of Hayman [407], even if the deficiency is one.
He also proves, that if
lim sup
r→∞
r
1
2
T (r, f)
∫ ∞
r
N(t, f) dt
t
3
2
< 2,
then ∞ is an asymptotic value of f . This is true, for instance, if the order of the poles
of f is smaller than 12 , and smaller than the lower order of f .
See also Gol’dberg and Ostrovskii ([322], [325]).
Problem 2.9 We ask the analogues of Problems 2.6, 2.7 and 2.8 if, in addition, f(z)
has another finite Picard value, e.g. f(z) 6= 0. In this case, if ∞ has deficiency one,
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in the sense of Nevanlinna, (2.1) remains true for functions of finite order (see Edrei
and Fuchs [217]), but not necessarily for functions of infinite order, see Gol’dberg and
Ostrovskii ([322], [325]).
Update 2.9 If f(z) 6= 0, then for every K, the level set |f(z)| = K contains a curve
tending to infinity. Under this condition, Rossi and Weitsman [675] proved that there
is an asymptotic curve Γ with the following properties:
log |f(z)| > |z|1/2−ε(z), where ε(z)→ 0, and (2.2)∫
Γ
(log |f |)−(2+α) |dz| <∞, for all positive α.
On the other hand, Barth, Brannan and Hayman [62] constructed a zero-free entire
function, having no asymptotic curve, satisfying (2.2), with ε = 0. Furthermore,
Brannan pointed out that for their example, every asymptotic curve Γ satisfies∫
Γ
(log |f(z)|)−2|dz| =∞.
Problem 2.10 Huber [449] proved that, for every positive µ, there exists a path Cµ
tending to infinity, such that ∫
Cµ
|f(z)|−µ|dz| <∞, (2.3)
provided that f(z) does not reduce to a polynomial. Does there exist a C∞ such that
(2.3) holds for every positive µ with Cµ = C∞?
Update 2.10 This question has been settled by Lewis, Rossi and Weitsman [518],
who have proved that there is a path C∞, suct that (2.3) holds for every positive
µ, with C∞ instead of Cµ, thus answering the question affirmatively. Further, they
prove that Cµ is asymptotic, i.e. f(z)→∞ as z →∞ along Cµ; and they also obtain
estimates for the length ℓ(r) in Problem 2.7. The case of finite order was dealt with
by Chang Kuan Heo [152].
Problem 2.11 If f(z) =
∑
anz
λn is an entire function, and
∑
(1/λn) converges, is it
true that:
(a) f(z) has no finite asymptotic value,
(b) lim supr→∞
logm0(r,f)
logM(r,f) = 1,
where m0(r, f) = inf |z|=r |f(z)| is the minimum modulus of f(z)?
(a) is known for λn > n(log n)
1+ε (see Ko¨vari [494]); and (b) is known for λn > n(log n)
2
(see Ko¨vari [493]). It is also known that f(z) has no finite radial asymptotic value if∑
(1/λn) converges, and that here this hypothesis cannot be replaced by any weaker
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condition (see Macintyre [544]).
Update 2.11 Nazarov [593] proved that each of the following conditions
(a) λk+1 + λk−1 ≥ 2λk and
∑
(1/λk) <∞,
(b)
∑
(log log k)/λk <∞
imply
lim supz→∞,z∈Γ
log |f(z)|
logM(|z|, f) = 1
for every curve Γ tending to infinity.
Problem 2.12 If the entire function f(z) has finite order ρ, and the maximal density
of non-zero coefficients is ∆, is it true that if ρ∆ < 12 , f(z) cannot have a finite
deficient value with deficiency one?
Update 2.12 No progress on this problem has been reported to us.
Problem 2.12a Under the same conditions as in Problem 2.12, is it true that if
ρ∆ < 1, f(z) cannot have a finite asymptotic value? This is known if ρ∆ < 1/π2, see
Ko¨vari [492]. Is it true that, if m0(r, f) is the minimum modulus
lim sup
r→∞
logm0(r, f)
logM(r, f)
≥ cos(πρ∆)?
See Ko¨vari [495].
Update 2.12a Fryntov [278] proved the following partial result: suppose that f is an
entire function of lower order λ, with density of non-zero exponents ∆. If ρ∆ < 1/3,
and Γ is a curve which intersects each circle |z| = r at most once, then
lim supz→∞,z∈Γ
log |f(z)|
logM(|z|, f) ≥ 2 cos(πρ∆)− 1.
Problem 2.13 If f(z) =
∑
anz
λn is an entire function, and λn/n→∞, is it true that
f(z) has
(a) no Picard value,
(b) no Borel exceptional value,
(c) no deficient value?
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All this is known for functions of finite order (see Fuchs [280]). If the answer is ‘no’,
are (b) and (c) true for
∑
(1/λn) < ∞? Certainly by a theorem of Biernacki [98], (a)
is true in this case.
(T.Ko¨vari)
Update 2.13 Murai [592] has shown that
∑
(1/λn) < ∞ does indeed imply (b) and
(c), but that λn/n→∞ as n→∞ does not. He constructed an example to show that
λn/n→∞ as n→∞, is consistent with δ(0, f) = 1.
Only the question whether
∑
(1/λn) <∞ implies (a) remains open.
Problem 2.14
(a) Let f(z) =
∑
anz
n be entire and m(r) = maxn |an|rn. If C > 12 then does there
exist an entire f with
m(r)/M(r, f)→ C?
Any value of C such that 0 < C ≤ 12 is possible.
(b) If f(z) 6= 0, then
lim inf
r→∞
m(r)
M(r, f)
= 0;
Is
lim
r→∞
m(r)
M(r, f)
= 0 ?
(c) What is the exact upper bound β of
βf = lim inf
r→∞
m(r)
M(r, f)
?
It is known that 47 < β < 2/π. See Clunie and Hayman [164].
Update 2.14 Davies [184] has shown that the upper limit in (b) can be positive.
Problem 2.15 (Blumenthal’s conjecture) Let w = f1(z), f2(z) be entire functions.
Is it true that if
M(r, f1) =M(r, f2), 0 < r <∞,
then f1(z), f2(z) are equivalent, apart from rotations and reflections in the z and w
planes? The corresponding problem for polynomials (of degree higher than about 6)
is also open.
The functions (1 − z)ez and e 12z2 have the same value of M(r, f) for 0 < r < 2, and
ez−z
2
and ez
2+ 1
2 for r ≥ 14 .
Update 2.15 Hayman, Tyler and White [417] establish Blumenthal’s conjecture for
polynomials f and g with at most four non-zero terms (and so, in particular, for all
quadratic and cubic polynomials). Short examples are also given to show that, in
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the general case, it is not sufficient only to consider arbitrarily large or arbitrarily
small positive values of r. However, the following result is proved: if entire functions
f and g are real on the real axis, f(0)f ′(0) 6= 0 and M(r, f) = M(r, g) in some range
0 < r < r0, then f and g are equivalent.
The corresponding problem for polynomials of degree higher than 3 remains open.
Problem 2.16 Let ν(r) be the number of points on |z| = r, such that |f(z)| =M(r, f).
Can we have
(a) lim supr→∞ ν(r) =∞ ?
(b) lim infr→∞ ν(r) =∞ ?
(P. Erdo¨s)
Update 2.16 Herzog and Piranian [440] have shown that (a) is indeed possible,
however the answer to (b) is still unknown. These authors also provided an example
of a univalent function in D for which the analogue of (a) holds.
Problem 2.17 If f(z) is a non-constant entire function and
b(r) =
(
r
d
dr
)2
logM(r, f),
then
lim sup
r→∞
b(r) ≥ A (2.4)
where A is an absolute constant, such that 0.18 < A ≤ 14 , see Hayman [399]. What is
the best value of A?
It seems fair to conjecture that the correct constant in (2.4) is in fact 14 .
Update 2.17 Kjellberg [476] proved that this conjecture is false, and that
0.24 < A < 0.248. In this problem, and also in Problem 2.18, the monomials azn
should be excluded. Bo˘ıcˇuk and Gol’dberg [109] have shown that the result is true if
f has positive coefficients; and in fact
lim sup
r→∞
b(r) ≥ 1
4
A2, where A = lim sup
k→∞
(nk+1 − nk).
Tyler (unpublished) has some numerical evidence that A is just under 0.247.
Problem 2.18 Consider the function b(r) of Problem 2.17. Since logM(r, f) is an
analytic function of r, except for isolated points, b(r) exists except at isolated points
where the right and left limits b(r∓ 0) still exist, but may be different. It follows from
Hadamard’s convexity theorem (see Hayman [399]) that b(r) ≥ 0. Is equality possible
here for an entire function, or more generally, a function analytic on |z| = r, in the
sense that
b(r + 0) = b(r − 0) = 0?
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Clunie notes that if f(z) = (z − 1)ez , then
M(r, f) = (r − 1)er, r > 2, and b(2 + 0) = 0.
Update 2.18 Let
b(r) =
( d
d log r
)2
logM(r, f).
The quantity exists as a left or right limit everywhere and is non-negative. Examples
had been constructed by Clunie previously to show that b(r + 0) or b(r − 0) may be
zero. London [530] has given a positive answer to this question by constructing an
example of the form f(z) = (1− z)eαz+βz2+γz3 for which b(2 + 0) = b(2− 0) = 0. The
powers zn are the only functions for which b(r) = 0 for a whole interval r1 ≤ r ≤ r2 of
values of r.
See also Update 2.17.
Problem 2.19 If f(z) is an entire function of exponential type, i.e. satisfying
|f(z)| ≤MeK|z| for some constants M , K, and if, further, |f(x)| ≤ A for negative
x, and |f(x)| ≤ B for positive x, what is the sharp bound for |f(z)|? If A = B, it is
known that
|f(z)| ≤ AeKy
is true and sharp.
Update 2.19 An analogous problem for subharmonic functions was solved by
Gol’dberg and Levin [321]. This gives an upper estimate but it is not exact for entire
functions. A sharp bound for |f(x)|, for entire functions was found by Eremenko
[239].
Problem 2.20 If f(z) is an entire function, the iterates fn(z), n = 1, 2, . . . are defined
inductively by
fn+1(z) = f(fn(z)), f1(z) = f(z).
A point z satisfying the equation fn(z) = z, but such that fk(z) 6= z for k < n, is
called a fixed point of exact order n. Prove that there always exist fixed points of exact
order n if f(z) is transcendental, and n ≥ 2. For the case of polynomial or rational
f(z) see Baker [44]. For a proof that fixed points of exact order n exist, except for at
most one value of n, see Baker [46].
Update 2.20 Bergweiler [81] proved that: if f is a transcendental entire function,
and n ≥ 2, then f has infinitely many fixed points of exact order n. This also follows
from a result by Bergweiler [83].
Problem 2.21 If, in the terminology of Problem 2.20, z0 is a fixed point of exact
order n for f(z), the fixed point is called repelling if |fn′(z0)| > 1. It is a problem of
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Fatou (see [257], [258]) whether every entire transcendental function f(z) has repelling
fixed points. It is shown by Fatou (see [257], [258]) that for rational f(z) (including
polynomials), all fixed points of sufficiently high (exact) order are repelling.
Update 2.21 The existence of repelling fixed points was proved for the first time by
Baker [48], who used Ahlfors’ theory of covering surfaces [8]. Since then, the proof
of this important result was generalised to meromorphic functions, and ultimately
evolved into an elementary half-page argument of Berteloot and Duval [91].
Problem 2.22 With the terminology of Problem 2.20, denote by F(f) the set of
points where the sequence {fn(z)} is not normal. Fatou [260] asks if there is an entire
function f(z) for which F(f) is the whole plane, and, in particular, if this is the case
for f = ez. Since every point of F(f) is an accumulation point of fixed points of f(z),
this is equivalent to asking if the fixed points (of all orders) of ez are dense in the plane.
Update 2.22 Baker [49] has shown that if f(z) = kzez , where k is a certain
positive constant, then the set of non-normality does indeed occupy the whole plane.
Misiurewicz [584] has proved that this is also the case for f(z) = ez.
This answers the whole question positively.
Problem 2.23 Baker [47] has proved that if f(z) is a transcendental entire func-
tion, then F(f) is not restricted to a straight line in the plane. This implies (see
Problem 2.22) that, given a line l, there are fixed points (of sufficiently high order)
not belonging to l. Is it already true that a transcendental f(z) cannot have all
its fixed points of order at most 2 on l? This is indeed true for f(z) of order less than 12 .
Update 2.23 Bergweiler, Clunie and Langley [84] proved the conjecture by showing
that, for every transcendental entire function f , and every line, infinitely many of
the fixed points of every n-th iterate, n ≥ 2, do not lie on this line. Bergweiler [83]
improved this by showing that, for every line, there are infinitely many repelling fixed
points of each n-th iterate, n ≥ 2, which do not lie on this line.
Problem 2.24 Can an entire function have all its zeros and ones on two distinct
straight lines, having infinitely many on each line?
Edrei has proved (unpublished) that if l,m are intersecting straight lines, then it is
impossible for all the zeros of an entire function f(z) to lie on l, and all the ones on
m.
(A. Edrei)
Update 2.24 Al-Katifi has noted orally that f(z) = sin(z2) has this property on
the real and imaginary axes. Ozawa (by letter) made the same observation, and also
proved some related uniqueness theorems.
When the lines in question are parallel, there are no entire functions with zeros on
one line and ones on another, except one explicitly listed exceptional function. This
was proved independently by Baker [45] and Kobayashi [478].
31
Bergweiler, Eremenko and Hinkkanen [88] proved a number of results on this subject,
generalising Edrei’s theorem.
Problem 2.25 If f, g are linearly independent entire functions of order ρ, which is
not a positive multiple of 12 , can fg
′ − gf ′ have order less than ρ? This is possible if
ρ = n/2, n ≥ 2. Clunie (unpublished) proved the result if ρ < 13 .
(A. Edrei)
Update 2.25 The original statement of this problem contained ‘distinct’ instead of
‘linearly independent’. A negative answer follows from a stronger result by Eremenko
[241], who writes that his solution of Problem 1.33 in [241] also contains a solution of
Problem 2.25. See Update 1.33.
Problem 2.26 What is the least integer k = k(N), such that every entire function
f(z) can be written as
f(z) =
k∑
ν=1
[fν(z)]
N ,
where f(z) and fν(z) are entire functions? It is enough to solve the problem for
f(z) = z, since then one can substitute f(z) for z. The equation
z =
1
N2
N∑
ν=1
(1 + ωνz)
N
ων
,
where ων are the distinct N -th roots of unity, shows that k(N) ≤ N . On the other
hand, for N = 1, 2, 3 we have k(N) = N .
To see e.g. that k(3) ≥ 3, suppose that
z = f3 + g3 = (f + g)(f + ωg)(f + ω2g),
where ω = exp(2πi/3). It follows that the meromorphic function φ(z) = f(z)/g(z)
satisfies φ(z) 6= −1,−ω,−ω2, except possibly at z = 0. Thus, by Picard’s Theo-
rem, φ(z) must be rational, and so φ(z) assumes at least two of the three values
−1,−ω,−ω2. This gives a contradiction.
(H.A. Heilbronn)
Update 2.26 Let P be the class of polynomials, E that of entire functions, R that of
rational functions and M that of meromorphic functions in the plane. When N ≥ 2,
and C is one of the above classes, denote by gC(N) the least integer k such that every
f in C can be written as
f(z) =
k∑
ν=1
fν(z)
N , with fν(z) ∈ C.
An easy argument shows that it is enough to consider f(z) = z. The problem is to
find or to estimate the numbers gC(N).
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Since a number of authors have obtained partial results, it is worth noting that all
known lower bounds for k are immediate consequences of an old result of Cartan [147].
See also Gundersen and Hayman [358, Theorem 5.1].
This yields
k(k − 1) > N in P, if N > 2; k(k − 1) ≥ N in E;
k2 − 1 > N in R; k2 − 1 ≥ N in M.
These results are all sharp for k = 2. (For the case k = 2, N = 3 in M , see Gross and
Osgood [351].) But for large k, no upper bounds substantially better than k ≤ N are
known for any of the above classes.
For the related equation 1 =
∑k
ν=1 fν(z)
N , where the terms on the right hand side are
supposed linearly independent, the above lower bounds for k remain valid, and are
proved in the same way; but an example due to Molluzzo [586], quoted by Newman
and Slater [601], shows that they give the correct order of magnitude
√
N for k as a
function of N .
It follows from this that the functional equation fn + gn + hn = 1 cannot have
non-constant meromorphic solutions for n ≥ 9. Gundersen ([356] ,[355]) constructed
examples of transcendental meromorphic solutions for n = 5 and n = 6. Thus, only
the cases n = 7 and n = 8 remain unsolved.
Problem 2.27 Let φ1, . . . , φn denote entire functions of the form
φ(z) =
∑
efν(z)/
∑
egν(z) (2.5)
where fν(z), gν(z) are entire functions. Does there exist an entire function
f(z), not of the form φ(z), but satisfying an algebraic equation of the form
fn + φ1f
n−1 + . . .+ φn = 0? The special cases n = 2, or when the fν(z) are linear
polynomials, may be easier to settle. Note that
f(z) =
sinπz2
sinπz
is not of the form
∑
efν(z), although it is a ratio of such functions.
Update 2.27 No progress on this problem has been reported to us.
Problem 2.28 A meromorphic function f(z) in the plane, is said to be of bounded
value distribution (b.v.d.) if, for every positive r, there exists a fixed constant C(r)
such that the equation f(z) = w never has more than C(r) roots in any disc of radius
r. (It is clearly enough to make the assumption for a single value of r.)
(a) If f(z) is an entire function, prove that C(r) = O(r) as r → ∞, so that f(z) has
exponential type at most.
If a differential equation
y(n) + f1(z)y
(n−1) + . . . + fn(z)y = 0, (2.6)
where the fn(z) are entire functions, has only b.v.d. solutions, Wittich [793] proves
that the fν are all constants. The converse is also true.
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(b) Is it sufficient to make the basic assumption, not for all values w, but for only
three such values, to assure that f(z) is of b.v.d.?
(P. Tura´n)
Update 2.28 A positive answer to the first part was provided by Hayman [404], when
he showed that b.v.d. functions are precisely those whose derivatives have bounded
index. (Let f(z) be an entire function and for each z let N(z) be the least integer such
that
sup
0≤j<∞
∣∣∣f (j)(z)
j!
∣∣∣ = |f (N)(z)|
N !
.
If N(z) is bounded above for varying z, then f(z) is said to be of bounded index, and
the least upper bound N of N(z) is called the index of f(z).)
A negative answer to the second part was provided by Gol’dberg [312]. Another such
example is given by the sigma-function. If E is any bounded set, and ε < 12 , then,
when ω ∈ E, the equation σ(z) = ω has exactly one root in |z − m − in| < ε for
integers m,n with m2 + n2 > r0 for r0 depending on ε and E. But σ(z) has order 2
and so cannot be a b.v.d. function.
Problem 2.29 Is it possible to give an analogous characterisation of the solutions of
(2.6) in the case where the fν(z) are polynomials?
(P. Tura´n)
Update 2.29 Such a characterisation has been provided by Tijdeman ([746], [747]).
The coefficients fν(z) of the differential equation
y(n) + f1(z)y
(n−1) + . . .+ fn(z)y = 0 (2.7)
are polynomials, if and only if there exist fixed numbers p and q such that each
solution g(z) of (2.7) is p-valent in any disc {z : |z − z0| < 1/(1 + rq)}, where r = |z0|.
Problem 2.30 Let Sk, k = 1, 2, . . . be sets which have no finite limit points. Does
there exist a sequence nk and an entire function f(z), so that whenever z ∈ Sk we
have f (nk)(z) = 0?
(P. Erdo¨s)
Update 2.30 Functions satisfying the conditions of this problem have been con-
structed by Barth and Schneider [67].
Problem 2.31 Let A,B be two countable dense sets in the plane. Does there exist an
entire function f(z), so that f(z) ∈ B, if and only if z ∈ A? If the answer is negative,
it would be desirable to have conditions on A,B when this is so.
(P. Erdo¨s)
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Update 2.31 Functions satisfying the conditions of this problem have been con-
structed by Barth and Schneider [66].
Problem 2.32 Let f(z) =
∑∞
n=0 anz
n be a transcendental entire function where
an ≥ 0 for n ≥ 0, and set
pn(z) =
anz
n
f(z)
.
Then ∞∑
n=0
pn(z) = 1.
In addition, if f(z) = ez =
∑∞
n=0 z
n/n!, we have∫ ∞
0
pn(z) dz = 1, n = 0 to ∞, (2.8)
or, equivalently, ∫ ∞
0
f(ρz)
f(z)
dz =
1
1− ρ, 0 < ρ < 1. (2.9)
Does there exist any transcendental entire function f(z) other than ez satisfying (2.8)
or (2.9)?
(A. Re´nyi, St. Vincze)
Update 2.32 Let f(z) =
∑∞
n=0 anz
n be a transcendental entire function with positive
coefficients, and suppose that∫ ∞
0
anz
n
f(z)
dz = 1, n = 0, 1, 2, . . . .
Re´nyi and Vincze had asked whether these conditions imply that f(z) = cez , and this
has been proved by Miles and Williamson [573]. Weaker results were proved earlier
by Hall and Williamson [366] and Hayman and Vincze [418].
Notation Let f(z) be an entire function of order ρ, and lower order λ, and let
m0(r, f) = inf|z|=r
|f(z)|, M(r, f) = sup
|z|=r
|f(z)|.
It is a classical result that
lim sup
r→∞
logm0(r, f)
logM(r, f)
≥ C(λ).
Here C(λ) = cos(πλ) for 0 ≤ λ ≤ 1, and Hayman [386] has shown that
−2.19 log λ < C(λ) < −0.09 log λ
when λ is large. We refer the reader to Barry [59] for a general account of the situation.
For functions of infinite order the analogous result is
lim sup
r→∞
logm0(r, f)
logM(r, f) log log logM(r, f)
≥ C∞,
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where
−2.19 < C∞ < −0.09.
Problem 2.33 Is it possible to obtain the exact value of C∞, or the asymp-
totic behaviour of Cλlog λ as λ → ∞? The question seems related to the number of
zeros a function can have in a small disc centred on a point of |z| = r, see Hayman [386].
Update 2.33 No progress on this problem has been reported to us.
Problem 2.34 Is it possible to say something more precise about C(λ) when λ is just
greater than 1? In particular, is it true that C(λ) = −1 for such λ, or alternatively, is
C(λ) a strictly decreasing function of λ?
Update 2.34Whenever ρ > 1, Fryntov [278] constructed an entire function f of order
ρ with the property
lim sup
r→∞
(logL(r))/(logM(r, f)) < −1.
Problem 2.35 If Γ is a continuum that recedes to ∞, it is known (see Hayman [386])
that as z →∞ on Γ,
lim sup
r→∞
log |f(z)|
logM(|z|) ≥ −A,
where A is an absolute constant. Is it true that A = 1? This is certainly the case if Γ
is a ray through the origin, see Beurling [96]. If A > 1, is it possible to obtain a good
numerical estimate for A?
Update 2.35 Hayman and Kjellberg [414] gave a positive answer by proving that,
for any non-constant subharmonic function u, and A > 1, the set {z : u(z) +AB(z)}
where B(z) = max|ζ|=|z| u(ζ) has no unbounded components. Furthermore, if the set
{z : u(z) +B(|z|) < 0} has an unbounded component, then u has infinite lower order;
or else regular growth and mean or minimal type of order ρ, where 0 < ρ < ∞; or u
is linear.
Problem 2.36 Suppose that 0 < ρ < α ≤ 1, where ρ is the order of an entire
function f . Let Eα be the set of r for which logm0(r, f) > cos(πα) logM(r, f).
Besicovitch [92] showed that the upper density of Eα is at least 1 − ρ/α, and Barry
[60] proved the stronger result, that the same is true of the lower logarithmic density
of Eα. Examples given by Hayman [402], show that Barry’s theorem is sharp; in
these examples, the logarithmic density exists, but the upper density is larger. This
suggests that Besicovitch’s theorem may be sharpened.
Update 2.36 No progress on this problem has been reported to us.
Problem 2.37 Let rn be a sequence of Po´lya peaks (as defined by Edrei [215])
of order ρ. Then Edrei [215] showed that there exists K = K(α, ρ) such that
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logm0(r, f) > cos(πα) logM(r, f) for some value r in the interval rn ≤ r ≤ Krn and n
sufficiently large. Is K(α, ρ) independent of α for fixed ρ? Can it be taken arbitrarily
near 1?
(D. Drasin and A. Weitsman)
Update 2.37 This has been proved by Eremenko, Shea and Sodin [251] for the
Po´lya peaks of N(r, 0, f) and they have given an example showing that the answer is
negative for the Po´lya peaks of logM(r, f) or T (r, f).
Problem 2.38 It was shown by Kjellberg [475] that if 0 < α < 1 and
logm0(r, f) < cos(φα) logM(r, f) +O(1), as r →∞,
then
lim
r→∞
logM(r, f)
rα
= β,
where 0 < β ≤ ∞. If α = 1, it was shown by Hayman [406] that unless f(z) = AeBz,
the corresponding result holds with β = ∞. Examples constructed by Hayman show
that m0(r, f)M(r, f)→∞ as r →∞ can occur for a function of order 1 + ε for every
positive ε. The case of functions of order 1 and maximal type remains open.
Update 2.38 Drasin [199] constructed an entire function of order 1 with the property
m0(r, f)M(r, f) → 0.
Problem 2.39 We can also compare m0(r, f) with the characteristic T (r). We have
lim sup
r→∞
logm0(r, f)
T (r)
≥ D(λ)
and ask for the best constant D(λ). In view of Petrenko’s solution of Problem 1.17,
we certainly have D(λ) ≥ −πλ with 1 ≤ λ <∞. Also, Esse´n and Shea [254] show that
D(λ) ≤ piλ1+| sin(piλ)| for 1 < λ < 32 , and D(λ) ≤ −piλ2 for 32 < λ <∞. Further, it follows
from results of Valiron [764], and Edrei and Fuchs ([218] and [219]) that
D(λ) =
{
πλ cot(πλ) if 0 ≤ λ < 12
πλ cos(πλ) if 12 ≤ λ < 1.
(D. Shea)
Update 2.39 No progress on this problem has been reported to us.
Problem 2.40 Let f(z) be a non-constant entire function, and assume that for some
constant c the plane measure of the set E(c) where |f(z)| > c is finite. What is the
minimum growth rate of f(z)? Hayman conjectures that∫ ∞
0
r dr
log logM(r, f)
<∞
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is true and best possible. If E(c) has finite measure, is the same true for E(c′) for
c′ < c?
(P. Erdo¨s)
Update 2.40 Erdo¨s had asked about the minimum growth of non-constant entire func-
tions, bounded outside a set of finite area. Camera [127] has established a conjecture
of Hayman according to which∫ ∞
0
r dr
log logM(r, f)
<∞
is true and best possible in the following sense: if φ(r) increases, and∫ ∞
0
r dr
φ(r)
=∞,
then there exists f(z) entire and such that log logM(r, f) < φ(r), and f is bounded
outside a set of finite area. Camera has also established the analogous result for
subharmonic functions u(x) in Rm. If B(r) = sup|x|=r u(x), then∫ ∞
0
( r
logB(r)
)m−1
dr <∞
is true, and this is best possible in the same sense as above.
This was also proved independently Hansen [375] and by Gol’dberg [317]. Gol’dberg
also answered the second part of this problem by giving an example of a function f
for which A(c) is finite for some c, but not for all c.
Problem 2.41 Suppose that f(z) has finite order, and that Γ is a rectifiable path on
which f(z) → ∞. Let ℓ(r) be the length of Γ in |z| < r. Find such a path for which
ℓ(r) grows as slowly as possible, and estimate ℓ(r) in terms of M(r, f). If f(z) has zero
order, or more generally, finite order, can a path be found for which ℓ(r) = O(r) as
r →∞? If logM(r, f) = O(log2 r) as r →∞, but under no weaker growth condition,
it is shown by Hayman [394] and Piranian [635] that we may choose a ray through
the origin for Γ.
If f(z) has a finite asymptotic value a, the corresponding question may be asked for
paths on which f(z)→ a.
(P. Erdo¨s)
Update 2.41 This is a refined form of Problem 2.7. It was completely solved by
Gol’dberg and Eremenko [319] who showed that for every function φ(r) tending to
infinity there exists an entire function f such that ℓ(r) 6= O(r) for every asymptotic
curve.
Moreover, for every ρ > 1/2 there exists an entire function of order ρ with finite
asymptotic value a such that ℓ(r) 6= O(r) for every asymptotic curve on which
f(z)→ a.
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Problem 2.42 Let f(z) be an entire function (of sufficiently high order) with l, l ≥ 2
different asymptotic values ak, k = 1, . . . , l. Suppose that γk is a path such that
f(z)→ ak as z →∞, z ∈ γk. Let n1(r, ak) be the number of zeros of f(z)− ak on γk,
and in |z| ≤ r. Can we find a function f(z) such that
n1(r, ak)
n(r, ak)
→ bk > 0
as r →∞, for k = 1, 2, . . . , n? Can we take bk = 1?
(J. Winkler)
Update 2.42Winkler has supplied the following additional information: the problem
deals with the question of value distribution in the tongues which are excluded in
Ahlfors’ island theorems (see for example Hayman [395, Chp. 5]). The problem is
connected with two previous papers of Winkler ([790], [791]). A complete answer was
obtained by Barsegyan [61] who has shown that
∑
bk ≤ 1 for entire functions, and∑
bk ≤ 2 for meromorphic functions.
Problem 2.43 Let f(z) be a transcendental entire function which permutes the
integers, i.e. gives an injective mapping of the integers onto themselves. Is it true that
f(z) is at least of order 1, type π? We can also ask the corresponding question for a
function permuting the positive integers with the same conjectured answer. Note that
f(z) = z + sin z satisfies both conditions and is of order 1, type π.
If f(z) assumes integer values on the positive integers, then Hardy and Po´lya proved
(see [?, Theorem 11, p. 55]) that f(z) is at least of order 1, type 2; and if f(z)
assumes integer values on all the integers, then Buck [123] has shown that f(z) is at
least of order 1, type log(3+
√
5
2 ) = 0.962 . . ..
(L. A. Rubel)
Update 2.43 There was a mistake in the original statement of this problem, where
log was omitted in the final sentence. Linden points out a contradiction with the
original statement: that the function f(z) = z + 4cos(π(z − 2)/3) gives (i) an
injective mapping of the integers onto themselves, and (ii) an injective mapping of
the positive integers onto themselves and has type π/3. There is no contradiction
with the corrected statement. Rubel adds that it would be interesting to find an
entire function of reasonably small type that ‘really’ permutes the positive integers,
i.e. really scrambles them badly, as all the known examples are pretty tame.
Problem 2.44 For f(z) entire of order ρ, and non-constant, let ν(r) be the number
of points on |z| = r where |f(z)| = 1. Is it true that
lim sup
r→∞
log ν(r)
log r
= ρ ?
If one replaces ν(r) by the number of points on |z| = r, where f(z) is real, then
Hellerstein and Korevaar [426] have shown that the corresponding upper limit is
always equal to ρ.
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(J. Korevaar)
Update 2.44 The example f(z) = ez show this to be false (ν(r) = 2), but Miles
considers the above problem for the real part of meromorphic functions F . If F = u+iv,
and f = (F − 1)(F + 1), then u = 0⇔ |f | = 1. Thus the problem of the number φ(r)
of real points for meromorphic functions is equivalent to that of points of modulus 1
for meromorphic functions. For this problem, Miles and Townsend [572] have shown
that if
Φ(r) =
∫ r
0
φ(t)dt
t
,
then
lim sup
r→∞
log Φ(r)
log r
≤ ρ and lim sup
r→∞
log φ(r)
log r
≤ ρ,
outside an exceptional set, which may exist if f is meromorphic. However, for the
original entire problem, there is no exceptional set.
Problem 2.45 Let J0(z) be the Bessel function of order zero. Is it true that the
equation J0(z) = 1 has at most one solution on each ray from the origin? An
affirmative answer would show that the exceptional set in a theorem of Delsarte and
Lions [188] is, in fact, void. Asymptotic estimates show that there can be at most a
finite number of solutions on any ray, and yield even stronger information.
(L. Zalcman)
Update 2.45 No progress on this problem has been reported to us.
Problem 2.46 Let {fα(z)} be a family of entire functions, and assume that for every
z0, there are only denumerably many distinct values of fα(z0). Then if c = 2
N0 > N1,
the family {fα(z)} is itself denumerable. The above result was proved by Erdo¨s [228].
If c = N1, he constructed a counter-example.
Suppose now that m is an infinite cardinal, N0 < m < c. Assume that for every z0,
there are at most m distinct values fα(z0). Does it then follow that the family {fα(z)}
has at most power m? If m+ < c, where m+ is the successor of m, it is easy to see
that the answer is ‘yes’. However, if c = m+, the counter-example fails. It is possible
the question is undecidable.
(P. Erdo¨s)
Update 2.46 No progress on this problem has been reported to us.
Problem 2.47 Let Eρ be the linear space of entire functions f such that
|f(z)| ≤ B exp(A|z|ρ) for some positive A and B. Let Kρ be the family of functions
k(z) positive and continuous on C, with exp(A|z|ρ) = o(k(z)) as |z| → ∞, for all
positive A. Let S be a subset of C, and ‖ · ‖k,S, ‖ · ‖k the semi-norms defined for
f ∈ Eρ, k ∈ Kρ by
‖f‖k,S = sup
S
{ |f(z)|
k(z)
}
,
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‖f‖k = sup
C
{ |f(z)|
k(z)
}
.
We say that S is a sufficient set for Eρ if the topologies defined by the semi-norms
{‖ · ‖k, k ∈ Kρ}, {‖ · ‖k,S , k ∈ Kρ} coincide, see Ehrenpreis [222].
(a) Suppose that, whenever f ∈ Eρ, f is bounded on S if and only if f is bounded on
C. Does it follow that S is a sufficient set for Eρ?
(b) Suppose that S is a sufficient set for Eρ. Then, if f ∈ Eρ and f is bounded on S,
does it follow that f is bounded on C, or (maybe) of small growth?
Some recent work of Oliver [617] suggests the latter, at least, is likely.
(D. A. Brannan)
Update 2.47 No progress on this problem has been reported to us.
Problem 2.48 If A,B are countable dense subsets of R, C respectively, does there
necessarily exist a transcendental entire function that maps A onto B, and R \A into
C \B?
Suppose that E,F are countable dense subsets of R, and that there exists an entire
function f , monotonic on R, that maps E onto F , and R \ E onto R \ F . Find
interesting conditions which imply that f is trivial. For example, if E,F are real
rationals, under what conditions is f necessarily linear with rational coefficients? One
could also investigate this question in the case of real-valued harmonic or subharmonic
functions in Rn, n ≥ 2.
If A,B are two countable dense subsets of R, Barth and Schneider [65] have shown
that there exists a transcendental entire function, monotonic on R, that maps A onto
B and R \A onto R \B; also, if A,B are countable dense subsets of C, see Barth and
Schneider [66].
(K. F. Barth)
Update 2.48 No progress on this problem has been reported to us.
Problem 2.49 If f(z) is a transcendental entire function, we define
M = {z : |f(z)| =M(|z|, f)}.
Tyler [762] has shown that M can have isolated points, and that, given any N , we
can have ν(r) > N for infinitely many r, where ν(r) is the number of points in
M ∩ {|z| = r}. Herzog and Piranian [440] have shown that lim supr→∞ ν(r) can be
infinite; is it true that lim infr→∞ ν(r) <∞ for all entire f?
(J. G. Clunie)
Update 2.49 No progress on this problem has been reported to us.
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Problem 2.50 Characterise those entire functions having at least one continuous
maximum modulus path going from 0 to ∞.
(W. Al-Katifi)
Update 2.50 No progress on this problem has been reported to us.
Problem 2.51 Suppose that an entire function f has exactly one curve Γ of maximum
modulus (that is, Γ is connected, joins 0 to ∞, and f has no other maximum modulus
points). What can be said about the minimum rate of growth of M(r, f), if one is
given information about the geometry of the curve Γ, for example, that Γ is a given
infinitely-spiralling spiral? If Γ is a radial line, clearly nothing much can be said. (In
a sense, this is the opposite of a Phragme´n-Lindelo¨f principle).
(D. A. Brannan)
Update 2.51 No progress on this problem has been reported to us.
Problem 2.52 What is the best function g(σ), σ ≥ 0 such that, for a non-constant
entire function f(z) with maximum and minimum modulus M(r, f) and m0(r, f) re-
spectively, the assumption
lim sup
r→∞
logM(r, f)
(log r)2
≤ σ
implies that
lim sup
r→∞
m0(r, f)
M(r, f)
≥ g(σ) ?
(P. D. Barry)
Update 2.52 This is solved completely by Gol’dberg [316], who proved the following
stronger result: let f be a meromorphic function of zero order, satisfying
lim inf
r→∞
N(r, 0, f) +N(r,∞, f)
log2 r
≤ σ <∞,
then
lim sup
r→∞
minθ |f(reiθ)|
maxθ |f(reiθ)| ≥ C(σ),
where
C(σ) =
( ∞∏
n=1
1− q2n−1
1 + q2n−1
)2
, where q = exp(−1/(4σ)),
and this estimate is best possible.
A different proof of Barry’s original conjecture was given by Fenton [262].
Problem 2.53 For entire or, more generally, meromorphic functions f and g, let
‘f ≤ g’ mean that, for any sequence {zn}∞1 for which |f(zn)| → ∞, then |g(zn)| → ∞.
For entire functions, it can be proved that, if f ′ ≤ f , then f is of exponential type;
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what can be said if f ′′ ≤ f? Does f ′′ ≤ f imply that f is normal (that is, that
|f ′(z)|(1 + |f(z)|2)−1 is bounded)? (An analogue in the case of the unit disc D has
been proved by Pommerenke [652]). In the above ordering, does there exist f ∧ g and
f ∨ g for any two entire functions f and g? That is, given f and g, does there exist an
h such that h ≤ f and h ≤ g, and so that if k ≤ f and k ≤ g, then k ≤ h? Similarly,
for f ∨ g. Finally, if f is meromorphic and f ′ ≤ f , does this imply a growth restriction
on f , e.g. is the order of f at most two?
Note: Any constant c satisfies c ≤ f for all entire f , and any non-constant polynomial
p satisfies f ≤ p for any entire f . Observe also that ecz are all equivalent if c > 0.
(L. A. Rubel and J. M. Anderson)
Update 2.53 No progress on this problem has been reported to us.
Problem 2.54 Let E be a closed set in C, with the following properties: (1) there
exists a transcendental entire function f(z) that is bounded on E; and (2), there exists
a transcendental entire function g(z) that is bounded away from 0 on the complement
of E. For each such set E, must there exist one transcendental entire function that is
simultaneously bounded on E and bounded away from 0 on the complement of E?
(L. A. Rubel)
Update 2.54 No progress on this problem has been reported to us.
Problem 2.55 Let fi(z), i = 1, 2, 3 be non-constant entire functions of one complex
variable, and
V = {z : z = (z1, z2, z3) ∈ C3, f1(z1) + f2(z2) + f3(z3) = 0}.
If F is an entire function of z = (z1, z2, z3) that is bounded on V , is F necessarily
constant on V ?
(J. M. Anderson and L. A. Rubel)
Update 2.55 Rubel points out that there has been progress in one very special case
by Demailly [189].
Problem 2.56 Prove or disprove the conjecture that an entire function f of n
complex variables is an L-atom (where this is defined in a way analogous to the
definition for n = 1; see Problem 5.55 with D replaced by C); if and only if there
are entire functions f2, f3, . . . , fn of the n variables such that (f, f2, f3, . . . , fn) is an
analytic automorphism of Cn, that is, an injective biholomorphic map of Cn onto Cn.
Rubel can prove the result in the case n = 1.
(L. A. Rubel)
Update 2.56 No progress on this problem has been reported to us.
Problem 2.57 If f is an entire function such that logM(r, f) = O(log r)2 as r→∞,
then Hayman [394] has shown that log |f(reiθ)| ∼ logM(r, f), as r → ∞, for reiθ
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outside an exceptional set E of circles subtending angles at the origin, whose sum is
finite. In particular,
log |f(reiθ)| ∼ logM(r, f), as r→∞, for almost every θ.
Using this result, Anderson and Clunie [24] showed that if f is meromorphic and
T (r, f) = O(log r)2 as r → ∞, then a deficient value (there is at most one) must be
asymptotic and, moreover, if δ(a, f) > 0, then
f(reiθ)→ a as r →∞ for almost every θ.
Now consider a new class of entire functions Iα, α > 1, defined by
(a) logM(r, f) = O(log r)1+α as r →∞
(b) (log r)α = o(logM(r, f)) as r →∞.
(Hayman’s functions are I1). Do the results of Hayman, and the corresponding
results of Anderson and Clunie still hold? In other words, do these results depend on
smallness of growth, or only on smoothness of growth?
(J. M. Anderson)
Update 2.57 This problem has been solved by Anderson [22] as follows: let f(z)
be meromorphic in C and suppose that, for some a, δ(a, f) > 0. Then under the
hypothesis T (r, f) ∼ T (2r, f) as r → ∞, f(z) has as the asymptotic value a. More
precisely, there is an asymptotic path Γ such that
lim inf
r→∞
1
T (r, f)
log
∣∣∣∣ 1f(z)− aδ(a)
∣∣∣∣ as z →∞ along Γ,
and the length ℓ(r) of Γ∩{|z| < r} satisfies ℓ(r) = r{1+o(1)} as r →∞. The hypoth-
esis T (r, f) ∼ T (2r, f) forces f(z) to be of order zero, but there are examples due to
Gol’dberg and Eremenko of entire functions g(z) satisfying T (r, g) = O(ψ(r))(log r)2
as r → ∞, where ψ(r) is any assigned real-valued function tending to ∞ with r such
that no asymptotic satisfies ℓ(r) = O(r).
Problem 2.58 Suppose that f is entire with a non-zero Picard exceptional value
α. Then f has α as an asymptotic value. It can be shown that f → α along
a level curve |f | = |α|, if f is of finite order. This follows readily from the fact
that arg f is monotone along such a curve, together with an application of the
Denjoy-Carleman-Ahlfors theorem. We call such a level curve a natural asymptotic
path for α. Does there exist an entire function of infinite order, with a non-zero Picard
exceptional value α, having no natural asymptotic paths?
(S. Hellerstein)
Update 2.58 An example of such a function has been given by Eremenko [237], who
constructed a suitable Riemann surface.
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Problem 2.59 (A width conjecture) Given a power series
∑∞
k=0 akz
k, suppose
that there is a non-negative ρ such that all of the partial sums Sn(z) =
∑n
k=0 akz
k,
n = 1, 2, 3, . . . are non-zero in the region
Sρ = {z = x+ iy : |y| < Kx1−(ρ/2), x > 0}.
We conjecture that f(z) must be entire of order at most ρ. When ρ = 0, Sρ is a sector
with vertex at z = 0, and the conjecture is a consequence of results of Carlson [144],
which were later generalised by Rosenbloom [671], Ganelius [286], and Korevaar and
McCoy [487]. Remark: If f(z) = ez, which is of order 1, Saff and Varga [695] have
shown that the partial sums
∑n
k=0 z
k/k! are in fact zero-free in the parabolic region
{z = z + iy : y2 ≤ 4(x+ 1), x > −1}.
(E. B. Saff and R. S. Varga)
Update 2.59 No progress on this problem has been reported to us.
Problem 2.60 Let
∑∞
k=0 akz
k be a non-vanishing entire function, and let
Sn(z) =
∑n
k=0 akz
k. Given ε > 0, must there exist a z0 and an n such that
Sn(z0) = 0 and |f(z0)| < ε? (The Hurwitz theorem shows that the result is true if f
has a zero.)
(D. J. Newman and A. Abian)
Update 2.60 No progress on this problem has been reported to us.
Problem 2.61 Let Γ be a rectifiable curve. Suppose f is a continuous function on the
plane satisfying ∫
σ(Γ)
f(z)dz = 0 for all rigid motions σ.
Does this imply that f is an entire function? The answer is ‘yes’ for some choices of Γ,
and ‘no’ for others. For example, the answer is ‘no’ for the circle (f(x+ iy) = sin(ax)
is a counter-example for a suitable choice of a); ‘yes’ for an ellipse; ‘yes’ for any
polygonal Jordan curve; and ‘yes’ for the boundary of any convex set with at least one
corner. Prove that the circle is the only closed rectifiable Jordan curve (or the only
curve among the class of curves which are boundaries of bounded convex sets) for
which the answer is ‘no’. This problem is related to the ‘Pompeiu Problem’ discussed
by Brown, Schreiber and Taylor [119].
(L. Brown)
Update 2.61 No progress on this problem has been reported to us.
Problem 2.62 Let f denote a rational or entire function of a complex variable, and
fn, n = 1, 2, . . ., the n-th iterate of f , so that f1 = f, fn+1 = f ◦fn = fn ◦f . Provided
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that f is not rational of degree 0 or 1, the set C of those points where {fn} forms a
normal family is a proper open subset of the plane, and is invariant under the map
z 7→ f(z). A component G of C is a wandering domain of f if fk(G) ∩ fn(G) = ∅ for
all {k, n | k ≥ 1, n ≥ 1, k 6= n}.
Jakobson has asked whether it is possible for a rational function f to have a wandering
domain. Baker [50] gave a transcendental entire function which does have such
domains.
(I. N. Baker)
Update 2.62 Sullivan [740] has proved that rational functions have no wandering
domains, so that the answer to Jakobson’s question is ‘no’.
Problem 2.63 Let f be a rational function and C be as in Problem 2.62. We say that
g is a limit function for f if g is defined in some component G of C and is the limit of
some subsequence of (fn) in G. In the simplest examples, the number of limit functions
is finite, which implies that each has a constant α, say, such that fk(α) = α for some
positive integer k. If, in addition, |(fk)′(α)| < 1 for each of the limit functions, we say
that the function f belongs to the class N .
(a) Does there exist a rational f which has an infinity of constant limit functions?
(b) Is the property of belonging to N ‘generic’ in some sense for rational functions?
Some account of the older established results can be found in Fatou ([257], [258],
[256]) and a sketch from a more modern point of view is given by Guckenheimer [353].
(I. N. Baker)
Update 2.63 Sullivan [740] proved that the answer to the first question is ‘no’.
On the other hand, Eremenko and Lyubich [248] have constructed an example of an
entire function, iterates of which have an infinite set of constant limit functions in a
component of normality.
Problem 2.64 Let f(z) be a real entire function (i.e. f(z) is real for real z). It has
been shown by Hellerstein and Williamson [430] that if f, f ′, f ′′ have only real zeros,
then f is in the Laguerre-Po´lya class (i.e. f(z) = e−az
2
g(z), a ≥ 0, g a real entire
function of genus 0 or 1, with only real zeros), thus affirming a conjecture of Po´lya.
Wiman made the stronger conjecture, that the above is true, with no assumption on
the zeros of f ′. Even the simplest case, f(z) = exp(Q), where Q is a real polynomial,
has not been settled (see Problem 4.28). Wiman’s conjecture has been proved by
Levin and Ostrovskii [513] for f of infinite order, growing sufficiently fast.
(S. Hellerstein)
Update 2.64 Wiman’s conjecture has been proved by Bergweiler, Eremenko and
Langley [89]. For functions of finite order, the conjecture was proved previously by
Sheil-Small [711]. Both works use the methods developed by Levin and Ostrovskii
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[513].
Problem 2.65 Since the knowledge of the zeros of an entire function f leaves an
unknown factor, eh say, in the Hadamard product for f , one can ask if f is determined
by the zeros of f , and of its first few derivatives. Does there exist an integer k, k ≥ 2
such that, if f and g are entire, and f (n)/g(n) is entire and non-vanishing for 0 ≤ n ≤ k,
then f/g is constant, unless
f(z) = eaz+b, g(z) = ecz+d or f(z) = A(eaz − b), g(z) = B(e−az − b−1) ?
The proposer has shown (unpublished) that k = 2 will do in certain cases; for example,
when f and g have finite order. The example
f(z) = (e2z − 1) exp(−iez), g(z) = (1− e−2z) exp(ie−z)
shows that one sometimes needs k = 3. One can ask a similar question for meromorphic
functions, with the additional possibility that
f(z) = A(eh(z) − 1)−1, g(z) = B(1− e−h(z))
for any non-constant entire function h.
(A. Hinkkanen)
Update 2.65 Ko¨hler [479] proved that the answer is ‘yes’, for meromorphic functions
and k = 6. Namely, if f and g are meromorphic function, such that f (n)/g(n) are
entire and without zeros for 0 ≤ n ≤ 6, then f and g satisfy one of the four relations
suggested by Hinkkanen. If one makes additional assumptions about the growth of f
and g, one needs fewer derivatives to achieve the same conclusion ([479], [750]). See
also Langley [507] for related results.
Yang [801] shows that the answer to Hinkkanen’s problem is positive for meromorphic
functions of finite order if n = 1, and an additional condition holds. Yang also gen-
eralises this result to meromorphic functions of hyper-order less than one. Examples
show that the order restriction is sharp.
Problem 2.66 Given a countable number of entire functions, one can find an entire
function growing faster than any of these. Without making any assumption about the
Continuum Hypothesis, can one associate with every countable ordinal number α an
entire function fα such that
(a) if α < β, then M(r, fα)/M(r, fβ)→ 0 as r →∞,
and
(b) if f is an entire function, then there exists γ such that M(r, f)/M(r, fγ) → 0 as
r →∞ ?
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See also Problem 7.62.
(A. Hinkkanen)
Update 2.66 In terms of the cardinality A of the smallest set of entire functions
which exhaust all orders of growth, Hinkkanen (unpublished) can show that A can
be anything between N1 and C, having the same general properties as C, that is,
A 6=∑i∈IMi, where #Mi < A and #I < A. The answer is independent of the axioms
of set theory.
Problem 2.67 Let f be an entire function, and let D be a component of the set in C
where the family of iterates {fn} is normal. Can this family have an infinite bounded
set of constant limit functions? Eremenko and Lyubich [248] have shown that the set
of constant limit functions may be infinite.
(A. Eremenko)
Update 2.67 See Update 2.87 for details on the equivalence of Problem 2.77 and
Problem 2.87, and the special case that Problem 2.67 is of these problems. There has
been no progress reported to us on any of these problems.
Problem 2.68 Let f be an entire function satisfying the condition
logM(r, f) ≤ (1 + o(1))rρ, as r →∞.
Suppose that there exists a curve Γ tending to ∞ such that on Γ
log |f(z)| ≤ (α+ o(1))rρ, as r = |z| → ∞,
for some α in [−1, 1); and denote by E(r, ε) the angular measure of the set
{reiθ : log |f(reiθ)| ≤ (1− ε)rρ}.
Eremenko conjectures that
lim sup
ε→0, r→∞
E(r, ε) ≥ 2
ρ
arccosα.
Jaenisch [459] has proved some related results.
(A. Eremenko)
Update 2.68 No progress on this problem has been reported to us.
Problem 2.69 Hayman [397] has shown that
lim inf
r→∞
T (r, f)
T (r, f ′)
≤ 1 (2.10)
for transcendental entire functions f of lower order zero. Toppila [755] has shown that
there exists an entire function of order one which does not satisfy (2.10). Does there
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exist a constant d > 0 such that (2.10) holds for all transcendental entire functions f
of order less than d?
(S. Toppila)
Update 2.69 If ρ > 1/2, Langley [505] constructed an entire function of order ρ, with
the property
lim inf
r→∞
T (r, f)
T (r, f ′)
> 1.
Problem 2.70 Let H be an entire function, let f1, f2 be linearly independent solutions
of the differential equation w′′ +Hw = 0, and let E = f1f2. Clearly f1, f2 and E are
entire. Also, it is well-known that if H is a polynomial of degree n, then the orders of
f1 and f2 are ρ(f1) = ρ(f2) =
1
2 (n+ 2). Furthermore, the exponent of convergence of
the zeros of E is λ(E) = 12(n+ 2), provided that n > 1. If H is transcendental then
ρ(f1) = ρ(f2) = +∞
and one might hope that, by analogy with the previous remarks, λ(E) = +∞.
However, examples by Bank and Laine [53] showed that this is not necessarily the
case if ρ(H) is a positive integer or +∞. They also asked whether λ(E) = +∞ if ρ(H)
is non-integral and finite and they showed that this is indeed the case if ρ(H) < 12 , a
result improved to ρ(H) ≤ 12 by Rossi [672]. What happens in general?
(S. Hellerstein and J. Rossi)
Update 2.70 This question became known as the Bank-Laine conjecture. A negative
answer was given by Bergweiler and Eremenko in [86] and [87]: for every ρ > 12 there
exists an entire H for which ρ(H) = ρ but λ(E) < +∞.
Problem 2.71 It is shown by Hellerstein and Rossi [427], and Gundersen [354]
that if f1 and f2 are two linearly independent solutions to the differential equation
w′′+Hw = 0, where H is a polynomial and f1 and f2 have only finitely many non-real
zeros, then H is a non-negative constant. It is also shown that, if H(z) = az + b,
for a, b ∈ R, then the differential equation admits a solution with only real zeros
(and infinitely many of them). Furthermore, as pointed out by Gundersen [354],
Titchmarsh ([749, pp. 172-173]) showed that, if H(z) = z4−β for special choices of β,
then the differential equation also admits solutions with only real zeros (and infinitely
many of them).
Characterise all non-constant polynomials H such that the differential equation
admits a solution with only real zeros (and infinitely many of them).
(S. Hellerstein and J. Rossi)
Update 2.71 Gundersen [357] showed that for given a > 0 and b ≥ 0, there exists an
infinite sequence of real numbers when λk → +∞, so that the differential equation
f ′′ + (az4 + bz2λk)f = 0
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has solutions with infinitely many zeros, and all these zeros, except finitely many of
them, are real. Rossi and Wang [674] proved that if an equation f ′′ + P (z)f = 0,
where P is a polynomial, has a solution with infinitely many zeros, all of them real,
then the number of real zeros of P must be less than than 1 + 12 degP , counted with
multiplicities.
Eremenko and Merenkov [249] proved that for every d there exist polynomials P of
degree d such that some solution of the equation f ′′ + Pf = 0 has only real zeros.
The zero set of such f can be infinite if and only if d 6≡ 2 (mod 4).
Eremenko and Merenkov [249] show that for every non-negative integer d, there
exist differential equations w′′ + Pw = 0, where P is a polynomial of degree d, such
that some non-trivial solution w has only real roots. For polynomials of degree 3,
Eremenko and Gabrielov [243] give a curve Γ0, which parametrises all such equations;
and a curve Γn which parametrises all such equations having solutions with exactly
2n non-real zeros.
Problem 2.72 Let {f1, . . . , fn} be a fundamental system for the differential equation
Ln(w) ≡ w(n) + an−1(z)w(n−1) + . . .+ a0(z) = 0, (2.11)
where ao, ..., an−1 are polynomials. Frank [273] has proved that each function
f1, . . . , fn has finitely many zeros, if and only if (2.11) can be transformed into
a differential equation with constant coefficients by a transformation of the form
w(z) = exp(q(z)u(z)), where q is a suitable polynomial. Does the same result hold if
each function f1, . . . , fn is assumed to have only finitely many non-real zeros? In view
of Hellerstein and Rossi [427] and Gundersen [354], we may assume that n ≥ 3.
(S. Hellerstein and J. Rossi)
Update 2.72 Bru¨ggeman [120] and Steinmetz [733] independently gave a positive
answer. In fact, each of them proved a stronger result than conjectured.
Problem 2.73 Let F (z, a, b) be an entire function of three complex variables, and
suppose that F is not of the form
F (z, a, b) = G(z,H(a, b)) (2.12)
for any entire functions G and H of two complex variables. Can
{F (z, a, b) : a, b ∈ C}
constitute a normal family of entire functions of z? (Put rather loosely, does there exist
a two-parameter normal family of entire functions?) Notice that if F does have the
form (2.12) then FbFa,z = FaFb,z, where subscripts denote partial differentiation. The
purpose of ruling out the form (2.12) is to ensure that there are two honest parameters
of the family. Otherwise we could have, say,
F (z, a, b) = z + 5a2 + sin b,
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which is really a one-parameter family in disguise.
(L. A. Rubel)
Update 2.73 No progress on this problem has been reported to us.
The next two problems concern the class of real entire functions of finite order with
only real zeros. We may partition this class as follows: for each integer non-negative
p, denote by V2p the class of entire functions f of the form
f(z) = g(z) exp(−az2p+2)
where a ≥ 0, and g(z) is a constant multiple of a real entire function of genus at most
2p + 1 with only real zeros. Then write U0 = V0, and U2p = V2p − V2p−2 for p ∈ N.
Problem 2.74 Suppose that f(z) = 1 + a1z + a2z
2 + . . . ∈ U2p. If p = 0 (so that
f ∈ U0) and if f is not a polynomial, it is well-known that f cannot have two
consecutive Taylor coefficients equal to zero.
If p > 0, can an analogous assertion be made? Is it true, for example, that the Taylor
series of f in U2p cannot have 2p+ 2 consecutive coefficients equal to zero?
(J. Williamson)
Update 2.74 No progress on this problem has been reported to us.
Problem 2.75 Suppose that f is entire of proximate order ρ(r), and that f has a
representation as a Dirichlet series
f(z) =
∞∑
n=1
ane
λnz, 0 ≤ λ1 < λ2 < . . .→∞, an > 0.
Can one give a complete characterisation of the indicator
h(θ, f) = lim sup
r→∞
r−ρ(r) log |f(reiθ)|
of such functions? If f has a representation
f(z) =
∫ ∞
0
eiz dF (t)
where F is positive and increasing, Gol’dberg and Ostrovskii [323] gave such a
characterisation.
(A. A. Gol’dberg and I. V. Ostrovskii)
Update 2.75 Gol’dberg and Ostrovskii [324] solved the problem under the following
additional assumption on the sequence of the exponents: there exists an entire function
L(λ) of exponential type, such that L(λn) = 0 for n = 1, 2, . . . , and
lim
n→∞λ
−1
n log(1/|L′(λn)|) <∞.
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If these conditions are satisfied, the sequence (λn) is said to have finite index of
concentration. If the sequence of exponents of a Dirichlet series, f has finite index
of concentration, the only possible indicators are h(f, θ) = a(cos+ θ)ρ, where a > 0.
Gol’dberg and Ostrovskii [324] also obtained other results, with weaker conditions on
the sequence (λn), and studied the lower indicators.
We draw to the attention of the reader many other problems in iteration raised in
Douady ([195], [196]), Herman [439], Lyubich [537], Beardon [70], Bergweiler [82] and
Milnor [582]. In this section, fn denotes the nth iterate of a function f .
Problem 2.76 Let Ω be a component of the normal set of an entire function (under
iteration). Is dim(∂Ω) > 1? Or is ∂Ω a circle/line?
(D. Hamilton)
Update 2.76 Bishop [100] has constructed transcendental entire functions with Julia
sets of dimension 1. So, in particular, the boundary of the components of the Fatou
set have dimension 1, but they are not circles or lines.
Problem 2.77 Let Ω be a component of the normal set of an entire function f (under
iteration). Do there exist such an f and such an Ω with the following properties:
(a) fn(Ω) is uniformly bounded, for n = 0, 1, 2, . . .;
(b) fn(Ω) ∩ fm(Ω) = ∅ for n 6= m.
(I. N. Baker, R. Herman and I. Kra; communicated by D. Hamilton)
Update 2.77 We note that ‘uniformly’ has been added to the original statement of
(a), as otherwise there are examples for such f .
See Update 2.87 for details on the equivalence of Problem 2.77 and Problem 2.87, and
the special case that Problem 2.67 is of these problems. There has been no progress
reported to us on any of these problems.
In the following problems we denote by Rd the class of rational functions of degree d
on the Riemann sphere Cˆ, and we suppose that d ≥ 2.
Problem 2.78 (Fatou’s conjecture) Show that the subset U of functions g in Rd,
such that all the critical points of g are in the basins of attraction of periodic sinks, is
dense in Rd.
The property ‘g ∈ U ’ is also sometimes called Axiom A. See also Fatou [259].
(P. Fatou; communicated by M. R. Herman)
Update 2.78 An analogue of the Fatou conjecture for the real quadratic family
{z 7→ z2 + c : c ∈ R}
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(instead of the family Rd of all rational functions of degree d at least 2) has been
established by Graczyk and S´wiatek [347], and by Lyubich [538].
The next three problems were suggested in order to give a positive answer to the
Fatou conjecture. See, for example, Man˜e´ [540].
Problem 2.79
(a) Show that, if a function g in Rd has the property that its Julia set J(g) 6= Cˆ, then
g does not leave invariant a non-trivial Beltrami form on J(g). Here a Beltrami
form µ means that µ ∈ L∞(Cˆ) and ‖µ‖L∞ < 1; and trivial on J(g) means that
µ(x) = 0 for almost all x in J(g).
(b) More generally, is the Lebesgue measure of J(g) in Cˆ equal to zero? (This is
the analogous conjecture to the Ahlfors conjecture for finitely-generated Kleinian
groups.)
Negative answers to both (a) and (b) have been proved (by McMullen (uncited)
and Eremenko and Lyubich [248]) for the class of transcendental entire functions g.
Douady has conjectured that the answer is negative, and that a counter-example is
the function Pλ(z) = λ(z + z
2), for some λ of modulus one. See also Douady [195],
Lyubich [537] and Man˜e´ [540].
(D. Sullivan; communicated by M. R. Herman)
Update 2.79
(a) has been established for the real quadratic family by McMullen [558], and extended
to the family {z 7→ zd + c, c ∈ R} by Levin and van Strien [514].
(b) Buff and Che´ritat [125] showed that the answer is ‘no’ in general, and that a
counter-example is given by λ(z + z2) for suitable λ, as conjectured by Douady.
Problem 2.80 Let the function g in Rd have the property that its Julia set J(g) = Cˆ.
Is the dimension k of the space of Beltrami forms on Cˆ, invariant under g, at most
one? Also, are certain of the Latte`s examples the only rational functions such that
k 6= 0?
For further information, see [540].
(D. Sullivan; slightly modified and communicated by M. R. Herman)
Update 2.80 No progress on this problem has been reported to us.
Problem 2.81 Let the function g in Rd have the property that its Julia set J(g) = Cˆ.
Is g ergodic for Lebesgue measure? In other words, if B ⊂ Cˆ is a Borel-invariant set
under g (that is, g−1(B) = B), does it follow that either B or Cˆ \ B has Lebesgue
measure zero?
For further information, see [540].
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(D. Sullivan; communicated by M. R. Herman)
Update 2.81 No progress on this problem has been reported to us.
Problem 2.82 Let Ld denote the class of those functions g ∈ Rd such that every
critical point of g is preperiodic but not periodic. Show that, if the function g in Rd
has the property that J(g) = Cˆ, then g belongs to the closure of Ld in Rd.
(M. R. Herman)
Update 2.82 No progress on this problem has been reported to us.
Problem 2.83 Let a function f in Rd have the property that
f(z) = λαz +O(z
2) as z → 0,
where λα = e
2piiα and α ∈ R \ Q. Assume also that f is linearisable at 0, and denote
by S its Siegel singular disc.
(a) Is α necessarily a Brjuno number? In other words, is it true that
∞∑
n=0
(log qn+1)/qn < +∞,
where {pn/qn}∞n=0 are the convergents of the continued fraction expansion of α?
Also, what is the situation here when f is a non-linear entire function?
(b) Is f necessarily injective on the boundary ∂S of S in Cˆ?
(c) Is it true that f has no periodic points on ∂S?
Both (b) and (c) are open even under the additional hypothesis that f has no critical
point on ∂S. A positive answer to (b), under this additional hypothesis, would imply
that when α satisfies a diophantine condition (that is, there exists β, γ, γ > 0 and
β ≥ 2 such that, for every number p/q in Q, we have |α − (p/q)| ≥ γq−β) then f has
a critical point on ∂S.
For further information, see Herman [438] and Przytycki [?].
(J.-C. Yoccoz and M. R. Herman)
Update 2.83 For part (a) Yoccoz [807] has proved that the answer is yes, if f is a
polynomial of degree 2.
Problem 2.84 Does there exist a number λ of modulus one that is not a root of
unity, such that the positive orbit of −12 under Pλ(z) = λ(z + z2) is dense in J(Pλ)?
(M. R. Herman)
Update 2.84 No progress on this problem has been reported to us.
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Problem 2.85 Suppose that λ is of modulus one and not a root of unity, let Pλ(z) =
λ(z + z2) and
hλ(z) = z +O(z
2)
is the unique formal power series such that Pλ(hλ(z)) = hλ(λz). Denote by R(λ) the
radius of convergence of hλ.
(a) Calculate (or, at least, estimate up to ±10−10) the value of m = supλR(λ).
(b) Prove that m is realised by a function hλ, where λ = e
2piiα and α is a real algebraic
number of degree 2.
(c) If R(λ) = 0, is the following true: for every positive ε, the function Pλ has a
repelling periodic cycle included in {|z| < ε}? This property is known to hold for
a dense Gδ-set of numbers λ of modulus one, see Cremer [176].
(M. R. Herman and J. -C. Yoccoz)
Update 2.85 No progress on this problem has been reported to us.
Problem 2.86 Let the function f(z), f(z) = λ(ez − 1) with |λ| = 1, have a Siegel
singular disc Sλ that contains zero.
(a) Prove that there exists some number λ, where |λ| = 1, such that Sλ is bounded in
C.
(b) If Sλ is unbounded in C, does −λ belong to ∂Sλ?
(M. R. Herman, I. N. Baker and P. J. Rippon)
Update 2.86 Rempe-Gillen writes that (a) can be solved by a method of Ghys which
is mentioned by Douady [196] and found in detail in Rempe-Gillen [665]. A positive
answer to (b) is given by Rempe-Gillen [666] with a relatively simple proof.
Problem 2.87 Does there exist a non-linear entire function g with wandering domain
W such that
⋃
n≥0 g
n(W ) is bounded in C?
It has been conjectured by Lyubich [537] that if g and W exist, then gn(W ) cannot
converge as n→∞ to a fixed point of g.
(M. R. Herman; A. Eremenko and M. Yu. Lyubich)
Update 2.87 The first question is the same as Problem 2.77, and Problem 2.67 is a
special case of this question. All these problems remain unsolved. Bergweiler writes
that in principle, it is conceivable that there exists a function satisfying Problem 2.67,
but not Problem 2.77 or Problem 2.87. In other words, the limit functions in the
wandering domain are all bounded, but the domains are not.
Rempe-Gillen writes that the first part of Problem 2.87 remains an open problem,
although results in [50] imply the absence of all wandering domains for some functions.
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However, the absence of bounded wandering domains can be deduced from a result
of Clark, Trejo and van Strien (unpublished). This problem is about whether there
exists a transcendental entire function g with a wandering component W of the Fatou
set, such that
⋃
n g
n(W ) is a bounded set. Nicks [604] shows that there does exist a
quasi-analytic mapping of the plane, with an essential singularity at infinity, that has
this bounded wandering property. This problem asks for a non-linear entire function
g with wandering domain W such that
⋃
n g
n(W ) is bounded in C. Under certain
additional assumptions, a negative answer is given by Zheng [814].
The conjecture that iterates in a wandering domain cannot converge to a fixed point
arises from the results of Pe´rez Marco ([627], [628]).
Problem 2.88 Let B denote the boundary of the Mandelbrot set (or, equivalently,
the topological bifurcation set of the family z 7→ z2 + c, c ∈ C.
(a) Is B locally-connected?
(b) Prove that B has Hausdorff dimension 2.
(c) Does B have Lebesgue measure zero?
For further information, see Douady [195] and Lyubich [537].
(A. Douady and J. H. Hubbard; N. Sibony; M. Rees; M. R. Herman)
Update 2.88
(a) It is shown by Hubbard [448] and Lyubich [539] that B is locally connected in the
neighbourhoods of certain points.
(b) Shishikura ([716], [717]) proved that the boundary of the Mandelbrot set B has
Hausdorff dimension 2.
Problem 2.89 Let the function f0 in Rd have an invariant Herman singular ring Af
of rotation number α, where α satisfies a diophantine condition. Denote by Hd,α the
class of all functions f1 in Rd such that f1 can be joined to f0 by a continuous path
ft, 0 ≤ t ≤ 1, in Rd, where each ft has a Herman singular ring Aft of rotation α, and
the annuli Af vary continuously with f (in the sense of Carathe´odory).
(a) Is Hd,α locally closed in Rd?
(b) Is the boundary of Hd,α in its closure in Rd a topological manifold?
Both (a) and (b) are related to the investigation of rational functions with an invariant
Herman singular ring, when the moduli of their invariant rings tend to zero. See
Herman [437].
(M. R. Herman)
56
Update 2.89 No progress on this problem has been reported to us.
Problem 2.90 Does there exist a number α in R \Q that does not satisfy a diophan-
tine condition, such that every R-analytic orientation-preserving diffeomorphism of
the circle with rotation number α is R-analytically conjugated to a rotation?
For related questions, see Douady [196]. If α satisfies a diophantine condition, the
global analytical conjugacy theorem has been proved. See Herman [436] and Yoccoz
[806].
(M. R. Herman)
Update 2.90 No progress on this problem has been reported to us.
New Problems
To appear.
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Chapter 3
Subharmonic and Harmonic
Functions
Preface by S. Gardiner (to appear)
Notation A function u(z) in a domain D of the plane, is said to be subharmonic in
D if:
(a) u(z) is upper semi-continuous in D,
(b) −∞ ≤ u(z0) < +∞, and u(z) 6≡ −∞ in D,
(c) for every z0 in D, and all sufficiently small r (depending on z0), we have
u(z0) ≤ 1
2π
∫ 2pi
0
u(z0 + re
iθ) dθ.
In space of higher dimensions, subharmonic functions are defined analogously. If u(z)
and −u(z) are subharmonic, then u(z) is harmonic. If f(z) is analytic in a domain D,
and f(z) 6≡ 0, then
u(z) = log |f(z)|
is subharmonic in D, and many properties of the modulus of analytic functions
suggest corresponding properties of subharmonic functions in the plane.
Sometimes, analogous properties of subharmonic functions in space also hold. We
recall, from the introduction to Chapter 2, Iversen’s theorem [457], that if f(z) is
a non-constant entire function, then there exists a path Γ, such that f(z) → ∞ as
z →∞ along Γ. The analogue, that a subharmonic function u(z) in the plane, which
is not constant, tends to +∞ along a path Γ was proved by Talpur [743].
Problems 2.6 and 2.7 have immediate analogues for subharmonic functions, and an
analogue of Problem 2.8 can be formulated without too much difficulty. If f(z) is
analytic and non-zero, then u(z) = log |f(z)| is harmonic. Thus, Problem 2.9 in its
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first formulation reduces to a problem on harmonic functions u(z). It should be said
that Huber [449] proved his result (2.3) for subharmonic functions, (see Problem 2.10),
that for every positive λ there exists a path Cλ such that∫
Cλ
|f(z)|−λ |dz| <∞.
That is, with |f(z)| replaced by exp(u(z)) in Problem 2.10, where u(z) is a subharmonic
function such that
B(r, u)
log r
→ +∞,
where, throughout this section,
A(r, u) = inf
|z|=r
u(z), B(r, u) = sup
|z|=r
u(z).
Unless the contrary is explicitly stated, we shall assume that the functions u(z) are
defined in a plane domain.
Problem 3.1 If u(z) is harmonic in the plane, and not a polynomial, does there exist
a path Γn for every positive integer n, such that
u(z)
|z|n → +∞ (3.1)
as z →∞ along Γn. Does there exist a path Γ∞, such that (3.1) holds for every fixed
n, as z →∞ along Γ∞?
We note that we can apply the result (see Problem 2.6) of Boas, that for every tran-
scendental entire function there exists a path Γ∞ such that for every n,
∣∣ f(z)
zn
∣∣ → ∞
as z → ∞ along Γ; to f(z) = eu+iv, where v is the harmonic conjugate of u, but this
only yields
u(z)
log |z| → +∞.
Update 3.1 We can ask the analogue of Iversen’s theorem (see [457]) for a harmonic
function u(z) (see Problem 2.6). Boas’s theorem gives a path on which
u(z)
log |z| → +∞,
where u(z) is harmonic and not constant in the plane. Barth, Brannan and Hayman
[62] have shown that there exists a path for every α, with α < 12 such that
u(z)
|z|α → +∞,
and a little more. On the other hand, there need not exist such a path if α ≥ 12 .
59
Problem 3.2 If u(x) is harmonic and not constant in space of 3 or more dimensions,
is it true that there exists a path Γ such that u(x)→ +∞ as x→∞ along Γ?
The corresponding result for subharmonic functions is certainly false, since if
r =
( n∑
ν=1
x2ν
) 1
2
is the distance of x = (x1, x2, . . . , xn) from the origin, then u(x) = max(−1,−r2−n) is
subharmonic and bounded in space of n dimensions, when n > 2. On the other hand,
a bounded harmonic function in space is constant.
Update 3.2 This problem has been largely settled. If u(x) is subharmonic and has
finite least upper bound M , then Hayman ([412, Chp. 4]) showed that u(x) → M as
x→∞ along almost all rays through the origin. If u(x) is not bounded above, and in
particular, if u(x) is harmonic, there always exists a path Γ such that
u(x)→ +∞ as x→∞ along Γ. (3.2)
This is a result of Fuglede [282] which completes earlier results of Talpur and Hayman
[742]. Fuglede uses a deep theorem about Brownian motion by Nguyen-Xuan-Loc and
Watanabe [602]. The path Γ is locally a Brownian motion and so highly irregular. It
is an open question whether a smooth path or a polygonal path exists satisfying (3.2).
For continuous subharmonic functions, and in particular for harmonic functions, such
paths certainly exist. Carleson [141] has proved the existence of a polygonal path for
general subharmonic functions.
Problem 3.3 Suppose that u(z) is subharmonic and u(z) < 0 in the half-plane |θ| <
π/2, where z = reiθ. Suppose also that
A(r) = inf
|θ|<pi/2
u(reiθ) ≤ −K, 0 < r <∞.
Is it true then that
u(r) ≤ −1
2
K, 0 < r <∞ ?
The result u(r) ≤ −K/3 is true, and is due to Hall [367].
Update 3.3 The answer is ‘no’. Hayman ([412, Chp. 7]) has constructed an example
of a function satisfying Hall’s conditions, and such that u(r) > −12K on the whole
positive axis. What is the best constant α such that u(r) < −αK on the whole
positive axis?
Problem 3.4 Consider the class of functions subharmonic in the unit disc D, and
satisfying u(z) ≤ 0 there. Suppose also that A(r, u) ≤ −1, for r lying on a set E
consisting of a finite number of straight line segments. Then it is known (see e.g.
Nevanlinna [598, p.100]) that B(r, u) is maximal, when u(z) = uE(z), where uE(z)
is harmonic in D, except on a set E of the positive real axis, and u(z) assumes
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boundary values 0 on |z| = 1, and −1 on E. This is the solution to the so-called
Carleman-Milloux problem [598]. For 0 < r < 1, 0 < K < 1, let C(r,K) be the set of
all θ such that u(reiθ) < −K.
Is it true that C(r,K) has minimal length only if u(z) = uE(z)? The special case
where E consists of the whole interval [0, 1] has particular interest.
(T. Ko¨vari)
Update 3.4 No progress on this problem has been reported to us.
Problem 3.5 Suppose that u(z) is positive and subharmonic in D, and that there
exists a series of arcs γn tending to the arc α ≤ θ ≤ β of |z| = 1, such that
u(z) ≤M, z on γn, n = 1, 2. (3.3)
If in addition, ∫ 1
0
(1− r)u(reiθ) dθ < +∞, (3.4)
for a set E on θ, which is dense in the interval (α, β), then Maclane [547] proved that
u(reiθ) is uniformly bounded for
α+ δ ≤ θ ≤ β − δ, 0 ≤ r < 1,
and any fixed positive δ. These conclusions thus hold in particular, if∫ 1
0
(1− r)B(r, u) dr < +∞. (3.5)
Can the growth conditions (3.4) and (3.5) be weakened without weakening the
conclusions?
Update 3.5 Hornblower [444] and [445] has shown that (3.5) can indeed be replaced
by the much weaker condition ∫ 1
0
log+B(r) dr <∞,
and that this is more or less best possible. However, it is still an open question as to
whether condition (3.4) is sharp.
Problem 3.6 It follows from a result of Wolf [795], that if
u(reiθ) ≤ f(θ), 0 < r < +∞,
where ∫ 2pi
0
log+ f(θ) dθ < +∞,
then u(z) is bounded above, and so is constant. What is the 3-dimensional analogue
of this result?
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Update 3.6 We note that the original statement of Problem 3.6 had log+ log+ f(θ)
instead of log+ f(θ). Wolf proved that if u is subharmonic in the plane, and satisfies
u(reiθ) ≤ f(θ), 0 < r <∞,
where ∫ 2pi
0
log+ f(θ) dθ <∞,
then u is bounded above, and so constant. Yoshida has pointed out that the
higher-dimensional analogue of this result had been obtained by Carleman [138].
Problem 3.7 Problem 1.17 can be reformulated for subharmonic functions, if we
replace logM(r, f) by a general subharmonic function u(z). The same positive
theorems hold, and the same conclusions are conjectured in the general case.
Update 3.7 The result, generalizing Govorov’s theorem to subharmonic functions in
space, has been obtained by Dahlberg [178].
Problem 3.8 If ω(ζ) is continuous and bounded in D, and each point of ζ of D is the
centre of at least one circle Cζ lying in D, such that ω(ζ) is equal to the average of
the values of ω(z) on Cζ , is it true that ω(z) is harmonic in D? The result is true if
ω(z) is continuous in |z| ≤ 1, and is certainly false if this condition is removed. The
corresponding problem with Cζ replaced by its interior Dζ is also open.
(J. E. Littlewood)
Update 3.8 This has been completely solved by Hansen and Nadirashvili [376].
Eremenko writes that Problem 3.8 has two interpretations, depending on the meaning
of the word ‘circle’. If a circle means a disc, then the answer is positive; but if the
circle means circumference, then the answer is negative.
Problem 3.9 If D is a convex domain in space of 3 or more dimensions, can we assert
any inequalities for the Green’s function g(P,Q) of D which generalise the results of 2
dimensions, that follow from the classical inequalities for convex univalent functions?
Gabriel [283] proved that the level surfaces G(P,Q) = λ > 0 are convex, but the
proof is long. It would be interesting to find a simpler proof, and also to obtain
definite inequalities for the curvatures. It may be conjectured that half-space gives
the extreme case.
(G. E. H. Reuter)
Update 3.9 No progress on this problem has been reported to us.
In general, there are many problems for harmonic functions in 3 dimensions, where the
proofs of the corresponding two-dimensional results depend on conjugacy arguments,
and analytic functions, and so do not readily extend. An example is the following:
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Problem 3.10 Suppose that u(X) is harmonic on the unit ball |X| < 1, and re-
mains continuous with partial derivatives of all orders on |X| = 1, where X is a point
(x1, x2, x3) in space, and
|X|2 = x21 + x22 + x23.
Suppose further that there is a set E of positive area on |X| = 1, such that both u
and its normal derivative vanish on E. Is it true that u ≡ 0?
Here the two-dimensional analogue is almost trivial, since if u is harmonic in D, and u
and its partial derivatives remain continuous on the unit cirlce T, we may consider
f(z) = z
(∂u
∂x
− i∂u
∂y
)
, where z = x+ iy.
If u(z) and its normal derivatives both vanish on a set E, then f(z) vanishes
at all limit points of E. Now the Poisson-Jensen formula shows at once that
log |f(z)| = −∞, f(z) = 0, identically in D, provided that the closure of E has positive
1-dimensional measure.
(L. Bers)
Update 3.10 The problem was solved by Wolff [797] who constructed a counterex-
ample.
Problem 3.11 If u(x) is a homogeneous harmonic polynomial of degree n in Rm, what
are the upper and lower bounds of
−A(r, u)
B(r, u)
,
where A(r, u) = inf |x|=r u(x), B(r, u) = sup|x|=r u(x)? If n is odd, it is evident that
A(r, u) = −B(r, u), but if u(x) = x21+x22−2x23 in R3, then B(r, u) = r2, A(r, u) = −2r2.
For transcendental harmonic functions, such that u(0) = 0, we can prove that
−A(r, u) ≤ (R+ r)R
m−2
(R− r)m−1 B(r, u), 0 < r < R,
by Poisson’s formula and this leads to
−A(r, u) < B(r)(logB(r))m−1+ε (3.6)
outside a set of r of finite logarithmic measure. However, (3.6) is unlikely to be sharp.
We note that for m = 2, it follows from a classical result of Wiman that, for any
harmonic function u,
A(r) ∼ −B(r)
as r →∞ outside a set of finite logarithmic measure.
Update 3.11 Armitage [29] has solved this problem by obtaining the least upper
bound of
sup|x|=1 u(x)
inf |x|=1 u(x)
,
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where u(x) is a homogeneous harmonic polynomial of degree n in Rm, m ≥ 3. He
shows that the ratio is bounded by a constant depending only on m.
Problem 3.12 Consider a domain of infinite connectivity in R3 whose complement E
lies in the plane P : x3 = 0. Suppose further than any disc of positive radius R in P
contains a subset of E having area at least ε, where ε,R are fixed positive constants.
If u is positive and harmonic in D, continuous in R3 and zero on E, is it true that
u = cx3 + φ(x), x3 > 0,
where c is a constant and φ(x) is uniformly bounded? One can also ask the analogue
of this result for Rm when m > 3. It is true in R2 (but Kjellberg cannot remember
who proved it).
(B. Kjellberg)
Update 3.12 Kjellberg asked for conditions on a closed set in Rk so that the
complement in Rk+1 has one of two Martin boundary points. A fairly complete answer
has been given by Benedicks [80].
Problem 3.13 Let u(x) be subharmonic in Rm. One can define the quantities
n(r, 0), N(r, 0), T (r) as in Nevanlinna theory in the plane, taking the analogue of the
case u(z) = log |f(z)|, where f(z) is an entire function (see, for example Hayman
[394]). Define
δ(u) = 1− lim sup
r→∞
N(r, u)
T (r)
.
If the order ρ of u is less than 1, it is possible to obtain the sharp upper bound for
δ(u) in terms of ρ and m. The bound is attained when u(x) has all its mass on a ray
(see Hayman and Kennedy [412, Chp. IV]). One can ask the corresponding question
for ρ > 1.
One can ask whether a lower bound A(ρ) can be obtained for δ(u) if ρ > 1 and all
the mass of u(x) lies on a ray, or more generally on some suitable lower dimensional
subspace S of Rm and ρ > ρ0(S). For fixed S we may conjecture by analogy with the
case m = 2, that A(ρ)→ 1 as ρ→∞. This is proved by Hellerstein and Shea [428] in
the case m = 2.
(D. Shea)
Update 3.13 Rao and Shea [662] have extended from 2 to m dimensions the work of
Hellerstein and Shea [428] on the deficiency of a subharmonic function u(x) with all
its mass concentrated on a ray. More precisely write
N(r, u) =
∫
|x|=r
u(x) dσ(x), m2(r) =
∫
|x|=r
u(x)2 dσ(x),
where σ denotes surface measure on |x| = r, normalised to have total value one. Then
for m = 2, 3, 4 they obtain the sharp lower bound for
lim sup
r→∞
m2(r)
N(r)
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as a function of the order of u. It turns out again that the limit is attained when
all the Riesz mass lies on a ray. This leads to nice bounds for the deficiencies of
subharmonic functions in space in terms of the order.
Problem 3.14 Let there be given an integrable function F on T and a point z0 in
D. The problem is to maximise u(z0), where u runs through all functions which are
subharmonic in D, equal to F on T, and which satisfy
inf u(reiθ) ≤ 0, 0 < r < 1.
(A. Baernstein)
Update 3.14 No progress on this problem has been reported to us.
Problem 3.15 Let D be a doubly-connected domain with boundary curves α and
β and let z0, z1 be points of D. Let A,B be given real numbers. The problem is to
maximise u(z0), where u runs through all functions which are subharmonic in D,
take the values A and B on α and β respectively and are non-positive on some curve
connecting z1 to α.
(A. Baernstein)
Update 3.15 No progress on this problem has been reported to us.
Problem 3.16 A compact set E in Rn, n ≥ 3 is said to be thin at P0 if∫ 1
0
c(P0, r)
rn−1
dr <∞, (3.7)
where c(P0, r) = cap
[
E ∩ {P : |P − P0| ≤ r}
]
; this is the integrated form of the
Wiener criterion. It follows from Kellogg’s theorem [470] that the points of E where
(3.7) holds, form a polar set. Can one give a direct proof of this fact, which shows
perhaps that (3.7) is best possible?
(P. J. Rippon)
Update 3.16 No progress on this problem has been reported to us.
Problem 3.17 Let D,D′ be Lipschitz domains in Rn, n ≥ 3 with D′ ⊂ D and
∂D′ ∩ ∂D lying compactly in the interior of a set Γ in ∂D; for any fixed P0 in
D′, let H(P0) denote the family of positive harmonic functions h on D that vanish
continuously on Γ and satisfy h(P0) = 1. Is there a constant C such that, for all h1, h2
in H(P0), we have h1(P ) ≤ Ch2(P ) for all P in D′?
The problem was first considered by Kemper [471], but the proof he gives contains an
error.
(P. J. Rippon)
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Update 3.17 Suppose D is a Lipschitz domain, P0 is a point in D, E is a relatively
open set on ∂D, and S is a subdomain of D satisfying ∂S ∩ ∂D ⊆ E. Dahlberg
[179] and Wu [799] proved independently that there is a constant C such that
whenever u1 and u2 are two positive harmonic functions in D vanishing on E,
and u1(P0) = u2(P0), then u1(P ) ≤ CU2(P ) for all P ∈ S. Ancona [20] proved
the above result for solutions of certain elliptic operators instead of harmonic functions.
Problem 3.18 It is known that the set E of least capacity C and given volume is a
ball. If E displays some measure of asymmetry (for instance, if every ball with the
same volume as E in space contains a minimum proportion δ in the complement of
E), can one obtain a lower bound for the capacity of E which exceeds C by some
positive function of δ?
(E. Fraenkel; communicated by W. K. Hayman)
Update 3.18 Hall, Hayman and Weitsman [365] obtain for general sets if n = 2, and
for convex sets if n ≥ 3,
cap E ≥ C(1 + kδn+1),
where k is a constant depending on the dimension n .
Problem 3.19 Let C0 be a tangential path in D which ends at z = 1, and let Cθ be
any rotation of C0. Littlewood [523] showed that there exists a function u(z), harmonic
and satisfying 0 < u(z) < 1 in D, such that
lim
|z|→1, z∈Cθ
u(z)
does not exist for almost all θ, 0 ≤ θ ≤ 2π. Surprisingly, it seems to be unknown
whether there exists a v(z), positive and harmonic in D, such that
lim
|z|→1, z∈Cθ
v(z)
does not exist for all θ, 0 ≤ θ ≤ 2π. The corresponding result is known for bounded
analytic functions in D. See, for example, Collingwood and Lohwater, [172, Chp. 2].
(K. H. Barth)
Update 3.19 Aikawa [12] proves a theorem which automatically answers Barth’s
question in the affirmative. Further, he notes that the question can be solved more
easily, and does in fact find a positive unbounded harmonic function with the required
property.
Problem 3.20 Suppose that you have a continuous real function u(x) on Rn, and you
want to know whether a homeomorphism φ : Rn → Rn and a harmonic function v on
Rn exist, such that
v(x) = u(φ(x)).
Is it necessary and sufficient that there should exist mappings µ1, µ2, . . . , µn so that
U = (u, µ1, µ2, . . . , µn)
66
is a light open mapping of Rn into Rn? The case n = 2 is a result of Stoilow which is
in [788], for example.
(L. A. Rubel, communicated by D. A. Brannan)
Update 3.20 No progress on this problem has been reported to us.
Problem 3.21 Let α be a continuum in the closure of the unit disc D, and let
ω(z) = ω(z;D;α) be the harmonic measure at z of α with respect to D. Is it true that
ω(0) ≥ 1pi arcsin 12d, where d is the diameter of α?
(B. Rodin)
Update 3.21 FitzGerald, Rodin and Warschawski [270] show that the answer is
positive.
Problem 3.22 Let D be a domain containing the origin whose ‘outer boundary’ is T
and whose ‘inner boundary’ is a closed set E in D. If every radius of the unit disc
meets E, determine the supremum of the harmonic measure at 0 of T with respect to
D.
(W. H. J. Fuchs)
Update 3.22 A special case of this is listed as an open problem by Betsakos in [93].
This problem is to find a continuum in the closed unit disc which meets every radius
and whose harmonic measure at the origin is minimal. Jenkins [463] characterises the
class of continua in which such an extremal continuum must occur; and in [554], the
essentially unique extremal continuum is determined. A simplified derivation of this
solution using the method of the extremal metric is given by Jenkins [464]. Fuchs
asked what the optimal constant c is. Marshall and Sundberg [554] show how close c
is to 1 in a special case.
Problem 3.23 Determine whether or not there exists a function g(r), defined for
r ≥ 0, with g(r) → 0 as r → ∞, such that the following holds: if u is any Green
potential in D satisfying u(0) = 1, then for every non-negative r the set
Er = {z : z ∈ D, u(z) > r}
can be covered by a family of discs {D(ak; rk)} (with centres ak and radii rk),
depending on r, such that
∑
k rk ≤ g(r). One can ask the same question with ‘Green
potential’ replaced by ‘positive harmonic function’.
Results of this type are known for ordinary logarithmic potentials (c.f. Cartan’s
lemma, see for example [359]) and the Riesz potentials (in higher dimensions).
(R. Zeinstra)
Update 3.23 Eiderman points out that an old result of Govorov [345] shows this to
be the case with
g(r) =
{
1 if 0 ≤ r ≤ 28,
27
r−1 if r > 28.
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Problem 3.24 For which positive p does there exist a function u, u 6≡ 0 harmonic on
R3 and vanishing on the cone x21 + x
2
2 = px
2
3?
(H. S. Shapiro)
Update 3.24 A complete characterisation of all quadratic harmonic divisors in Rn,
for arbitrary n, is given by Agranovsky and Krasnov [1].
Problem 3.25 Is there a harmonic polynomial P (x1, x2, x3), P 6≡ 0 that is divisible
by x41 + x
4
2 + x
4
3?
(H. S. Shapiro)
Update 3.25 The answer is ‘no’ since by a theorem of Brelot and Choquet [114], any
divisor of a harmonic polynomial in Rn assumes positive and negative values.
Problem 3.26 Given n, n ≥ 4, find a continuous function f on (0, 1) such that the
following statement is true: if u is a subharmonic function in the unit ball B of Rn
with u(0) > 0 and 0 ≤ u < 1 in B, then there exists a path γ from the origin to ∂B
with u > 0 on γ and
length of γ ≤ f(u(0)).
Such an f exists when n = 2 and when n = 3, see David and Lewis [185]. In the
particular case n = 2, it has been shown by Lewis, Weitsman and Rossi [518] that one
can take
f(t) = c1t
−c2 , 0 < t < 1,
where c1, c2 are absolute constants. What is the smallest exponent c2 for which such
an f exists (for the case n = 2)?
(J. Lewis)
Update 3.26 For n = 2, Wu [800] has obtained such a result with
f(t) = C
(
1 + log
1
t
)
.
Lewis has reported that Ancona pointed out to him that the same f will do for
general n. This follows from a result of Brelot and Choquet [113].
Problem 3.27 Let D be an unbounded domain in Rn, n ≥ 2. Is there a positive
continuous function ε(|x|) such that, if u is harmonic in D and |u(x)| < ε(|x|), then
u ≡ 0?
For n = 2, the answer is ‘yes’. The answer is also ‘yes’ if we restrict our attention
to positive harmonic functions. For fine domains and finely harmonic functions, it
follows from an example of Lyons [535], [536] that the answer is ‘no’.
(P. M. Gauthier and W. Hengartner)
Update 3.27 A positive answer has been given by Armitage, Bagby and Gauthier
[31]. See also Armitage and Goldstein [32] and Armitage [30].
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Problem 3.28 Determine all domains Ω in Rn, n ≥ 2, satisfying the identity∫
Ω h(x) dx = 0 for every function h harmonic and integrable on Ω.
In the case n = 2, the answer is given by Sakai in [696].
(M. Sakai)
Update 3.28 No progress on this problem has been reported to us.
Problem 3.29 It is known that the Newtonian potential of a uniform mass distribu-
tion spread over an ellipsoid K in Rn, n ≥ 2 is a quadratic function of the coordinates
of x = (x1, . . . , xn) for x ∈ K.
Nikliborc ([605], [606]) and Dive ([192], [193]) independently proved that for n = 2
and n = 3, the ellipsoid is the only body with this property. Prove this converse
assertion for n > 3 (preferably by a new method, since Nikliborc and Dive both use
methods involving highly non-trivial calculations).
(H. S. Shapiro)
Update 3.29 No progress on this problem has been reported to us.
Problem 3.30 Let K(z, z′) denote the kernel of the double layer potential occurring
in Fredholm’s theory where z, z′ ∈ Γ, Γ being a smooth Jordan curve. (Recall that
K(z, z′) = cos φ|z−z′| , where φ is the angle between the inward normal to Γ at z and the
line (z, z′).)
When Γ is a circle, the function z 7→ K(z, z′) is a constant (i.e. the same for each
choice of z′); and consequently the integral operator
TΓ : f 7→
∫
Γ
f(z)K(z, z′) dsz
is of rank one (as an operator from C(Γ) to C(Γ)). Are there any other Γ for which
the rank of TΓ is finite?
(H. S. Shapiro)
Update 3.30 No progress on this problem has been reported to us.
Problem 3.31 Let D be an unbounded domain in Rn, n ≥ 2. Points in Rn will be
denoted by x = (x1, x2, . . . , xn), and |x| will denote the Euclidean norm of x. The
following result was given by Esse´n [253].
Theorem 1 Assume that the least harmonic majorant Ψ of |x1| in D is such that
Ψ(x) = O(|x|) as x→∞ in D. If |x| has a harmonic majorant in D, then |x1| log+ |x1|
has a harmonic majorant in D.
In the plane, |x|p (if p > 0) has a harmonic majorant in D, if and only if F ∈ Hp,
where F : {|x| < 1} → D is a universal covering map with F (0) = 0. There are similar
statements for |x1| log+ |x1| and ReF ∈ L logL. Thus, when n = 2, Theorem 1 is
closely related to the following.
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Theorem 2 Suppose that n = 2, and that F ∈ H1(D) (where D is the unit disc).
Then ReF ∈ L logL if and only if∫ ∞
−∞
N(1, iv, F ) log+ |v| dv <∞, (3.8)
where N(1, ω, F ) is the Nevanlinna counting function (see [255, Theorem 1]).
Theorem 2 is an extension of a well-known result of Zygmund. Note also that, in the
case n = 2, there are functions F in H1(D) such that ReF /∈ L logL, see [255, Section
6].
(a) In the case n = 2, what is the relation between the condition on Ψ in Theorem 1
and condition (3.8) in Theorem 2?
(b) Suppose now that n ≥ 2. The assumption on Ψ in Theorem 1 was introduced
in the proof for purely technical reasons. Is this the correct condition needed in
Theorem 1 (we assume always that |x| has a harmonic majorant in D)? Does there
exist a domain D such that |x| has a harmonic majorant in D while |x1| log+ |x1|
does not have a harmonic majorant in D?
(M. Esse´n)
Update 3.31 No progress on this problem has been reported to us.
Problem 3.32 Let Ω be an open ball in Rn, n ≥ 2. It is shown by Armitage [28] that
V ∈ Lp(Ω) for any positive superharmonic function V on Ω and any p in (0, n/(n−1)).
Now suppose that Ω is a bounded Lipschitz domain in Rn for which the interior cones
have half-angle at least α. For what values of p do we have V ∈ Lp(Ω) for every
positive superharmonic function V on Ω?
(S. J. Gardiner)
Update 3.32 Aikawa [13] shows that this is the case, for
0 < p < min{n/(n + α− 2), 1/(α − 1)}.
Problem 3.33 Let Ω be a bounded open subset of Rn, n ≥ 2, and suppose that
y ∈ ∂Ω. Denote the open ball of centre y and radius r by B(r). A point y is said to be
B-regular for Ω if, for each resolutive function f on ∂Ω that is bounded in B(R)∩ ∂Ω
for some positive R, the Perron-Wiener-Brelot solution HΩ of the Dirichlet problem is
bounded in B(r)∩Ω for some positive r. Also, a point y is said to be lB-regular for Ω
if there exists a positive null sequence {rm}∞1 , such that y is B-regular for B(rm) ∩Ω
for all m. If y is lB-regular for Ω, then it is B-regular for Ω, see Sadi [693]. Is the
converse true?
(D. H. Armitage and A. Sadi)
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Update 3.33 No progress on this problem has been reported to us.
Problem 3.34 Let Ω be a bounded domain in Rn, n ≥ 2, with the property that there
exists α in (0, π] such that for every point y in ∂Ω there is an open truncated cone
with vertex y and angle α contained in Ω. Is there some positive number p = p(α)
such that every positive superharmonic function in Ω belongs to Lp(Ω)? If so, can
such a p be characterised in terms of α?
(D. H. Armitage)
Update 3.34 This problem is also answered by Aikawa [13].
Problem 3.35 For r1 < r2, we will call the set {x ∈ Rn : n ≥ 3, r1 < ‖x‖ < r2} an
annulus and its closure a closed annulus. Let Ω be a non-empty subset of Rn, n ≥ 3,
such that λ(Ω) < +∞, where λ denotes n-dimensional Lebesgue measure. Then if, for
each point x ∈ Rn \ Ω we have that
1
λ(Ω)
∫
Ω
‖x− y‖2−n dλ(y)
equals the mean-value of the function y 7→ ‖xy‖2−n over the unit sphere of Rm, it can
be shown that Ω is a closed annulus.
If, throughout the hypotheses, we replace Ω by Ω, can we conclude that Ω is an
annulus?
For details of closely-related work, see [329] and [413].
(D. H. Armitage and M. Goldstein)
Update 3.35 No progress on this problem has been reported to us.
New Problems
To appear.
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Chapter 4
Polynomials
Preface by E. Crane (to appear)
Problem 4.1 Let {zn}, 1 ≤ n <∞ be an infinite sequence such that |zn| = 1. Define
An = max|z|=1
n∏
i=1
|z − zi|.
Is it true that lim supn→∞An =∞, and if so, how quickly must An tend to infinity?
We may define zn inductively as follows, z1 = 1, z2 = −1 and if zν has already been
defined for 1 ≤ ν ≤ 2k, then we define for 1 ≤ p ≤ 2k,
zp+2k = zp exp
(πi
2k
)
.
With this definition, we easily see that An ≤ n + 1, with equality if, and only if,
n = 2k − 1 for some integer k. Is this example extreme?
(P. Erdo¨s)
Update 4.1 Wagner [774] has proved that
lim sup
n→∞
logAn
log log n
> 0
thus answering the first question positively. Linden [521] proved that An can be less
than n1−δ for all large n, where δ is a positive constant thus giving a negative answer
to the second question. A follow-up question by Erdo¨s asks about the behaviour of
( N∏
n=1
An
)1/N
.
Problem 4.2 Let p(z) = a0+ a1z+ . . .+ anz
n be a polynomial, all of whose zeros are
on |z| = 1. If
A = max
0≤k≤n
|ak|, M = max|z|=1 |p(z)|,
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is M ≥ 2A?
Update 4.2 The original problem was mistated as M ≤ 2A. The inequality
|aν | ≤ 12M has been proved by Saff and Sheil-Small [694], except when n is even and
ν = 12n. Sheil-Small points out that Kristiansen [497] has proved that M ≥ 2A in
general.
Problem 4.3 Let PN (z) be a polynomial with N terms, satisfying |PN (z)| ≤ 1 on
|z| = 1. How large can Pn(z) be if Pn(z) is a partial sum of PN (z)?
(P. Erdo¨s)
Update 4.3 No progress on this problem has been reported to us.
Problem 4.4 Is there a function f(k) of the positive integer k, so that the square of
every polynomial having at least f(k) terms has a least k terms? Erdo¨s proved that
at any rate, f(k) > k1+c for a positive constant c.
(P. Erdo¨s)
Update 4.4 No progress on this problem has been reported to us.
Problem 4.5 Let P (z) be a polynomial whose zeros z1, z2, . . . , zn lie in |z| ≤ 1. Is it
true that P ′(z) always has a zero in |z − z1| ≤ 1?
(Bl. Sendov)
Update 4.5 This problem is commonly known as the Sendov conjecture, although it
had originially been erroneously attributed to Ilieff. With over eighty papers published
on this problem, it would be a difficult task to list them all here, but we note that it
was proved by Meir and Sharma [560] for n ≤ 5, and obtained for general n if |z1| = 1
by Rubinstein [680].
Gundersen writes that [473] contains a useful survey, which draws attention to some
highlights. Brown [118] proves the conjecture for polynomials of degree n = 6 with
respect to a zero of the polynomial of modulus not exceeding 6364 ; and an asymptotic
proof of a version of the conjecture is obtained by De´got [187]. Kasmalkar [468]
strengthens a theorem by Chijiwa on this conjecture, and offers results which sharpen
some of the estimates. Sendov [704] also announces a stronger conjecture; proves it
for polynomials of degree n = 3; and also announces a number of other conjectures,
including a variation of Smale’s mean value conjecture.
Problem 4.6 If Hν(z) is the ν-th Hermite polynomial, so that
Hν(z)e
−z2 = (−1)ν( d
dz
)ν
e−z
2
,
is it true that the equation
1 +H1(z) + aHn(z) + bHm(z) = 0,
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where 2 ≤ n < m, and a, b are complex, has at least one zero in the strip |Im z| ≤ c,
where c is an absolute constant? (This is true if b = 0, see Makai and Tura´n [549].)
(P. Tura´n)
Update 4.6 No progress on this problem has been reported to us, although progress
on Problem 4.5 was erroneously listed under this number in [63].
In the following five problems we use the notation
E
(n)
f = {z ∈ C : |f(z)| ≤ 1}
where n is the degree of the polynomial f .
Problem 4.7 Let f(z) = zn + a1z
n−1 + . . .+ an be a polynomial of degree n. Cartan
[146] proved that the set |f(z)| ≤ 1, which we call E(n)f can always be covered by
discs, the sum of whose radii is at most 2e. It seems likely that 2e can be replaced by
2. If E
(n)
f is connected, this was proved by Pommerenke [642], who also proved the
general result, with 2.59 instead of 2.
Update 4.7 Mo [585] attempts to prove this conjecture with a sharp constant 21−1/n
for each fixed n, instead of 2. Unfortunately there are gaps in the argument which
so far it has proved impossible to fill. Eremenko and Hayman [252] proved that the
boundary of E
(n)
f has length less than 9.173n. See also Borwein [108].
Problem 4.8 Assume that E
(n)
f is connected. Is it true that
max
z∈E(n)f
|f ′(z)| ≤ 1
2
n2 ? (4.1)
Pommerenke [641] proved this with 12en
2 instead of 12n
2.
Update 4.8 Eremenko writes that the inequality (4.1) is not true as stated, as it is
violated by Chebyshev’s polynomials. The correct inequality is
max
z∈E(n)f
|f ′(z)| ≤ 21/n−1n2
which is best possible. This has been proved by Eremenko and Lempert [246]. There
is also a generalisation of this inequality by Eremenko [242].
Problem 4.9 Is it true that to every positive c, there exists an A(c) independent of
n, such that E
(n)
f can have at most A(c) components of diameter greater than 1 + c
2?
(P. Erdo¨s)
Update 4.9 Erdo¨s wrote that Pommerenke [644] showed that to every positive ε
and integer k there is an integer n0 so that for n > n0 there is a polynomial fn(z) of
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degree n for which E
(n)
f has at least k components of diameter greater than 4 − ε,
thus showing that the original conjecture is false.
One could try to estimate the number of components of E
(n)
f having diameter greater
than 1+ c. Is it o(n) as n→∞? This seems certain, but it could be o(nε) as n→∞.
Problem 4.10 Is it true that the length of the curve |fn(z)| = 1 is maximal for
fn(z) = z
n − 1?
(P. Erdo¨s)
Update 4.10 Eremenko and Hayman [252] proved this for n = 2. They also proved
that the set L(fn) = {z : |fn(z)| = 1} is connected for extremal polynomials. Further
progress was made by Fryntov and Nazarov [279] who proved that the length of L(fn)
is at most (2 + o(1))n which is the optimal asymptotics. They also proved that the
polynomial zn − 1 gives a local maximum for this problem.
Problem 4.11 If |zi| ≤ 1, estimate from below, the area of E(n)f . Erdo¨s, Herzog and
Piranian [229] prove that, given positive ε, the area of E
(n)
f can be made less that ε,
if n > n0(ε).
Update 4.11 No progress on this problem has been reported to us.
Problem 4.12 If −1 ≤ z1 ≤ z2 ≤ . . . ≤ zn ≤ 1, where the zi are the zeros of f(z),
it is known that the diameter of the set on the real line, for which |f(x)| ≤ 1, is
at most 3. Is it true that the measure of this set is at most 2
√
2 (see also Problem 4.7)?
Update 4.12 This conjecture has been proved by Elbert [224] and [223].
Problem 4.13 It is known that there exists a polynomial P (z)
P (z) =
n∑
k=1
εkz
k, εk = ∓1
for which
max
|z|=1
|P (z)| < C1
√
n. (4.2)
(See Clunie [158]). Is it necessarily true that C1 > 1 + A if (4.2) holds, where A is a
positive absolute constant?
Update 4.13 No progress on this problem has been reported to us.
Problem 4.14 Does there exist a polynomial of the type in Problem 4.13, for which
min
|z|=1
|P (z)| > C2
√
n (4.3)
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for every n? More generally, does there exist such a polynomial satisfying both (4.2)
and (4.3)?
Update 4.14 An affirmative answer has been given by Beller and Newman [79] for
the case when |εk| ≤ 1 and by Ko¨rner [490] with |εk| = 1. The case εk = ±1 remains
open.
Problem 4.15 If again εk = ∓1, is it true that, for large n, all but o(2n) polynomials
P (z) =
∑n
k=1 εkz
k have just n/2 + o(n) roots in D?
Update 4.15 No progress on this problem has been reported to us.
Problem 4.16 Is it true that for all but o(2n) polynomials P (z)
min
|z|=1
|P (z)| < 1,
or, if not, what is the corresponding correct result?
Update 4.16 No progress on this problem has been reported to us.
Problem 4.17 It is shown by Salem and Zygmund [697] that there exist positive
constants C3, C4 such that for every positive ε, we have
(C3 − ε)
(
n log n
) 1
2 < max
|z|=1
|P (z)| < (C4 + ε)
(
n log n
) 1
2
apart from o(2n) polynomials P (z). Is this result true with C3 = C4 and if so, what
is the common value?
Update 4.17 Hala´sz [362] has proved this conjecture with C3 = C4 = 1 together
with the analogous result for trigonometric polynomials.
Problem 4.18 If f is any polynomial or rational function of degree N , find the least
upper bound φ(N) of
1
r
∫ r
0
dt
∫ pi
−pi
|f ′(reiθ)|
1 + |f |2 dθ,
for varying r and f . It is known only that φ(N) = O(N
1
2 ), φ(N) 6= O(logN) 12−ε, as
N →∞. The upper bound for varying f of∫ ∞
0
dt
∫ pi
−pi
|f ′|
1 + |f |2 dr dθ
should not be much larger than φ(N), but there is no proof that it is not +∞. The
special cases N = 2, 3, . . . would be of interest. See Littlewood [526].
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Update 4.18 If f is a polynomial or rational function, Littlewood asked for bounds
depending on N only, where N is the degree or order of f , of the functionals
J1(f) =
∫ 1
0
r dr
∫ pi
−pi
|f ′(reiθ)|
1 + |f |2 dθ, J2(f) =
∫ ∞
0
dr
∫ pi
−pi
|f ′(teiθ)|
1 + |f |2 dθ.
Hayman [408] has shown that the sharp bounds ψ1(N), ψ2(N) for J1(f) and J2(f) and
rational functions f of degree N have orders N1/2 and N respectively.
The corresponding questions for polynomials are more difficult and more interesting.
If φ1(N), φ2(N) are the bounds, then Hayman [408] has proved
φ1(N) > A logN, φ2(N) < A(N logN)
1/2,
thus slightly improving previous results by Littlewood [526] and Chen and Liu [156]
respectively. If f is a polynomial of degree N , let φ(N) be the supremum of
1
r
∫ r
0
dt
∫ pi
−pi
|f ′(reiθ)
1 + |f |2 dθ,
for varying r and f . Littlewood conjectured that
φ(N) = O(N
1
2
−η)
for some positive η, and this has been proved by Lewis and Wu [520] by the same
method which they used for their attack on Problem 1.6. It depends on some harmonic
measure estimates of Bourgain [110]. Earlier Eremenko and Sodin [250] had shown that
φ(N) = o(N
1
2 ).
A consequence of these results is that an entire function of finite order has ‘almost all
roots of almost all equations f(z) = a’ in a set of zero density in the plane.
D. Beliaev writes that Problems 4.18, 6.5, 6.7, and 6.8 are essentially equivalent, and
the current best estimates for the optimal exponent in all of these problems are: lower
bound 0.23 ([78], [77]), upper bound 0.46 ([423]). See Problem 6.5 for details of the
equivalence of Problems 6.5, 6.7 and part of 6.8. To see how Problem 4.18 is also
essentially equivalent we need a proof of Binder and Jones that was never published.
Trigonometric polynomials
Problem 4.19 Littlewood conjectured that if n1, n2, . . . , nk are distinct positive inte-
gers then ∫ 2pi
0
∣∣∣ k∑
i=1
cos(n1x)
∣∣∣ dx > c log k. (4.4)
The best result known in this direction is due to Davenport [182] who proved (4.4)
with
(
log k/ log log k
) 1
4 instead of log k, thus sharpening an earlier result of Cohen
[169].
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Update 4.19 This was solved independently by Konyagin [480] and by McGehee,
Pigno and Smith [556].
Problem 4.20 Let fn(θ) be a trigonometric polynomial of degree n, all of whose roots
are real. Is it true that ∫ pi
0
∣∣fn(θ)∣∣ dθ ≤ 4?
See Erdo¨s [226].
(P. Erdo¨s)
Update 4.20 This problem was originally misattributed to F. R. Keogh. It has been
settled affirmatively by Saff and Sheil-Small [694]. They have also obtained the sharp
bounds for ∫ pi
−pi
∣∣fn(reiθ)∣∣p dθ
whenever f(z) = zn + . . . is a polynomial of degree n all of whose zeros lie on |z| = 1
and p > 0.
Problem 4.21 If ak = ∓1, k = 0, . . . , n and
bk = anan−k + an−1an−k−1 + . . .+ aka0,
is it true that
n∑
1
|bk|2 > An2,
where A is an absolute constant?
If p(z) = a0 + a1z + . . . + anz
n, then
|p(z)|2 = n+ 2
n∑
1
bk cos(kθ),
so that the truth of the above inequality would imply
1
2π
∫ 2pi
0
∣∣p(eiθ)∣∣4 dθ ≥ n2(1 +A).
(F. R. Keogh)
Update 4.21 No progress on this problem has been reported to us.
Problem 4.22 Using the notation of Problem 4.7, if |zi| ≤ 1, Clunie and Netanyahu
(personal communication) showed that a path exists joining the origin to |z| = 1 in
E
(n)
f . What is the shortest length L
(n)
f of such a path? Presumably L
(n)
f tends to
infinity with n, but not too fast.
(P. Erdo¨s)
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Update 4.22 No progress on this problem has been reported to us.
Problem 4.23 Some of the Problems 4.7 to 4.12 extend naturally to the space of
higher dimensions. Let xi be a set of n points in R
m and let E
(m)
n be the set of points
for which
n∏
i=1
|x− xi| ≤ 1.
When is the maximum volume of E
(m)
n attained and how large can it be? Piranian
observed that the ball is not extreme for m = 3, n = 2. If E
(m)
n is connected, can it
be covered by a ball of radius 2? For m = 2, this was proved by Pommerenke [640].
(P. Erdo¨s)
Update 4.23 No progress on this problem has been reported to us.
Problem 4.24 Let
P (z) =
n∑
0
akz
k
be a self-inversive polynomial, i.e. if ζ is a zero of P (ζ) with multiplicity m, then 1/ζ
is also a zero with multiplicity m. Is it true that w = P (z) maps D onto a domain
containing a disc of radius A = max0≤k≤n |ak|?
(T. Sheil-Small)
Update 4.24 No progress on this problem has been reported to us.
Problem 4.25 Determine
inf
∫ pi
−pi
∣∣1− eiθ∣∣2λ∣∣P (eiθ)∣∣2 dθ, λ > 0,
where P (z) ranges over all polynomials with integer coefficients and leading coefficient
unity. (The solution would have number-theoretic applications.)
(W. H. J. Fuchs)
Update 4.25 No progress on this problem has been reported to us.
Problem 4.26 Let Pn denote the class of polynomials p(z), p(0) = 1, of degree at
most n and of positive real part in D. Find
max
p∈Pn
∫ 2pi
0
|p(eiθ)|2 dθ.
(F. Holland)
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Update 4.26 Let Pn denote the class of polynomials p(z) of degree n, having positive
real part and such that p(0) = 1. It was asked to find
Λn = max
p∈Pn
n∑
0
|aν |2.
Goldstein and McDonald [330] have proved that Λn ≤ n+1 and calculated Λ2 and Λ5.
Their research suggests that
Λn
n
→ Λ as n→∞, where 2
3
≤ Λ ≤ 1.
Problem 4.27 Let p(x) be a real polynomial of degree n in the real variable x such
that p(x) = 0 has n distinct (real) rational roots. Does there necessarily exist a (real)
non-zero number t such that p(x) − t = 0 has n distinct (real) rational roots? (I can
prove this for n = 1, 2, 3.)
(L. A. Rubel)
Update 4.27 No progress on this problem has been reported to us.
Problem 4.28 Suppose that P is a non-linear polynomial with real coefficients. Show
that P 2(z) + P ′(z) has non-real zeros. We conjecture that the lower bound for the
number of non-real zeros is deg(P ) − 1. If P itself has only real zeros, this is proved
by Po´lya and Szego¨ [639]. For the origin of this problem, see Problem 2.64.
(S. Hellerstein)
Update 4.28 This has been solved by Sheil-Small [712]. An alternative solution was
proposed by Eremenko (unpublished) which is reproduced in a paper by Bergweiler,
Eremenko and Langley [90].
Problem 4.29 Yang [803] claims to prove the following: let P (z), Q(z) be monic poly-
nomials such that (i) P (z) = 0 ⇐⇒ Q(z) = 0, and (ii) P ′(z) = 0 ⇐⇒ Q′(z) = 0.
Then there exist positive integers m,n such that P (z)m ≡ Q(z)n. As pointed out by
Rubinstein (personal communication), Yang’s proof is incorrect since the inequalities
[803, p. 597] are wrong. The problem then is to settle the Yang conjecture. If we let
{z1, z2, . . . , zν} be the distinct points at which P (and therefore Q) has zeros, then
the conjecture is easily established if ν ≤ 5, and also in the case that ν is arbitrary
and all the points zi are collinear.
(E. B. Saff)
Update 4.29 A counter-example has been given by Roitman [669].
Problem 4.30 Let P denote the set of all polynomials of the form
p(z) =
n∏
ν=1
(z − ζν),
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where n ≥ 2 and |ζν | ≤ 1, ν = 1, 2, . . . , n. The Sendov conjecture (see Problem 4.5)
states: if p(z) ∈ P then each disc
{z : |z − ζν | ≤ 1}, ν = 1, 2, . . . , n,
contains at least one zero of p′(z). Schmeisser [700] proved this conjecture for certain
subsets of P. In all but two of these special cases, the proof show that the following
stronger result is true:
If ζ is an arbitrary point of the convex hull of the zeros of p(z), then the disc
{z : |z − ζ| ≤ 1 contains at least one zero of p′(z)}.
We ask:
(a) is this stronger result true for all p(z) in P1, where P1 is the subset of all polyno-
mials in P which vanish at 0?
(b) is this stronger result true for all p(z) in P2, where P2 is the subset of all poly-
nomials in P which are of the form p(z) = zn + an−1zn−1 + . . . + a0, aν ≤ 0,
ν = 0, 1, . . . , n− 1?
(G. Schmeisser)
Update 4.30 No progress on this problem has been reported to us.
Problem 4.31 Erdo¨s and Newman conjectured that if
f(z) =
n∑
k=0
akz
k, |ak| = 1, 0 ≤ k ≤ n, (4.5)
then there is an absolute constant c such that
max
|z|=1
|f(z)| > (1 + c)n1/2. (4.6)
The weaker form of our conjecture stated that (4.6) holds if we assume
ak = ±1 (Problem 4.13). A stronger form would be that (4.6) holds even if
f(z) =
∑n
k=1 ankz
nk , nk natural numbers, |ank | = 1. However, (4.6) was disproved
by Kahane (no citation). In fact, he showed that, given that ε > 0, there are polyno-
mials of the form (4.5) for which
max
|z|=1
|f(z)| < n1/2 +O(n(3/10)+ε) as n→∞. (4.7)
Show that n(3/10)+ε cannot be replaced by nε in (4.7). Is there any n-th degree poly-
nomial of the form (4.5) for which
min
|z|=1
|f(z)| > (1− ε)n1/2 (4.8)
for every positive ε if n > n0(ε)? Perhaps there is an n-th degree polynomial of the
form (4.5), for which, for all z, |z| = 1,
(1− ε)n1/2 < |f(z)| < (1 + ε)n1/2. (4.9)
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In fact, (4.9) could possibly hold with n1/2 + O(1) on the left and right. It would be
worthwhile to determine if (4.6) holds for ak = ±1 and for ank = ±1.
(P. Erdo¨s and D. Newman)
Update 4.31 No progress on this problem has been reported to us.
New Problems
To appear.
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Chapter 5
Functions in the Unit Disc
Preface by L. R. Sons (to appear)
Notation In this chapter, D denotes the open unit disc |z| < 1, T denotes the circum-
ference |z| = 1 and D = D ∪ T. There are a number of problems concerned with the
growth of the coefficients, means and maximum modulus of functions in D omitting
certain values. Let
f(z) =
∞∑
n=0
anz
n
be an analytic function in D with coefficients an, and suppose that
f(z) 6= wk,
where wk is complex, rk = |wk| is monotonic increasing and rk →∞, as k →∞.
Write
M(r, f) = sup
|z|=r
|f(z)|,
Iλ(r, f) =
{ 1
2π
∫ 2pi
0
∣∣f(reiθ)∣∣λ dθ}1/λ.
While the theory forM(r, f) is well-worked out, (see e.g. Cartwright [148] and Hayman
[383], [384]) very little that is not trivial is known about Iλ(r, f) and the coefficients
an. If
rk+1 ≤ Crk,
it is known (see Littlewood [523]) that
M(r, f) = O(1− r)−A(C)
where A(C) depends on C only. If
rn+1
rn
→ 1, (5.1)
Cartwright [148] proved that
M(r, f) = O(1− r)−2−ε, as r → 1 (5.2)
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for every positive ε. If ∑(
log
rn+1
rn
)2
< +∞, (5.3)
then Hayman [384] proved that
M(r, f) = O(1− r)−2. (5.4)
These two results are essentially best possible.
Problem 5.1 Is it true that (5.1) implies
I1(r, f) = O(1− r)−1−ε
and
|an| = O(n1+ε) ?
Update 5.1 For Problem 5.1 to 5.3, substantial progress has been made by Pom-
merenke [654]. He has shown that if f(z) satisfies∣∣∣f ′(z)
f(z)
∣∣∣ ≤ α
1− |z| , r0 < |z| < 1,
then
I1(r, f) = O((1− r)−λ(α)), r → 1
and hence
an = O(n
λ(α)),
where λ(α) = 12(
√
1 + 4α2 − 1). In particular, if f is weakly univalent we may take
α = 2 + ε, λ(α) = 12(
√
17− 1) + ε = 1.562 . . . + ε.
Suppose that
f(z) =
∞∑
n=0
anz
n
is analytic in D and f(z) 6= wn there, where wn is a sequence of complex values, such
that
wn →∞,
∣∣∣wn+1
wn
∣∣∣→ 1, as n→∞.
Then Cartwright [148] had shown that
M(r, f) = O(1− r)−2−ε, as r →∞
for every positive ε. Baernstein and Rochberg [43] have obtained the analogous results
for the means
Iλ(r, f) =
1
2π
∫ 2pi
0
∣∣f(reiθ)∣∣λ dθ,
namely
Iλ(r, f) = O(1− r)1−2λ−ε, λ ≥ 1
2
,
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Iλ(r, f) = O(1− r)−ε, λ < 1
2
,
as r → 1. From the case λ = 1, they deduce that
an = O(n
1+ε).
Baernstein and Rochberg [43] also obtain the analogous result when the equations
f(z) = wn have at most p roots for some positive integer p.
It is natural to ask whether, under stronger hypotheses on the wn, it is possible to
get rid of the ε in the above results. Hansen [374], Baernstein [38], and Hayman
and Weitsman [419] each did so on the hypothesis that f(z) fails to take some value
on every circle |w| = R (or every circle apart from a set of R of finite logarithmic
measure). However, it ought to be possible to obtain the same conclusion under
weaker hypotheses.
Problem 5.2 Is it true that (5.3) implies that
I1(r, f) = O(1− r)−1 (5.5)
and
|an| = O(n)? (5.6)
Update 5.2 See Update 5.1.
Problem 5.3 An even stronger hypothesis than (5.3) is that f(z) is weakly univalent
(see Hayman [385]) i.e. for every r with 0 < r < ∞, either f(z) assumes every value
on |w| = r exactly once, or there exists a complex w = wr, such that |wr| = r and
f(z) 6= wr. Even with this assumption, nothing stronger than the results
Iλ(r, f) = O(1− r)−2,
|an| = O(n2)
are known (which are trivial consequences of (5.4)). It would be interesting to obtain
some sharpening of these results even if it is not possible to deduce the full strength
of (5.5), (5.6).
Update 5.3 See Update 5.1.
Problem 5.4 If the sequence wn satisfies
argwn = O
(|wn| 12 ) (5.7)
and
|wn+1 − wn| = O(|wn|
1
2 ) (5.8)
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then it is known (see Hayman [389]) that (5.5) and hence (5.6) hold. It is interesting
to ask whether the method will yield the same conclusions under somewhat weaker
hypotheses, such as for instance, replacing the index 12 in (5.7) and (5.8) by a smaller
positive number.
Update 5.4 If the sequence wn satisfies (5.7) and |wn+1 − wn| = O
(|wn|λ), where
λ < 1, then Higginson (unpublished) has shown that this is indeed possible. Hayman
had previously obtained the corresponding result when λ = 12 . Higginson [441] has
also shown that if
f(z) = zp + ap+1z
p+1 + . . .
is weakly p-valent in D, that is, if f(z) either assumes, for every R, all values on |w| = R
exactly p times, or assumes at least one such value less than p times, then
lim sup
n→∞
|an|
n2p−1
<
1
Γ(2p)
(5.9)
unless f(z) ≡ zp(1 − zeiθ)−2p. The sharp bounds for the means of this class of
functions had previously been obtained by Baernstein [38]. In contrast to the
p-valent or mean p-valent case, it is not true that the upper limit in (5.9) exists as a
limit in general. It does so, if and only if, there is exactly one radius of greatest growth.
Problem 5.5 If f(z) = u + iv assumes only values in the right half-plane, then
subordination shows that
an = O(1). (5.10)
It is of interest to ask what other hypotheses on the values assumed by f(z) result
in (5.10). Let d(r) be the radius of the largest disc whose centre lies on |w| = r, and
every value of whose interior is assumed by f(z). If d(r) ≤ d, then it is shown by
Hayman [389] that (5.10) holds. It is fair to ask whether this conclusion still holds if
d(r)→∞ sufficiently slowly.
Update 5.5 For Problem 5.5 to 5.7, let D be a domain and let w = f(z) =
∑∞
0 anz
n
be a function in the unit disc D with values in D. It was asked under what conditions
on D we can conclude that
(a) an = o(1),
and
(b) an = O(1).
Fernandez [265] has shown that if the complement of D has capacity zero, then (a)
is never true, and (b) holds if and only if D is a Bloch domain, that is, D does not
contain arbitrarily large discs. Pommerenke [653] has shown that if the complement
of D has positive capacity and D is a Bloch domain, then (a) holds.
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Problem 5.6 It is known that there exist functions which fail to take any of the values
2πik, −∞ < k < +∞ and which do not satisfy (5.10), and in fact |an| ≤ log log n
(see Littlewood [525, p.205], and Hayman [389]). However (5.10) holds if f(z) omits
all but a finite interval of the imaginary axis (again by subordination). This suggests
that (5.10) might still hold if the omitted values wn cluster near ∞ sufficiently close
to the imaginary axis.
Update 5.6 See Update 5.5.
Problem 5.7 If ck is a sequence of positive numbers such that∑
ck = S < +∞,
and nk is an arbitrary sequence of positive integers, then
f(z) =
∞∑
n=0
ckz
nk =
∞∑
n=0
anz
n
is bounded in D, and so takes no values outside a fixed disc. This shows that no
conditions on the omitted values w can imply more than
an = o(1). (5.11)
Clearly (5.11) holds if f(z) is bounded, since then
I2(r, f) =
( ∞∑
n=0
|an|2
) 1
2
< +∞.
It would be of interest to obtain a non-trivial condition on the values omitted by f(z),
which would imply (5.11). Such a condition might be d(r)→ 0, where d(r) is defined
as in Problem 5.5.
Update 5.7 The work of Hansen [374] and of Hayman and Weitsman [419] also leads
to conditions on a set of omitted values such that the corresponding function satisfies
an → 0. (5.12)
However all our conditions require the set of omitted values to have positive capacity.
The biggest functions omitting a set E of complex values from the point of view
of the means and maximum modulus, are the functions F which map D onto
the infinite covering surface over the complement of E. This led Pommerenke to
ask (see Problem 5.33), whether these functions F (z) satisfy (5.12). Patterson,
Pommerenke and Hayman [416] have been able to give an affirmative answer
to this question, by showing that (5.12) holds for F (z) if E is a lattice or if E
is thick at ∞ in the sense that the distance d(w) of any point in the w-plane
from E tends to zero as w → ∞. This answers Problem 5.7 for the functions F (z).
However the case of the subordinate functions f(z) remains open. See Update 5.5 also.
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Problem 5.8 Suppose that f(z) = z + a2z
2 + . . . is analytic in D. Then f(z) maps
some sub-domain of D univalently into a disc of radius at least B, where B is Bloch’s
constant. What is the value of B? The best results known are B ≥ √3/4 > 0.433,
due to Ahlfors [9], and B < 0.472 due to Ahlfors and Grunsky [11]. The upper bound
is conjectured to be the right one. Heins [424] has shown that B >
√
3/4.
Update 5.8 Tura´n [761] has shown that if f(z) =
∑∞
n=1 anz
n is univalent in D with∑2p
p |an|2 ≥ 1 for some p, then the corresponding Bloch’s constant is at least (32e2)−1.
An analogous result holds with 2p replaced by Cp, where C is any constant greater
than 1, but not if C is allowed to tend to ∞ with p, however slowly. This latter result
is due to Petruska [631]. Bonk [106] was the first to prove that B >
√
3/4. The best
current estimate from below is B >
√
3/4 + 2.10−4 by Chen and Gauthier [155].
Problem 5.9 With the hypotheses of Problem 5.8, it follows that f(z) assumes all
values in some disc of radius L, L ≥ B. What is the value of L? The best lower
bound for the Landau constant L is L ≥ 12 , due to Ahlfors [9].
Update 5.9 An upper bound for L is L < 0.54326, which has been been obtained by
Rademacher [660]. Rademacher mentions that this bound has also been found, but
not published, by Robinson.
Problem 5.10 If, in addition, f(z) is univalent in D, the conclusions of Problem
5.8 and Problem 5.9 follow with a constant S, S ≥ L, known as the schlicht Bloch’s
constant. What is the value of S? We may also ask the same question when, in
addition, f(z) is star-like, thus obtaining a still larger constant S1. If f(z) is convex,
the correct value of the constant is π/4, attained for f(z) = 12 log
1+z
1−z , which maps D
onto the strip |Im z| < π/4.
Update 5.10 No progress on this problem has been reported to us.
Various conditions on functions f(z) in the plane result in these functions being
constant. This is the case, for instance, if f(z) is analytic and bounded (Liouville’s
Theorem) or more generally, if f(z) is meromorphic and fails to take three fixed values
(Picard’s Theorem), or if f(z) is analytic, f(z) 6= 0, f ′(z) 6= 1 (see Hayman [392]).
Classes of functions satisfying one of the above conditions in D form normal families,
the results being due to Montel [587] and Miranda [583] respectively.
This suggests investigating other conditions for functions in the unit disc, where the
corresponding conditions for functions in the plane lead to constants.
The interested reader is directed to a more recent result in this area, namely Zalcman’s
Lemma [810], as stated by Schwick [702]: Let F be a family of meromorphic functions
on D which are not normal at 0. Then there exist sequences fn in F , zn, ρn, and a
non-constant function f meromorphic in the plane such that
fn(zn + ρnz)→ f(z),
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locally and uniformly (in the spherical sense) in C, where zn → 0 and ρn → 0.
By means of this lemma, a positive answer to several of the questions in this subsection
can be given.
Do the following classes form normal families, possibly after suitable normalisations?
Problem 5.11 f(z) meromorphic in D, f(z) 6= 0, f (l)(z) 6= 1, where l ≥ 1.
Update 5.11 This has been shown to be the case by Ku Yung Hsing [500].
Problem 5.12 f(z) analytic in D, f ′(z)f(z)n 6= 1, where n ≥ 1.
Update 5.12 This has been answered affirmatively for n ≥ 2 by Yang and Zhang
[805]. The case n = 1 has also been answered affirmatively by Oshkin [619].
Problem 5.13 f(z) meromorphic in D, f ′(z)f(z)n 6= 1, for n ≥ 3.
Update 5.13 This is solved for n ≥ 2 by Pang [623]; and for n ≥ 1 this follows from
combining the results of Pang [624] and Bergweiler and Eremenko [85]. See also Wang
and Fang [778].
Problem 5.14 f ′ − fn 6= a, where a is some complex number, and n ≥ 5 if f is
meromorphic, n ≥ 3 if f is entire.
The corresponding results for functions in the place are proved by Hayman [392],
except for the case n = 1 of Problem 5.12, which is a result of Clunie [161].
Update 5.14 Eremenko writes that this problem with n ≥ 3 is equivalent to Problem
5.13 with n ≥ 1.
Notation Let D be a domain in the plane. The circularly symmetrised domain D∗ of
D is defined as follows. For every r, with 0 < r < ∞, the intersection of D∗ and the
circle |z| = r is
(i) The whole circle |z| = r, if D contains the whole circle |z| = r;
(ii) null if D does not meet |z| = r;
(iii) the arc | arg z| < 12ℓ(r) if neither (a) nor (b) holds, but D meets |z| = r in a set
of arcs of total length rℓ(r).
(iv) In addition D∗ contains the origin, if and only if D does.
Suppose now that a0 is a point of D on the positive real axis. Let
f(z) = a0 +
∞∑
n=1
anz
n
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be analytic in D, and assume only values lying in D, and let
f∗(z) = a0 +
∞∑
1
a∗nz
n
map D onto the infinite covering surface over D∗. The following facts are known:
(a) If D∗ is simply connected, so that f∗(z) is univalent, then |a1| ≤ |a∗1|.
From this, it is not difficult to deduce that:
(b) If m0(r, f) = inf |z|=r |f(z)|, and M(r, f) = sup|z|<r |f(z)|, then
µ(r, f∗) ≤ m0(r, f) ≤M(r, f) ≤M(r, f∗),
and, in special cases, rather more (see Hayman [391], Ch. 4).
This leads to the following questions:
Problem 5.15 Is it possible to remove the restriction that D∗ is simply connected in
(a) and (b) above? It might be possible to start with the case when D and D∗ are
both doubly-connected.
Update 5.15 Another way to phrase this question, is to ask whether the Poincare´
metric is decreased by symmetrisation. This result was known to be true if the sym-
metrised domain is simply connected. Lai [504] and Hempel [431] have independently
proved that this is indeed the case, when the complement of the domain D consists of
the origin and one other point. This leads to sharp forms of the theorems of Schottky
and Landau. The result has also been proved by Weitsman [784] when the domain is
already symmetrical about some ray.
Weitsman [785] has proved in general that the Poincare´ metric of a domain D is
decreased by symmetrisation. It follows that the maximum modulus of a function f
mapping D into D is dominated by that of a function F mapping D onto the univer-
sal cover surface over D∗. The corresponding conclusion for the means of f and F
is still open, unlessD∗ is simply connected, when it had been proved by Baernstein [38].
Problem 5.16 Do corresponding results to Problem 5.15(a) apply to the means
Iλ(r, f) =
{ 1
2π
∫ 2pi
0
∣∣f(reiθ)∣∣λ dθ}1/λ, 0 < λ <∞
or the Nevanlinna characteristic
T (r, f) =
1
2π
∫ 2pi
0
log+
∣∣f(reiθ)∣∣ dθ?
This is known to be the case when D is already symmetrical (but possibly multiply-
connected) so that D = D∗, as a consequence of the theory of subordination (see e.g
Littlewood [525, Theorem 210, p. 164]).
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Update 5.16 These results have been proved by Baernstein [37] if D (and so D∗) is
simply-connected. See also [39].
Problem 5.17 Let D = D0 be a domain, g(z, a0) be the Green’s function of D with
respect to a point a0 on the positive real axis, and let Dλ be the part of D where
g > λ for 0 < λ < ∞. Is it true, at least in some simple cases, that (Dλ)∗ ⊂ (D∗λ)?
The cases where D∗ consists of the plane or the unit disc cut along the negative real
axis are of particular interest. A positive answer to this problem for simply-connected
domains D would lead to a positive answer of Problem 5.16 for the same class of
domains, using a formula of Hardy-Stein-Spencer (see Hayman [391, Chapter 3, p.
42]).
With the general notation of the introduction above, when can we assert that
|an| ≤ |a∗n| for general n? This is true, for instance, when D∗ is the plane cut along
the negative real axis, so that we obtain the Littlewood conjecture that |an| ≤ 4|a0|n
for non-zero univalent f . In fact, |a1| ≤ 4|a0| in this case, by symmetrisation and
subordination, and |an| ≤ n|a1| by De Branges’ proof of the Bieberbach conjecture
(see Update 6.1).
If D is convex and D = D∗, the exact bound for |an| is |a1|, but |a∗n| ≤ |a1| in general
(see Hayman [391, Theorem 1.7, p. 12]).
Update 5.17 In the original formulation of this question, Littlewood’s conjecture
was left open. There has been no further progress on this problem reported to us.
Problem 5.18 Let f(z) = λ+ a1z + . . . be analytic in D, where 0 < λ < 1. Find the
best constant B(λ) such that if
F (r) = λ+ |a1|r + |a2|r2 + . . . ,
then
F [B(λ)] ≤ 1
for all f . It is known that (see Bombieri [103]):
B(λ) =
{
(1 + 2λ)−1 if 12 ≤ λ < 1,
1/
√
2 if λ = 0,
and that
B(λ) > [(1 − λ)/2] 12 , if 0 < λ < 1
2
.
Update 5.18 No progress on this problem has been reported to us.
Problem 5.19 A function meromorphic in D which has no asymptotic value, assumes
every value infinitely often in the disc. Every point of the circumference T is a Picard
point for such a function, i.e. a point such that all except perhaps two values are taken
in every neighbourhood. Functions with no exceptional values in the global sense are
known. Can locally exceptional values occur? (See Cartwright and Collingwood [171],
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[149]).
(E. F. Collingwood)
Update 5.19 Collingwood noted that a function meromorphic in D and without
asymptotic values, must assume every value infinitely often in the disc, and that near
any point of T, all values with at most 2 exceptions must be taken infinitely often. He
asked whether such local exceptional values can occur.
A strongly positive answer has been given by Eremenko (unpublished), who noted
that one can construct such a function, for which the only limit point of poles and
zeros is the point z = 1, by slightly modifying an example of Barth and Schneider
[67].
Problem 5.20 Plessner [636] proves after Privaloff that if f is analytic in D, almost
all points P of the boundary are of two kinds. Either
(a) f tends to a finite limit, as z → P in any Stolz angle S, lying in D, or
(b) as z → P in any S, f takes (infinitely) often all values of a dense set.
Can ‘dense set’ be replaced by anything bigger here; e.g. the complement of a set of
measure zero?
(E. F. Collingwood)
Update 5.20 No progress on this problem has been reported to us.
Problem 5.21 Corresponding to each function f analytic in D, and each value w,
with (|w| < 1), write
fw(z) = f
( z − w
1−wz
)
=
∞∑
n=0
a(w)n z
n,
‖fw‖ =
∞∑
n=0
|a(w)n |
and let Wf be the set of all values w, with (|w| < 1) for which
‖fw‖ <∞,
Since a
(w)
n is a continuous function of w, it follows that Wf is a set of type Fσ. What
more can be said? For example, if Wf is everywhere dense in D (or uncountable,
or of positive measure), is Wf the unit disc? It is known that Wf may be a proper
non-empty subset of D. Is Wf either empty, or all of D if f is univalent?
Update 5.21 No progress on this problem has been reported to us.
Problem 5.22 Let Hp be the space of functions f(z) =
∑∞
n=0 anz
n analytic in D, and
such that ∫ 2pi
0
∣∣f(reiθ)∣∣p dθ
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remains bounded as r → 1. We define H∞ to be the class of bounded functions in D.
For 0 < p < 1 describe the coefficient multipliers from Hp to Hp. That is, for each
such p describe the sequences λn such that∑
λnanz
n ∈ Hp whenever
∑
anz
n ∈ Hp.
(P. L. Duren)
Update 5.22 No progress on this problem has been reported to us.
Problem 5.23 Describe similarly the coefficient multipliers from S to S, where S is
the class of functions
∑∞
n=1 anz
n univalent in D either
(a) with the normalisation a1 = 1, or
(b) generally.
(c) What are the multipliers of the space of close-to-convex functions into itself?
(d) What are the multipliers of S into the class C of convex functions?
(e) What are the multipliers from the class N of functions of bounded characteristic
into itself? The analogous problem for the class N+ may be more tractable. (The
definition of N+ is too lengthy for this work, but the reader is directed to Duren
[207, p. 25] for more details).
Ruscheweyh and Sheil-Small in solving Problem 6.9 have shown that (λn) is a
multiplier sequence from C into itself if and only if
∑
λnz
n ∈ C. In general, one can
obtain only some sufficient conditions. Thus in most cases f(z) =
∑
anz
n belongs to
a class A if an is sufficiently small, and conversely if f ∈ A, then an cannot be too big.
For example,
∑∞
2 n|an| ≤ 1 is a sufficient condition for f(z) in S, and |an| ≤ n
√
7/6
is a necessary condition (see Fitzgerald [268]). Similarly, if
∑∞
1 |an| < ∞, then f(z)
is continuous in D, and so belongs to Hp for every positive p and to N , whilst if
f ∈ N , then |an| ≤ exp(cn 12 ) for some constant c. Again, if f(z) belongs to one of
the above classes, then so does 1t f(tz) for 0 < t < 1, so that the sequence (t
n−1) is a
multiplier sequence. In other cases, negative results are known. Thus Frostman [277]
showed that (n) is not a multiplier sequence from N to N , and Duren [207] showed
that
(
1
n+1
)
is not such a sequence either.
(P. L. Duren, except for (e) which is due to A. Shields)
Update 5.23 For part (a), Sheil-Small observes that
∑∞
n=1 bnanz
n is close-to-convex
for every function
∑∞
n=1 anz
n which is close-to-convex, if and only if,
∑∞
n=1 bnz
n is
convex in D. The sufficiency was shown by Ruscheweyh and Sheil-Small ([690] and
[689]), while Sheil-Small notes that the necessity is a simple application of the duality
principle.
Problem 5.24 Is the intersection of two finitely generated ideals in H∞ finitely
generated?
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(L. A. Rubel)
Update 5.24 For H∞(D), an affirmative answer was given by McVoy and Rubel
[559]. This was extended to any finitely connected domain by Barnard (no ci-
tation). Amar (no citation) has given a negative answer in H∞(Dn) or H∞(Bn)
where Dn is the polydisc and Bn is the unit ball, for n ≥ 3. The case n = 2 is still open.
Problem 5.25 Let W+ be the Banach algebra of power series f(z) =
∑∞
n=0 anz
n
absolutely convergent in |z| ≤ 1, with ‖f‖ =∑∞n=0 |an|.
Which functions generate W+? More precisely, for which functions f is it true that
the polynomials in f are dense in W+? It is clear that a necessary condition is that
f be univalent in D. Newman [600] has shown that if in addition, f ′ ∈ H1 then f
generates W+. Hedberg [422] and Lisin [522] have shown (independently) that if
f is univalent and
∑
n|an|2(log n)1+ε < ∞ for some positive ε, then f generates
W+. Neither Newman’s condition nor Hedberg-Lisin’s condition implies the other. Is
univalentness enough?
(L. Zalcman)
Update 5.25 No progress on this problem has been reported to us.
Problem 5.26 Let B be the Bergman space of square integrable functions in D, that
is, those functions f(z) =
∑∞
n=0 anz
n for which
∑∞
n=1 n
−1|an|2 < ∞. A subspace S
is said to be invariant if zf ∈ S whenever f ∈ S. What are the invariant subspaces
of B? The corresponding problem for H2 was solved by Beurling [95] and uses the
inner-outer factorisation of Hp functions, a tool unavailable in the present context.
(L. Zalcman)
Update 5.26 No progress on this problem has been reported to us.
Problem 5.27 (The corona conjecture) Let D be an arbitrary domain in the plane
that supports non-constant bounded analytic functions. Suppose that f1(z), . . . , fn(z)
are bounded and analytic in D and satisfy
n∑
ν=1
|fν(z)| ≥ δ > 0
in D. Can one find bounded analytic functions gν(z) in D such that
n∑
ν=1
fν(z)gν(z) ≡ 1
in D?
When D is a disc, Carleson [140] proved that the answer is ‘yes’, and the result
extends to finitely connected domains. The result is also known to be true for certain
infinitely connected domains (see Behrens [76], Gamelin [285]), but false for general
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Riemann surfaces of infinite genus (Cole, unpublished). Presumably the answer
for the general plane domain is negative. Proofs of all positive results depend on
Carleson’s theorem.
(L. Zalcman)
Update 5.27 A positive answer for certain classes of domains has been given by
Carleson [142] and by Jones [466].
It has also proved for domains D whose complement lies on the real axis, by Garnett
and Jones [293].
Problem 5.28 Let f be continuous in D and analytic in D. Let
ω(f, δ) = sup |f(z)− f(w)|, for |z − w| ≤ δ and z, w ∈ D,
ω˜(f, δ) = sup |f(z)− f(w)|, for |z − w| ≤ δ and |z| = |w| = 1.
Is it true that
lim
δ→0
ω(f, δ)
ω˜(f, δ)
= 1?
The Ruben, Shields and Taylor (unpublished) have shown that there is an absolute
constant C such that
ω(f, δ) ≤ Cω˜(f, δ),
but that one may not take C = 1.
(L. A. Rubel, A. Shields)
Update 5.28 A negative answer was given by Rubel, Shields and Taylor [679].
Problem 5.29 A Gδ set is a subset of a topological space that is a countable
intersection of open sets. Let E be a Gδ set of measure zero on |z| = 1. Then does
there exist an f in H∞, f 6= 0 such that f = 0 on E, and every point of the unit circle
is a Fatou point of f?
(L. A. Rubel)
Update 5.29 An affirmative solution has been given by Danielyan [181].
Problem 5.30 Let B be the space of Bloch functions, that is the space of functions
analytic in D with
‖f‖B = |f(0)|+ sup
D
(1− |z|2)|f ′(z)| <∞.
Let BS be the space of functions of the form
f(z) = log g′(z), g ∈ S (5.13)
where S is the class of functions as in Problem 5.23(a). Let BQ be the space of functions
g in S that have a quasi-conformal extension to the closed plan, see Anderson, Clunie
and Pommerenke [25].
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(a) Is BS connected in the norm topology?
(b) Is BQ dense in BS in the norm topology?
(L. Bers)
Update 5.30 For part (b) Becker points out that the answer is ‘no’. If f = log g′ ∈ BS,
then define a new norm by ‖f‖ = sup{(1 − |z|2)2|Sg(z)| : |z| < 1}, where Sg is the
Schwarzian of g. It is easy to show that
‖fn − f‖B → 0 =⇒ ‖fn − f‖ → 0 (5.14)
(compare with Becker [72], Lemma 6.1). Gehring [300] disproved the Bers conjecture,
which means that BQ is not dense in BS with respect to ‖ · ‖. By (5.14) it follows
immediately that BQ is not dense in BS with respect to ‖ · ‖B. Baernstein notes that
it is an interesting open problem to determine geometrically the closure of BQ.
Problem 5.31 It was shown by Becker [71] that{
f : ‖f‖B < 1
} ⊂ BQ.
Is the radius 1 best possible? Is it true that for f ∈ BS ,
lim sup
|z|→1
(1− |z|2)|f ′(z)| < 1 =⇒ f ∈ B.
(Ch. Pommerenke)
Update 5.31 Campbell [131] showed that the answer to the second part is ‘no’. The
reason is that one of the assumptions has been omitted, namely that the image domain
of the function g(f = log g′) must be a Jordan domain. However, if the image domain
of the functions g(f = log g′) is a Jordan domain, then even the condition
lim sup
|z|→1
∣∣∣(1− |z|2)zf ′(z)− c∣∣∣ < 1,
where |c| < 1, is enough to imply that f is in BQ. Becker’s proof of this latter statement
consists in noting that
g(z, t) = g(e−tz) + (1− c)−1(et − e−t)zg′(e−tz)
is a subordination chain for small t, hence univalent for small t with g(z, t) giving a
quasiconformal extension of g(z, 0) onto a larger disc.
Problem 5.32 Suppose that fn ∈ BS. What does ‖fn − f‖B → 0 as n → ∞ mean
geometrically for the functions gn related to fn by (5.13)?
(Ch. Pommerenke)
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Update 5.32 No progress on this problem has been reported to us.
Problem 5.33 Let L be a regular triangular lattice in the plane. Let f(z) map D
onto the universal covering surface over the complement of L. Is it true that the
coefficients an of f tend to 0 as n→∞?
(Ch. Pommerenke)
Update 5.33 See Update 5.7.
An affirmative answer was given by Hayman, Pommerenke and Patterson [416]. They
proved that an = O
(
(log n)−1/2
)
in this case.
Problem 5.34 It was proved by Hall that every Bloch function has (possibly infinite)
angular limits on an uncountably dense subset of |z| = 1. Do there always exist
angular limits on a set of positive measure relative to some fixed Hausdorff measure,
such as logarithmic measure for example?
(J. E. McMillan, Ch. Pommerenke)
Update 5.34 No progress on this problem has been reported to us.
Problem 5.35 Let F be any discontinuous group of Mo¨bius transformations of D.
Does there always exist a meromorphic function automorphic with respect to Γ and
normal, i. e. such that
(1− |z|2) |f
′(z)|
1 + |f(z)|2
is bounded in D?
(Ch. Pommerenke)
Update 5.35 Pommerenke [655] has shown that there does exist a character-
automorphic normal function f , i.e. one for which |f | is invariant under Γ. The
original question for a normal f , which is invariant under Γ, remains open.
Problem 5.36 Let (nk) be a sequence of positive integers such that
nk+1 > λnk, where λ > 1, (5.15)
and suppose that
f(z) =
∞∑
k=0
akz
nk (5.16)
is analytic in D. Is it true that if
∑∞
k=0 |ak| =∞, then f(z) assumes every finite value
(a) at least once;
(b) infinitely often;
(c) in every angle α < arg z < β of |z| < 1?
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See Weiss and Weiss [780].
(J. P. Kahane)
Update 5.36 Murai [590] has proved that f(D) 6= C implies ∑∞k=0 |ak| < ∞. Hence
(a) is true. Sons points out that the best known result is due to I-Lok Chang [150]
who showed that
∑∞
k=0 |ak|2+ε = ∞ for some positive ε > 0 implies infinitely many
zeros in any sector.
Problem 5.37 Suppose that f(z) is a function as in (5.16) and define
µ = lim sup
r→1
log logM(r, f)
− log(1− r) ,
where M(r, f) is the maximum modulus of f(z) on |z| = r. We do not now assume
(5.15), but let N0(t) be the number of nk not greater than t. If N(r, a) is the function
of Nevanlinna theory (see Chapter 1) it is known that
lim sup
r→1
N(r, 0)
logM(r, f)
= 1
provided that either
(a) µ > 0 and
lim inf
k→∞
log(nk+1 − nk)
log nk
>
1
2
(2 + µ
1 + µ
)
,
(this is implicit in Wiman, see Sunyer and Balaguer [741]), or
(b) µ > 1−ββ and N
0(t) = O(t1−β) as t→∞, where 0 < β < 1, see Sons [724].
If 0 < µ < 1−ββ with N
0(t) = O(t1−β) as t→∞ we ask (a), (b) and (c) of the preceding
problem, at least for those cases not covered above.
In particular we may consider the cases nk = [k
α], where 1 < α < 32 .
(L. R. Sons)
Update 5.37 The best result on this problem so far is by Nicholls and Sons [603].
Functions in the unit disc
For the rest of this chapter, and for Chapter 6, the notation f in S means that f is
analytic and univalent in D with
f(z) = z +
∞∑
n=2
anz
n.
In the next three questions ≺ means ‘is subordinate to’. If f and g are analytic
functions in D, then g is subordinate to f if g = f ◦ φ where φ is analytic in D and
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satisfies φ(D) ⊂ D, φ(0) = 0. See also Pommerenke [656, Chp. 2].
Problem 5.38 Tao-Shing Shah [705] has shown that if g(z) ≺ f(z) in D, g′(0)/f ′(0)
is real, and f in S then
|g(z)| ≤ |f(z)| for |z| ≤ 1
2
(3−
√
5), (5.17)
|g′(z)| ≤ |f ′(z)| for |z| ≤ 3−
√
8. (5.18)
Both constants are ‘best-possible’. Shah’s proofs are technically very involved and
it would be nice to have simpler proofs. Goluzin [332] gave simpler proofs but with
worse constants in each case. His methods appear to be incapable of yielding (5.17)
and (5.18).
(P. L. Duren)
Update 5.38 Shah’s [705] majorisation results were generalised by Campbell
([128], [129] and [130]) as well as similar questions by Biernacki, MacGregor and
Lewandowski. The proper setting for such questions is not univalent function theory
but locally univalent functions of finite order. In particular, Shah’s sharp results of
|g(z)| ≤ |f(z)| in (3 − √5)/2 and |g′(z)| ≤ |f ′(z)| in 3 − √8 hold for all functions
in U2, the universal linear invariant family of order 2, which contains S as a proper
subclass, and which contains functions of infinite valence.
Problem 5.39 Goluzin [332] has shown that, if g(z) ≺ f(z) in D, then
M2(r, g
′) ≤M2(r, f ′), 0 ≤ r ≤ 1
2
.
Here, for p > 0,
Mp(r, h) =
( 1
2π
∫ 2pi
0
|h(reiθ)|p dθ
)1/p
.
The result is not necessarily true if r > 12 , as f(z) = z, g(z) = z
2 shows, though it
follows from a theorem of Littlewood that, for all p,
Mp(r, g) ≤Mp(r, f), 0 < r < 1.
Find the largest number rp, 0 < rp < 1, independent of f and g so that
Mp(r, g
′) ≤Mp(r, f ′), 0 < r < rp,
if g ≺ f .
Note: If g(z) ≺ f(z) in D, then g(z) = f(φ(z)) so that
|g′(z)| ≤ |f ′(φ(z))|, |z| ≤
√
2− 1,
(see Carathe´odory [134, p. 19]). Thus if h(z) = f ′(φ(z)) then h ≺ f ′ so that, by
Littlewood’s theorem, Mp(r, g
′) ≤ Mp(r, h) ≤ Mp(r, f ′) for p > 0, r ≤
√
2 − 1. This
improves what one gets if one applied (5.18) to the p-th means since
√
2− 1 > 3−√8;
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but it may not be best possible.
(P. L. Duren)
Update 5.39 No progress on this problem has been reported to us.
Problem 5.40 Suppose that f(z) =
∑∞
0 anz
n and that F (z) is analytic in D, with
f ≺ F . What non-trivial conditions on F imply that
an → 0 as n→∞? (5.19)
In particular, is (5.19) implied by
F is a Bloch function, and (5.20)∫ 2pi
0
|f ′(reiθ)|2 dθ = o
( 1
1− r
)2
, as r → 1− ? (5.21)
Is it true that (5.21) by itself is preserved under subordination?
It is known that (5.19) holds if
(1− r)|F ′(reiθ)| → 0
uniformly in θ as r → 1 and that (5.19) holds if both (5.20) is satisfied, and given any
positive ε, F can be written in the form
F (z) = F1(z) + F2(z)
where (1− |z|2)|F ′1(z)| ≤ ε and F2 has bounded characteristic in D.
(W. K. Hayman)
Update 5.40 The problem asked whether various conditions on a function F might
imply that (5.19) above holds when f is subordinate to F . The examples of Fernandez
[265] show that the answer is ‘no’. In particular the condition∫ 2pi
0
|F ′(reiθ)|2 dθ = o(1)
(1− r)2 (5.22)
is not preserved under subordination, even if F is a Bloch function. For instance, if
D is a domain such that the distance d(w) of w from the complement of D tends
to zero as w → ∞, then (5.19) and (5.22) hold for the functions F mapping D
into the universal covering surface over D, by a theorem of Hayman, Patterson and
Pommerenke [416], but by Fernandez’s examples neither (5.19) nor (5.22) hold for the
functions f analytic in D and with values in D, if the complement of D is countable
or more generally has capacity zero.
Problem 5.41 Let k be a positive integer, and define
Φk = {φ : φ ∈ C[0, 2π], φ ↑, φ(0) = 0, φ(2π) = 2kπ}.
Let eiφ(t) with φ ∈ Φk have the Fourier expansion
∞∑
−∞
Cne
int.
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(a) Shapiro conjectures that
k∑
n=0
|Cn|2 ≥ δk, (5.23)
where δk is a positive constant depending only on k. (For k = 1 this is known,
and it can be proved by combining results of Heinz (uncited) and Rado (uncited).
Inequalities of this type arise in studying the distortion of harmonic mappings.)
(b) Conceivably (5.23) holds even with δk ≥ δ > 0 for some absolute constant δ. In
any case Shapiro conjectures also that, given only that φ ∈ C(0, 2π) and φ ↑ then
∞∑
n=0
|Cn|2 ≥ δ > 0.
(c) Is it true that, for φ ∈ Φk,
k∑
n=1
|Cn|2 ≥
−1∑
n=−k
|Cn|2 ?
(This is known to be true for k = 1).
(H. S. Shapiro)
Update 5.41 Sheil-Small [710] has proved this conjecture. The case k = 2 had been
previously settled by Hall [363]. Hall [364] also proved that δk → 0 as k → ∞, and
gave an example for which
k∑
n=1
|Cn|2 ≤ 1
k2
−1∑
n=−k
|Cn|2, (5.24)
thus answering in the negative two other questions of Shapiro. He conjectured that
the factor k−2 in (5.24) is extreme.
Problem 5.42 Suppose that
f(z) =
∞∑
n=0
anz
n
is analytic in D, with
∞∑
n=0
|an| = 1, |f(z)| ≥ δ > 0 in D, and 1
f(z)
=
∞∑
n=0
bnz
n.
The following facts are known about M =
∑∞
n=0 |bn|:
(a) M < +∞;
(b) if δ < 12 ,M cannot be bounded in terms of δ (Katznelson (no citation)).
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(c) if δ > 2−
1
2 ,M can be bounded in terms of δ (Katznelson (no citation), Newman
(no citation)).
What is the infimum of those δ such that M can be bounded in terms of δ? (A likely
guess is 12).
(H. S. Shapiro)
Update 5.42 No progress on this problem has been reported to us.
Problem 5.43 Determine the Laurent coefficient bodies for analytic functions taking
values of modulus at most unity in a given annulus
Ar = {z : r < |z| < 1}.
Determine the extremal functions.
(M. Heins)
Update 5.43 No progress on this problem has been reported to us.
Problem 5.44 Suppose that 0 < α < 1 and
(1 + xz)α
1− z =
∞∑
n=0
An(x)z
n, A0(x) = 1, |x| = 1.
Is it true that
|A2n+1(x)| ≤ |A2n+1(1)|, n ≥ 2, |x| = 1?
The above is true for n = 1; the corresponding result is false for all A2m(x) withm ≥ 1,
see Brannan [112]. More generally, one can ask the same question for the coefficients
of
(1 + xz)α(1 − z)−β , |x| = 1, α > 0, β > 0.
Here it is not even known if |A3(x)| ≤ A3(1).
(D. A. Brannan)
Update 5.44 No progress on this problem has been reported to us.
Problem 5.45 If A is any analytic subset of the Riemann sphere it was shown by
Kierst [474] that A is (exactly) the set of asymptotic values of a function meromorphic
in D. If ∞ ∈ A, Kierst also proved that A is the set of asymptotic values of a function
f analytic in D. However, there exist analytic sets which are not the set of asymptotic
values of a function analytic in D. Ryan [691] has characterised those subsets of the
Riemann sphere which are the set of asymptotic values of a function analytic in D.
Can one find a simpler characterisation?
(K. F. Barth)
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Update 5.45 No progress on this problem has been reported to us.
Problem 5.46 A non-constant function f analytic in D, is said to be in the MacLane
class A if the set of points of the unit circle T at which f has an asymptotic value
is a dense subset of T (see MacLane [547]). A function f is said to have an arc tract
if there exists a sequence {γn} of arcs, γn ⊂ D, and a non-degenerate subarc γ of T
such that γn → γ (in the obvious fashion) and min{|f(z)| : z ∈ γn} → ∞ as n → ∞.
Does there exist a function f ∈ A with an arc tract and with non-zero derivative (see
MacLane [548, p. 281])?
(K. F. Barth)
Update 5.46 No progress on this problem has been reported to us.
Problem 5.47 Let
f(z) =
∞∑
n=0
anz
λn
be analytic in D and have Hadamard gaps, i.e. λn+1/λn ≥ q > 1. Need f have any
radial limits (finite or infinite)? If not, need f have any asymptotic value on a path
ending at a single point? For the case q ≥ 3, see MacLane [547].
(J. M. Anderson and R. Hornblower)
Update 5.47 Murai [591] has shown that, for q > 1, a Hadamard function has the
asymptotic value ∞ if the coefficients are unbounded. It is still not known whether
every such function has any radial limits whatsoever.
There are several partial results: Gnuschke and Pommerenke (see [305, Theorem 1])
have shown that, if q > 1 and f is unbounded and if furthermore
|ak|/(|a1|+ . . . + |ak|)→ 0 as k →∞,
then Re f has the angular limit +∞ on a set of positive Hausdorff dimension: this
improves a (proof and) result of Csordas, Lohwater and Ramsey [177]. Gnuschke and
Pommerenke (see [305, Theorem 3]) have also proved that there exists a Hadamard
function f (with q = 3332 ) such that Re f and Im f oscillate between −∞ and +∞ on
every radius. This does not exclude the possibility that f spirals to ∞ on some radii.
Furthermore, there is a result of Hawkes [382] that, for instance, f(z) =
∑
z2
k
has
the radial limit ∞ on a set of Hausdorff dimension one.
Problem 5.48 Let
f(z) =
∞∑
k=1
ankz
nk
be analytic in D and have Hadamard gaps. Characterise sets S in D with the property
that if f is bounded on S then f(z) is bounded for z ∈ D.
(K. G. Binmore)
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Update 5.48 No progress on this problem has been reported to us.
Problem 5.49 What kind of gaps can the Taylor expansion of a non-constant
automorphic function have? For example, can it have Hadamard gaps? (Presumably
the sharp answer would depend on the group concerned.) This is closely related to
a theorem of Re´nyi (no citation) that a non-constant periodic entire function cannot
have more than half of its coefficients zero.
(L. A. Rubel)
Update 5.49 Nicholls and Sons [603] have shown that f(z) =
∑∞
k=0 ckz
nk cannot
have
n−1k (nk+1 − nk) log nk →∞.
Furthermore, if f is automorphic and of the above form, and
N0(t) ≡ max{k : nk < t},
then N0(t) 6= o(log log t) as t→∞.
Hwang [454] has proved that, if f is automorphic with respect to any group containing
a parabolic element, then f does not have Hadamard gaps. The proof that this holds
for any Fuchsian group appears to be false.
Problem 5.50 A function f analytic in D, is said to be annular if there exists a
sequence {Jn} of Jordan curves in D such that
(a) Jn lies in the inside of Jn+1,
(b) for each positive ε there exists a number N(ε) such that for if n > N(ε), Jn lies
in the domain {z : 1− ε < |z| < 1},
(c) min{|f(z)| : z ∈ Jn} → ∞ as n→∞.
Let T denote the unit circle and let Z ′(f) denote the set of limit points of the zeros of
an annular function f . Write
S(f) = {a : a ∈ C and Z ′(f − a) 6= T},
and let |S(f)| denote the cardinality of this set. Can |S(f)| = N0? The cases
|S(f)| = 1 (Barth and Schneider [65]) and |S(f)| = 2 (Osada (no citation)) are known,
however neither construction can be easily adapted to the general case.
(K. F. Barth and D. D. Bonar)
Update 5.50 Barth observes that Carroll [145] has constructed a strongly annular
function f such that the set of singular values of f is countably infinite. An analytic
function f in D is said to be strongly annular if there exists a sequence {rn},
0 < rn < 1 such that the minimum modulus of f on the circle |z| = rn tends to
infinity as n→∞.
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Problem 5.51 It can be shown that there exists a Blaschke product B(z) with
B(0) = 0 such that
1 +B(z)
1−B(z)
is a Bloch function. Give an explicit construction for such a product.
(F. Holland)
Update 5.51 No progress on this problem has been reported to us.
Problem 5.52 Let F be a Fuchsian group in D, and let B be a set on T such that
B ∩ γ(B) = ∅ for γ ∈ Γ, γ 6= I. (This is the case, for instance, if
B = (∂F ∩ T) \ C (C countable)
where F is a normal fundamental domain.) If cap B > 0, does it follow that F is of
convergence type? (Conversely, it is known that, for every group F of convergence
type, there exists such a set B with cap B > 0).
(Ch. Pommerenke)
Update 5.52 No progress on this problem has been reported to us.
Problem 5.53 The ratio R of two Blaschke products B(z, an), B(z, bn) is of bounded
characteristic, but need not be a normal meromorphic function. That is, if an is ‘close’
to bn for infinitely many n we can arrange that the spherical derivative of R is too
large for R to be normal. When is R a normal function? Cima and Colwell [157] have
shown that if {an} and {bn} are both interpolating sequences, then R is normal if and
only if {an} ∪ {bn} is also an interpolating sequence. What happens if the sequences
are not interpolating sequences?
(J. M. Anderson)
Update 5.53 No progress on this problem has been reported to us.
Problem 5.54 Suppose that
f(z) =
∞∑
n=0
anz
n
is convergent in D, that |z0| = 1, and that neither of the series
∞∑
n=0
(Re an)z
n
0 ,
∞∑
n=0
(Im an)z
n
0 ,
is absolutely convergent. Let S be the set of complex values assumed by the series
∞∑
n=0
εnanz
n
0 ,
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where ε = ±1, and is allowed to vary over all possible choices. Is it true that S = C?
(A. C. Offord; communicated by J. G. Clunie)
Update 5.54 Partial results have been obtained by Jakob and Offord [460]. In par-
ticular, if Rn =
∑∞
n |an|2 is such that∑
n−1(log n)−1/2R1/2n
is convergent, then almost all the functions
∑∞
0 ±anzn will be bounded. Related
results are due to Salem and Zygmund [697]. Notice that
∑ |an|2 <∞ is in itself not
sufficient to secure boundedness.
Problem 5.55 Let the function h(z) be analytic in D, Gh = {h(D)}, Kh a compact
subset of Gh. The function h(z) will be said to have the L-property (‘h(zn) leaves the
range of h’) on the sequence {zn}∞1 with lim |zn| = 1, if only finitely many points of
{h(zn)}∞1 lie in Kh for every Kh. We will define two functions f, g analytic in D to
be an ordered L-pair if, on any sequence for which f has the L-property, g also has
the L-property. A non-constant function α(z) analytic in D will be called an L-atom
if, corresponding to any function f such that f, α is an ordered L-pair, there exists a
function φf analytic on Gα such that f = φf ◦ α. Prove or disprove the conjecture
that α is an L-atom if and only if it is univalent. What happens if D is replaced by
more general domains?
(L. A. Rubel)
Update 5.56 No progress on this problem has been reported to us.
Problem 5.56 By a first-order property we shall mean a ring-theoretic property in
the first-order predicate calculus. For functions f analytic in D, are the following
first-order properties:
(a) f is constant?
(b) f is bounded ?
(c) f is admissible, i.e. T (r, f) 6= O(log(1− r)−1)?
What is the situation in more general domains?
(L. A. Rubel)
Update 5.57 No progress on this problem has been reported to us.
Problem 5.57 Suppose that f is analytic in D. Plessner’s theorem [636] asserts that
at almost all points eiθ on the unit circle, either f has an angular limit, or else the
image f(S) of every Stolz angle S with vertex at eiθ is dense in C. How much can
‘dense’ be improved? In particular, is it true that at almost all eiθ either f has an
angular limit, or else f(S) is all of C, except perhaps for a set of zero logarithmic
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capacity? This result would be best possible, since if E is any closed set of capacity
zero then the universal covering map of the disc onto C \E has angular limits almost
nowhere.
(A. Baernstein II)
Update 5.57 No progress on this problem has been reported to us.
Problem 5.58 Suppose that f is univalent and zero-free in D. It has been shown
by Baernstein [40] that, for each p ∈ (0, 12), f admits a factorisation f = Bp(Fp)1/p,
where Bp ∈ H∞, 1/Bp ∈ H∞, and ReFp > 0. Is it possible to pass to the limit p = 12 ,
and thus factor f into a bounded function times a function subordinate to a map onto
a slit plane?
(A. Baernstein II)
Update 5.58 While this conjecture is still open, Wolff [798] has shown that a certain
natural stronger conjecture is false; on the other hand, the factorisation given in
Problem 5.58 is possible when f is a monotone slit mapping. A monotone slit mapping
is a function f(z) which is analytic and univalent in D and for which f(0) = 0 and
f ′(0) = 1, whose image domain is the complement of a path Γ(t) on [0,∞) for which
|Γ(t1)| < Γ(t2)| if t1 < t2.
Problem 5.59 (Subordination and extreme point problem) Let g(z) =∑∞
n=0Bnz
n be analytic in D. Denote by Sg the family of functions f(z) subordi-
nate to g. Find general conditions on g so that the only extreme points of the closed
convex hull of Sg are the functions g(ze
it)(0 ≤ t < 2π). This is known for certain
functions g, see Clunie [168], for example:
(a) g(z) = [(1 + cz)/(1 − z)]α where |c| ≤ 1, α ≥ 1;
(b) g(z) = exp[(1 + z)/(1 − z)].
Sheil-Small can prove it for a functions of the form
g(z) = h((1 + z)/(1 − z)), where h(w) is a univalent quadratic polynomial in
Rew > 0. One might expect that the conclusion would hold for a functions g with
positive coefficients increasing in a suitably regular manner.
(T. Sheil-Small)
Update 5.59 No progress on this problem has been reported to us.
Problem 5.60 (Hadamard convolutions) Suppose that α ≥ 1, β ≥ 1 and that φ is
analytic in D, and satisfies
φ(z) ∗ (1 + xz)
α
(1− z)β 6= 0, |x| = 1, |z| < 1.
Is it true that
φ(z) ∗ (1 + xz)
α−1
(1− z)β 6= 0, |x| = 1, |z| < 1 ?
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This is true when α is a natural number. For the proof and further background, see
Sheil-Small [709].
(T. Sheil-Small)
Update 5.60 No progress on this problem has been reported to us.
Problem 5.61 Let w(z) be analytic in D with w(0) = 0. If |w(z) + zw′(z)| < 1, for
|z| < 1, then a simple application of Schwarz’s lemma shows that |w(z)| < 1, for
|z| < 1. Miller and Mocanu [581] showed that
|w(z) + zw′(z) + z2w′′(z)| < 1, |z| < 1
implies that |w(z)| < 1, for |z| < 1. Is it true that
|w + zw′ + z2w′′ + . . .+ znw(n)| < 1 =⇒ |w(z)| < 1,
for n = 1, 2, 3, . . .?
(S. Miller)
Update 5.61 This has been proved to be the case by Goldstein, Hall, Sheil-Small
and Smith [328].
Problem 5.62 Let u be a continuous real-valued function on the unit circle T. Give
a necessary and sufficient condition on u such that u is the real part of a function f
in the disc algebra A(D).
Remarks:
(a) A solution would have applications in the algebraic ideal theory of A(D).
(b) An answer to the analogous problem for Lp(T ),Hp(D) is the Burkholder-Gundy-
Silverstein Theorem (see Peterson [629, p.13]).
(M. von Renteln)
Update 5.62 No progress on this problem has been reported to us.
Problem 5.63 One of the many equivalent norms on BMOA on D is defined by
‖f‖h = inf
q
sup
z∈D
|f(z) + q(z)|,
the infimum being taken over all functions analytic in D.
Given f in BMOA, does there exist a q such that
|f(z) + q(z)| ≡ ‖f‖h a.e. on |z| = 1?
The answer is ‘yes’ when f is a rational function.
(J. A. Hempel)
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Update 5.63 No progress on this problem has been reported to us.
Problem 5.64 Let f be analytic in D with
|f(z)| = O((1− |z|)−k), k ≥ 0. (5.25)
Then f induces a distribution on C∞(T ), as follows. For φ ∈ C∞(T )
lim
r→1
( 1
2π
∫
f(reiθ)φ(e−iθ) dθ
)
= Λf (φ).
What can be said about the order of the distributions satisfying (5.25) and
lim
|z|→1
|f(z)|(1 − |z|)k = 0
(J. A. Cima)
Update 5.64 No progress on this problem has been reported to us.
Problem 5.65 Does there exist a non-constant function f in the disc algebra such
that f(eiθ) ∈ f(D) for almost all θ? Caution: the Rudin-Carleson theorem (see Bishop
[101]) allows construction of a good candidate, but it is not immediately clear whether
it does work.
(K. Stephenson)
Update 5.65 Stegenga and Stephenson (unpublished) have shown this to be the case
for almost all f in a category sense. A solution has also been obtained by Gol’dberg
[318] using a simple construction and without the use of the Rudin-Carleson Theorem.
Problem 5.66 Let B be an infinite Blaschke product in D. Does there exist a positive
δ, depending on B, such that, for every w, |w| < δ, the set B−1({w}) is infinite?
Stephenson has obtained some related results.
(K. Stephenson)
Update 5.66 Stephenson (unpublished) has answered this question negatively by
constructing an inner function f such that f−1(w) is finite on a dense subset of |w| < 1.
Then
fα =
f − α
1− αf
is a Blaschke product for almost all α.
Problem 5.67 Let the function f in D be given by
f(z) =
∞∑
k=0
akz
nk ,
nk+1
nk
≥ λ > 1, k ≥ 0,
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with
m0(r, f) ≡ max
k≥0
|ak|rnk →∞ as r → 1−.
Define
E =
{
θ : lim inf
r→1−
|f(reiθ)|
m0(r, f)
> 0
}
.
Is it true that E has measure 0?
This has been proved for the case that µ(12 (1 + r))/m0(r, f) ≤ constant.
(D. Gnuschke and Ch. Pommerenke)
Update 5.67 No progress on this problem has been reported to us.
Problem 5.68 Let the function f where
f(z) = 1 +
∞∑
n=1
anz
n, |z| ≤ 1,
be a Bloch function with positive real part in D. Determine the rate of growth (as
N →∞) of the sequence {∑Nn=1 |an|2}.
(F. Holland)
Update 5.68 No progress on this problem has been reported to us.
Problem 5.69 Let the function f where
f(z) = 1 +
∞∑
n=1
anz
n, |z| ≤ 1,
be a Bloch function with positive real part in D and such that each an ≥ 0. Does it
follow that
∑∞
n=1 a
2
n <∞?
An equivalent formulation of the problem is the following: let µ be a probability
measure in Zygmund’s class Λ∗ on the circle, and let
µˆ(n) =
∫ 2pi
0
e−inx dµ(x) ≥ 0, n ∈ Z.
Is it true that µˆ ∈ l2? A counter-example, if one exists, cannot be constructed using
Riesz products (see Duren [206], and Holland and Twomey [443]).
An affirmative answer would mean that, if f(z) = 1 +
∑∞
n=1 anz
n is a Bloch function
in D with positive real part, then
∑∞
n=1 |an|4 < ∞. Even if this last inequality is
false, perhaps it is still true in the general case that there exists p > 4, such that∑∞
n=1 |an|p <∞.
(F. Holland)
Update 5.69 No progress on this problem has been reported to us.
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Problem 5.70 Barth and Clunie [64] have constructed a bounded analytic function
in D with a level set component of infinite length; this component is highly branched.
Can one construct a bounded analytic function with an unbranched level set compo-
nent of infinite length?
(K. F. Barth and J. G. Clunie)
Update 5.70 No progress on this problem has been reported to us.
Problem 5.71 Suppose that
f(z) =
∞∑
k=1
akz
nk , nk+1/nk ≥ q > 1,
is an analytic function in D with Hadamard gaps, such that T (r, f) → ∞ as r → 1.
Does δ(w, f) = 0 hold for every (finite) complex number w?
(T. Murai)
Update 5.71 No progress on this problem has been reported to us.
Problem 5.72 Let the function f have the power series f(z) =
∑∞
n=0 anz
n of radius
of convergence 1; let E be the singular set on T, and suppose that
sup
ξ∈E
sup
N≥0
∣∣∣ N∑
n=0
anξ
∣∣∣ <∞.
It has been shown by Allan, O’Farrell and Ransford [19] that, if E has measure zero,
then
∑∞
n=0 anz
n converges to f(z) at each point z in T \E.
Does the conclusion remain true if E has positive measure? (Nothing appears to be
known either way.)
(T. J. Ransford)
Update 5.72 No progress on this problem has been reported to us.
Problem 5.73 Let 0 < α < 1 and let Rα denote the set of all Riesz potentials p(x) of
finite positive Borel measures µ on R:
p(x) =
∫ ∞
−∞
|x− t|−α dµ(t).
Characterise those non-negative measurable functions f(x) on R that are dominated
by some function p in Rα.
(B. Korenblum)
Update 5.73 No progress on this problem has been reported to us.
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Problem 5.74 Characterise those non-negative measurable functions f on the unit
circle that are dominated almost everywhere by moduli of the boundary values of an
analytic function in the unit disc with positive real part. (Problem 5.73 might be
considered a step towards solving this problem.)
(B. Korenblum)
Update 5.74 No progress on this problem has been reported to us.
Problem 5.75 Does there exist a bounded analytic function in D such that the image
of every radius has infinite length? See, for example, Anderson [21], and Rudin [682].
(W. Rudin; communicated by K. F. Barth)
Update 5.75 No progress on this problem has been reported to us.
Problem 5.76 Let γ be a non-tangential arc that lies in D except for one endpoint at
z = 1, and define
γθ = e
iθγ , θ ∈ [0, 2π).
Does there exist a function g ∈ H∞ such that
lim
z→eiθ, z∈γθ
g(z)
exists for no value of θ? (See Rudin [684].)
If γ is tangential, the answer is ‘yes’, see Collingwood and Lohwater [172, p. 43].
(W. Rudin; communicated by K. F. Barth)
Update 5.76 No progress on this problem has been reported to us. We note that
this problem is not clearly formulated, as the general form of Fatou’s theorem says
that the angular limit exists for almost all point on T, see Collingwood and Lohwater
[172, p. 21].
Problem 5.77 In general, the radial behaviour of the derivative of a bounded analytic
function in D can be pretty arbitrary; in fact, even under much stronger restrictions
than just bounded, it can still be quite arbitrary.
Is it true that, given any measurable function m(θ) on [0, 2π), there exists a function
f(z), continuous on D and univalent on D, such that
lim
r→1
f ′(reiθ) = m(θ)
for almost all θ? (In terms of known results, the conjecture seems quite plausible. Or-
tel and Schneider [618] showed that the conjecture is true under slightly strengthened
hypotheses; and Lohwater, Piranian and Rudin [529] showed that the conjecture is
true with a slightly weakened conclusion.)
(W. J. Schneider)
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Update 5.77 No progress on this problem has been reported to us.
Problem 5.78 Let H1 denote Hausdorff one-dimensional measure on C, and T; let
g : T→ [−∞,∞] denote an arbitrary Borel function. Does there exist a corresponding
function f , analytic in D and with bounded Taylor coefficients, such that
lim
r→1−
f(rz) = g(z)
for H1-almost all z in T?
For work on related questions, see Ortel and Schneider [618].
(M. Ortel and W. J. Schneider)
Update 5.78 No progress on this problem has been reported to us.
Problem 5.79
(a) Let f be a non-constant analytic function in D, m be a positive integer, and define
ψ = (f)mf ′. Then it is shown by Sons ([725, Theorem 2]) that, when f and ψ
both belong to MacLane’s class A [547], either
(i) f has finite asymptotic values on a dense subset of T, or
(ii) ψ assumes every finite value infinitely often.
What replacements can be found for (i) (to give another correct theorem)? Can
ψ be taken to be of the form
ψ = (f)m0(f ′)m1 . . . (f (k))mk ,
whenever k,m0,m1, . . . ,mk ∈ N ∪ {0}?
(b) It is known that the conclusion in part (a) is true when ψ is replaced by
ψ = f (l) +
i−1∑
ν=0
aνf
(ν),
where l ∈ N and the aν are analytic functions in {|z| < 1 + r}, for some positive
r. What replacements can be found in this case for (i) to give another correct
theorem? Can the aν be taken as functions analytic in D with T (r, aν) = o(T (r, f))
as r → 1?
(For both parts, compare Problem 1.38.)
(L. R. Sons)
Update 5.79 No progress on this problem has been reported to us.
New Problems
To appear.
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Chapter 6
Univalent and Multivalent
Functions
Preface by Ch. Pommerenke (to appear)
Notation A function w = f(z) analytic or meromorphic in a domain D, is said to
be schlicht or univalent in D, if f(z) assumes different values at different points of D.
Such a function maps D univalently onto a domain ∆ in the w plane. Among classes
of univalent functions, the following play a particularly important role. We denote by
S the class of functions of the form
f(z) = z +
∞∑
n=2
anz
n (6.1)
analytic and univalent in the unit disc D and by Σ the class of functions
F (z) = z +
∞∑
n=1
bnz
−n (6.2)
analytic and univalent for 1 < |z| <∞.
An account of various elementary extremal problems for the class S is given by Hayman
[391, Chps. 1, 6]. It is known that for many problems in S, the extremal functions are
the Koebe functions
w = fθ(z) =
z
(1− zeiθ)2 = z +
∞∑
n=2
nznei(n−1)θ ,
which map D onto the plane cut along a ray going from w = −14e−iθ to∞ in a straight
line away from the origin. The corresponding functions of Σ are
w = Fθ(z) = fθ(z
−2)−
1
2 = z − e
iθ
z
,
which map |z| > 1 onto the plane cut along the segment from −2iei(θ/2) to 2iei(θ/2).
Many of the most interesting problems for S and Σ relate to the size of the coefficients
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an and bn. Pre-eminent among these is the famous Bieberbach conjecture.
Problem 6.1 The Bieberbach conjecture Is it true that |an| ≤ n for f in S
with equality only for f(z) ≡ fθ(z)? The result is known to be true for n = 2 (see
Bieberbach [97]), n = 3 (see Lo¨wner [533]), and n = 4 (see Garabedian and Schiffer
[289], Charzynski and Schiffer [153]).
Update 6.1 De Branges’ [186] proof of the Bieberbach conjecture has transformed
this field. Suppose that S is the class of functions
f(z) = z +
∞∑
n=2
anz
n
univalent in D. We also define
log
f(z)
z
= 2
∞∑
k=1
γkz
k
and (f(z)
z
)p
=
∞∑
n=0
an,pz
n, p > 0.
Then de Branges proved Milin’s conjecture (see [186] and [574]) that
N∑
n=1
n∑
k=1
k|γk|2 ≤
N∑
n=1
n∑
k=1
1
k
,
(Problem 6.42), and this in turn implies Robertson’s conjecture (see Sheil-Small [708])
n∑
k=0
|ak, 1
2
|2 ≤ n+ 1
(Problem 6.39), which implies the Bieberbach conjecture |an| ≤ n (Problem 6.1), as
well as the corresponding result for functions subordinate to f , and a positive answer
to Problems 6.2 and 6.85.
Among earlier proofs, the result for n = 6 was proved independently by Pederson
[625] and Ozawa [622], and for n = 5 by Pederson and Schiffer [626]. Among later
proofs, that of Fitzgerald and Pommerenke [269] may be mentioned.
Problem 6.2 Define An = supf∈S |an|. It is shown by Hayman [390] that
An
n
→ K0, as n→∞.
Is it true that K0 = 1? The best known result so far is K0 < 1.243 due to Milin [575].
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Update 6.2 See Update 6.1.
With regard to earlier weaker results, Fitzgerald [268] had proved that
|an| ≤ Kn,
where K = (7/6)
1
2 = 1.080 . . .. Horowitz [447] sharpened this to K < 1.0657, and
Fitzgerald has remarked that the best his method might be expected to yield is
K < (7/6)
1
4 = 1.039 . . .. Further, Hamilton [370] proved that An+1 − An → K0, and
also [371] that K0 = 1 is implied by, and so is equivalent to, Littlewood’s conjecture
|an| ≤ 4dn where d is the distance from the origin to the complement of the image
of D by f(z). By de Branges’ Theorem (see Update 6.2) An = n for all n, so that
K0 = 1, and Littlewood’s conjecture holds.
Problem 6.3 If f(z) in S it is shown by Bombieri [105], that there exist constants cn
such that for f(z) in S
|Re (n − an)| ≤ cnRe (2− a2).
What is it the exact size of the constants cn? Is it true that there exists dn such that∣∣n− |an|∣∣ ≤ dn(2− |a2|) ?
(E. Bombieri)
Update 6.3 No progress on this problem has been reported to us.
Problem 6.4 Suppose that F (z) = z +
∑∞
n=1 bnz
−n ∈ Σ and that
G(z) = z +
∞∑
n=1
cnz
−n
is the inverse function of F (z). What are the exact bounds for |bn| and |cn|? The
following results are known
|b1| = |c1| (Bieberbach [97]).
|b2| = |c2| ≤ 23 (Schiffer [699], Goluzin [331]).
|b3| ≤ 12 + e−6 (Garabedian and Schiffer [288]).
|c3| ≤ 1 (Springer [727]).
These are sharp.
Update 6.4 Springer [727] had conjectured that
|c2n−1| ≤ (2n − 2)!
n!(n− 1)! , n = 1, 2, . . . .
Kubota [502] has proved this conjecture for n = 3, 4, 5, and has also [501] obtained
the sharp upper bounds of |b4| and |b5| among all F with real coefficients.
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Problem 6.5 If it proves too difficult to obtain sharp bounds for all of the coefficients
in Problem 6.4, we ask for the orders of magnitude. An area principle shows that
∞∑
n=1
n|bn|2 ≤ 1
and hence
bn = o(n
− 1
2 ).
Clunie and Pommerenke [166] have shown that
|bn| = O(n− 12− 1300 ).
In the opposite direction, examples due to Clunie [158] show that
|bn| > n−1+δ
is possible for indefinitely many n and a fixed F (z) in Σ, where δ is an absolute
constant.
Update 6.5 Pommerenke [651] has proved that
|bn| ≥ n0.17−1
can hold for infinitely many n.
As stated above, Clunie and Pommerenke [166] proved that
|bn| = O
(
n−
1
2
−δ)
where δ = 1/300. A corresponding improvement to the coefficient estimates for
bounded functions in S follows from this method.
See also Update 4.18.
Problem 6.6 What are the orders of magnitude of the cn in Problem 6.4? Springer
[727] obtained the estimate
|cn| ≤ 2
n
n
and also showed that, given ε > 0,
|c2n−1| > (1− ε)22n−2e/(πn3) 12
is possible for all sufficiently large n.
Update 6.6 No progress on this problem has been reported to us.
Problem 6.7 If f(z) in S and is bounded, i.e. satisfies |f(z)| < M for z ∈ D, we again
ask for the order of magnitude of the coefficients an. Since the area of the image of D
by f(z) is at most πM2, we deduce that
∑
n|an|2 ≤M2, so that again
|an| = o(n−
1
2 ), as n→∞.
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Here also Clunie and Pommerenke [166] have shown that
|an| = O(n− 12− 1300 ).
Examples in the opposite direction due to Littlewood [524], show again that for a
sufficiently small positive δ, we can have
|an| > n−1+δ
for infinitely many n and a fixed f(z). The problems for this class of functions seem
very analogous to the corresponding problems for Σ, see Problem 6.5.
Update 6.7 Carleson and Jones [143] established that this problem is equivalent to
Problem 6.5; they also have shown that, as conjectured above, the bounds for the
coefficient |an| in Σ and those for bounded functions in S are of the form n−γ+o(1)
where γ is an absolute constant, which they conjecture to be 34 . See also Update 4.18
and Update 6.8.
Problem 6.8 We write
Iλ(r, f) =
{ 1
2π
∫ 2pi
0
|f(reiθ|λ dθ
}1/λ
.
What are the exact bounds for Iλ(r, f) and Iλ(r, f
′) when f in S or f in Σ? If f(z)
in S, it is known that for fixed λ, the orders of magnitude of Iλ(r, f) and Iλ(r, f
′) are
maximal when f(z) is the Koebe function. For the best results in this direction, see
Bazilevicˇ [69].
If f in S and |f | < M , or if f in Σ, it is almost trivial from the area principle that
I1(r, f
′) = o(1− r)− 12 , as r → 1.
Clunie and Pommerenke [166] have improved this to
I1(r, f
′) = O(1− r)− 12+ 1300 .
A function f(z) in S is said to be convex if the image of D by w = f(z) is a convex
domain D in the w-plane, i.e. for any two points w1, w2 in D, the straight line segment
w1, w2 also lies in D. A function F (z) in Σ is said to be convex if the complement of
the image of |z| > 1 by F (z) is convex.
Update 6.8 Baernstein [39] has shown that if φ(R) is any convex function of logR
then for each r, with 0 < r < 1, ∫ 2pi
0
φ
(|f(reiθ)|) dθ
is maximised in the class S by the Koebe function. Thus he completely settled this
classical problem for class S. The problem for class Σ remains open. Carleson and
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Jones [143] proved that problems 6.5, 6.7 and 6.8 for class Σ are equivalent.
See also Update 4.18.
Problem 6.9 (Schoenberg’s conjecture) If f(z) =
∑∞
n=1 anz
n and g(z) =∑∞
n=1 bnz
n are convex, and f , g belong to S, is it true that
f ∗ g =
∞∑
n=1
anbnz
n
is also a convex function in S? See Po´lya and Schoenberg [638].
Update 6.9 Ruscheweyh and Sheil-Small (see [690] and [689]) have proved this result.
Problem 6.10 If F (z), G(z) are convex functions in Σ, it is known that for 0 < λ < 1,
H(z) = λF (z) + (1− λ)G(z) ∈ Σ,
see Pommerenke [646]. Is it true that H(z) is also convex?
(Ch. Pommerenke)
Update 6.10 Contrary to previous updates, no progress on this problem has been
reported to us.
Problem 6.11 If f(z), g(z) are convex functions in S, is it true that for 0 < λ < 1,
λf + (1 − λ)g is star-like and univalent? A function w = f(z) in S is said to be
star-like if the image domain D is star-like with respect to the origin O, that is, if for
any point P in D the straight line segment OP lies in D. It is known that f(z) is
convex if and only if zf ′(z) is star-like, see e.g. Hayman [391, Chp. 1].
Update 6.11 A counter-example has been given by Macgregor [542] who has also
found the largest disc in which λf + (1− λ)g is star-like.
Problem 6.12 If f(z) = z +
∑∞
k=2 ankz
nk ∈ S, and
lim inf
k→∞
nk+1
nk
> 1,
then Pommerenke [647] has proved that
an = o
( 1
n
)
(6.3)
and this is sharp. If
lim inf
k→∞
(nk+1 − nk) > 4,
then Hayman [398] has shown that
an = o(n
− 1
2 ). (6.4)
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Are there intermediate gap conditions which allow us to interpolate between (6.3) and
(6.4)?
Update 6.12 No progress on this problem has been reported to us.
Problem 6.13 Suppose that f(z) in S, and that positive integers k,m, n, are given.
It is known that there exist complex numbers c0, c1, . . . , cm, depending on k,m, n and
f , such that c0 = 1, |cm| ≥ 4−m and
|c0an+j + c1an+j+1 + . . .+ cman+j+m| ≤ Knαm , 0 ≤ j ≤ k, (6.5)
where K is a constant depending on k,m and f , and αm = 8/
√
m− 12 . What are the
best possible values for the αm? See Pommerenke [649]. It is known that α1 = 0, and
it may be conjectured that α2 = −13 , α3 = −12 + ε, and αm < −12 for m > 4.
If, in addition, f(z) is star-like, then Pommerenke has shown that (6.5) holds with
αm = −1 + 2m+1 . The result is sharp.
Update 6.13 Pommerenke [651] has made some progress with this, showing that for
large m,
αm < −1
2
+
2
m2
.
Problem 6.14 If f(z) in S, set
A(k)n =
∣∣∣∣∣∣
an, an+1, . . . , an+k−1
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
an+k−1, an+k, . . . , an+2k−2
∣∣∣∣∣∣
Using (6.5), Pommerenke [649] proved that if k is fixed
|A(k)n |1/k = O(njk), as n→∞, (6.6)
with jk = −12 + 16/
√
k. Here the conjecture is that jk < −12 for large k. It can be
shown that for k = 2, (6.6) is false with j2 = 0, and holds with j2 =
1
4 , see Hayman
[400].
If f(z) is in addition star-like, then Pommerenke [649] showed that the best possible
values of jk are jk = −1 + 2/k.
Update 6.14 Pommerenke [650] has proved that for k = 2, 3, . . .,
A(k)n = O
(
n
3
2
− 1
2
k−kβ), as n→∞
for some constant β, where β > 14000 .
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Problem 6.15 If f(z) in S, write
fα(z) =
∫ z
0
f ′(ζ)α dζ.
For what values of α, is it true that fα(z) ∈ S? The result is known to hold for
α ≤ (√5− 2)/3 (see Duren, Shapiro and Shields [211]), but not for α > 13 , see Royster
[678].
If for z in D, f(z) is analytic and |f ′′(z)/f ′(z)| ≤ c/(1− |z|2), then f(z) is univalent if
c ≤ 2(
√
5− 2), (6.7)
see Duren, Shapiro and Shields [211]; but not if c > 2, see Hille [442]. What is the
best value of c?
(P. L. Duren)
Update 6.15 Becker [71] has shown that the right hand side of (6.7) could be
improved to 1. Becker and Pommerenke [74] showed that this is best possible.
Problem 6.16 Let S∗ be the class of all star-like functions f(z) in S. Marx [555]
conjectured that for each fixed z0, |z0| < 1, the set of all numbers f ′(z0) for f ∈ S∗
coincides with the set of all number k′(z), |z| ≤ |z0|, where
k(z) =
z
(1− z)2
is the Koebe function. This is known to be true for |z| ≤ 0.736, see Duren [205].
(P. L. Duren)
Update 6.16 This is a version of the Marx conjecture [555]. A counter-example has
been given by Hummel [453].
Problem 6.17 If f(z) = z +
∑∞
n=2 anz
n in S, then
A = π
∞∑
n=1
n|an|2
is the area of the image domain. What is the minimum value of A when a2 is given?
Clearly A ≥ π(1 + 2|a2|2) always, but this bound is not sharp if |a2| > 12 , since in this
case f(z) = z + a2z
2 is not univalent in D.
(H. S. Shapiro)
Update 6.17 No progress on this problem has been reported to us.
Problem 6.18 If F (z) = z +
∑∞
n=1 bnz
−n in Σ, then
A(F ) = π − π
∞∑
n=1
n|bn|2
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is the area of the set of values not assumed by F (z) in D. If Fn(z) ∈ Σ, and
Fn(z)→ F (z), as n→∞,
for |z| > 1, under what additional hypotheses is it true that
A(Fn)→ A(F ), as n→∞ ? (6.8)
It is suggested that (6.8) might be true under some hypotheses on (1− |z|2)2{F (z), z}
where
{F (z), z} =
(F ′′
F ′
)′
− 1
2
(F ′′
F ′
)2
is the Schwarzian derivative of F (z).
(L. Bers)
Update 6.18We note that there were errors in the original statement of this problem.
No progress on this problem has been reported to us.
Problem 6.19 If f(z) =
∑∞
n=1 anz
n is analytic in D and
∑∞
n=1 |an| < +∞, can f(z)
map the unit circle T onto a curve of positive two-dimensional measure if
(a) f(z) in S,
(b) more generally, f ′(z) 6= 0 in D?
Update 6.19 No progress on this problem has been reported to us.
Problem 6.20 Let C be a closed curve inside the unit circle T. Under what conditions
on C does there exist a univalent function f in D such that f(C) and f(T) are both
convex?
Update 6.20 No progress on this problem has been reported to us.
Problem 6.21 A function f(z) analytic in D is said to be typically real if f(z) is real,
when and only when z is real, see Rogosinski [668].
If f(z) = z +
∑∞
n=2 anz
n is typically real in D, then
f(z) =
z
1− z2P (z),
where P (0) = 0, ReP (z) > 0 in D. What other conditions must P (z) satisfy to make
f(z) univalent in D?
Update 6.21 No progress on this problem has been reported to us.
Problem 6.22 If f(z) = z +
∑∞
n=2 anz
n is univalent and star-like of order 12 in D, i.e.
Re
zf ′(z)
f(z)
≥ 1
2
,
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find the radius of the largest disc |z| < r in which f(z) is convex. In other words, when
is
min
|z|=r
Re
{P + 1
2
+ z
P ′(z)
P + 1
}
> 0,
where ReP (z) > 0 in D and P (0) = 1?
Update 6.22 No progress on this problem has been reported to us.
Notation Let f(z) be analytic in a domain D and let n(w) be the number of roots of
the equation f(z) = w in D. Then f(w) is said to be mean p-valent in D if∫ 2pi
0
∫ R
0
n(ρeiφ)ρ dρ dφ ≤ πpR2, 0 < R <∞. (6.9)
Frequently, it is possible to prove analogous results to those for univalent functions
for the wider class of mean p-valent functions. Counter-examples for mean p-valent
functions are in general much easier to find. We discuss briefly how some of the
preceding problems could be modified for mean p-valent functions. In this connection,
the following counter-example is valuable, see Pommerenke [645].
If
f(z) = 1 +
∞∑
m=1
amz
m,
where
(a)
∑∞
m=1 |am| < ε,
(b)
∑∞
m=1m|am|2 < ε,
then f(z) is bounded and mean p-valent in D with p < ε/(1 − ε)2. In fact
n(ρeiφ) = 0, ρ < 1− ε,
and ∫ 2pi
0
∫ R
0
n(ρeiφ) dρ dφ ≤ π
∞∑
n=1
n|an|2 < πε < π ε
(1− ε)2R
2,
if R > 1− ε.
On the other hand, (a) and (b) permit isolated relatively large coefficients so that
no boundedness or gap-condition for mean p-valent functions can imply more than
|an| = o(n− 12 ) for this class. In particular, the results of Pommerenke and Clunie
quoted in Problems 6.5, 6.7, 6.8 and 6.12 have no analogue for mean p-valent functions,
though (6.4) holds for the wider class, provided that
lim sup(nk+1 − nk) > 4p,
and this condition is sharp, see Hayman [398].
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We discuss modifications of some of the other problems for p-valent functions.
Since a polynomial of degree p is automatically mean p-valent for any positive integer
p, it is clear that we cannot in general expect to limit the growth of mean p-valent
functions
f(z) =
∞∑
n=0
anz
n
unless we have information about the coefficients a0 to ap. We write
µp = max
0≤ν≤p
|aν |,
and denote by S(p) the class of functions f(z) analytic and mean p-valent in D, and
such that µp = 1. It is known (see e.g. Hayman [391, Theorem 3.5, p. 50]) that, if
f(z) in S(p) with p > 14 ,
|an| < A(p)n2p−1.
Our counter-example shows that this is false for p < 14 . It was also shown by Spencer
(in a letter to Hayman) that |a3| > 3 is possible for f(z) = z +
∑∞
n=2 anz
n in S(1), so
that the analogue of Bieberbach’s conjecture fails for n = 3. However, Spencer [726]
proved that |a2| ≤ 2 in this case.
Problem 6.2′ If A(p)n = supf∈Sp |an| is it true that
A
(p)
n
n2p−1
→ Kp, as n→∞,
and if so, what is Kp? It is known that for a fixed f in S(p), the limit
αf = lim
n→∞
|an|
n2p−1
exists if p > 14 , see Hayman [388] and Eke [726].
Update 6.2′ No progress on this problem has been reported to us.
Problem 6.7′ Here our counter-example shows that |an| = o(n− 12 ) is best possible
for bounded f(z) in S(p).
Problem 6.8′ If we ask the analogous problems to those of Problem 6.8 for the class
S(p), the correct orders of magnitude are again known in many cases, but not the
exact bounds. If f in S(p) and f is bounded, then
I1(r, f
′) = o(1− r)− 12
and this is sharp for the class, by our introductory example.
Problem 6.13′ The results of Pommerenke [649] were proved in fact for mean p-
valent functions, and if f(z) =
∑∞
n=0 anz
n is mean p-valent with p > 14 , then (6.5)
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holds with αm = −12 + 8p
3
2 /
√
m. This result is probably far from the best possible,
though clearly αm ≥ −12 in all cases. Lucas [534] has shown that α1 = 2p− 2 if p ≥ 1,
and α1 ≤ 2p − 2√p for 14 < p < 1. It is fair to conjecture that the correct value of α1
is p− 1 for 12 < p < 1 and −12 if p < 12 . It might also be conjectured that αm = −12 for
m+ 1 > 4p.
The functions
f(z) =
(1 + zm+1
1− zm+1
)2p/(m+1)
= 1 +
∞∑
n=2
anz
n
provide counter-examples. These functions are mean p-valent, and an = 0 except when
(m+ 1) divides n, and for the remaining values of n we have, as n→∞,
|an| ∼ Cn2p/(m+1)−1, where C is a constant.
Thus (6.5) cannot hold with αm < 2p/(m+ 1)− 1.
Update 6.13′ Some work on this probem has been done by Noonan and Thomas [608].
Problem 6.14′ Here again the main conclusions extend to mean p-valent functions. In
this case (6.6) holds with jk = −12+16(p3/k)
1
2 . This is still unlikely to be best possible.
Update 6.14′ Some work on this probem has been done by Noonan and Thomas [608].
Problem 6.23 A related problem concerns upper bounds for |an+1| − |an| when f(z)
is mean p-valent. Lucas [534] has proved that∣∣|an+1| − |an|∣∣ = O(njd),
where jd = 2p − 2, if p ≥ 1; jd ≤ 2p − 2√p if 14 < p < 1; and jd = −12 , if p < 14 .
The result for 14 < p < 1 is probably not sharp. A similar question may be asked for
symmetric mean p-valent functions of the type
f(z) =
∞∑
n=0
anz
an+b.
The coefficients of such functions behave rather like those of functions
∑
anz
n which
are mean (p/a)-valent. In particular, if f(z) = z +
∑
anz
2n+1 is mean univalent, then
Lucas [534] proved that ∣∣|an+1| − |an|∣∣ = O(n1−√2).
Update 6.23 No progress on this problem has been reported to us.
Problem 6.24 If f(z) = z +
∑∞
n=2 anz
n ∈ S(1), prove that on |z| = r,
|f(z)| ≤ r
(1− r)2 .
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It is shown by Garabedian and Royden [287] that f(z) assumes in D each value w such
that |w| < 14 and hence that
|f(z)| ≥ r
(1 + r)2
, |z| = r.
The question of sharp bounds for |f ′(z)| and |f ′(z)|/|f(z)| is also open. The corre-
sponding results for S are elementary, see e.g. Hayman [391, Chp. 1].
Update 6.24 No progress on this problem has been reported to us.
Notation If f(z) is analytic in a domain D, and n(w) is the number of roots of the
equation f(z) = w inD, then f(z) is called p-valent inD if p is an integer and n(w) ≤ p
always. If p is any positive number and
1
2π
∫ 2pi
0
n(Reφ) dφ ≤ pR, 0 < R <∞, (6.10)
then f(z) is called circumferentially mean p-valent. Clearly (6.10) implies (6.9), that
is, circumferentially mean p-valence implies mean p-valence.
Problem 6.25 Suppose that p is an integer and f(z) =
∑∞
n=0 anz
n is p-valent in D.
It is conjectured by Goodman [334] that
|an| ≤
p∑
k=1
|ak|D(p, k, n),
where
D(p, k, n) =
2kn
∏p
α=1(n
2 − α2)
(p+ k)!(p − k)!(n2 − k2) , 1 ≤ k ≤ p < n.
This result, containing the Bieberbach conjecture as a special case, is likely to
be extremely difficult. The inequality if true would be sharp in all cases. No
counter-examples are known and the conjecture has been proved only if ak = 0 for
k = 1, 2, . . . , (p − 1) and n = p + 1, see Spencer [726]; or n = p + 2, see Jenkins [462,
p. 160]. The conjecture is true and sharp for certain classes of p-valent functions,
namely those which are typically real of order p, see Goodman and Robertson [343].
We recall that the conjecture is definitely false for areally mean p-valent functions, if
p = 1 and n = 3 by the example of Spencer [726], though for circumferentially mean
p-valent functions it remains true in this case, see Jenkins [462, p. 160].
Update 6.25 No progress on this problem has been reported to us.
Problem 6.26 Suppose that f(z) =
∑∞
n=0 anz
n is circumferentially mean p-valent
and f(z) 6= 0 in D. (This latter condition is a consequence of mean p-valency if p < 1).
It is conjectured that in this case, at least if p ≥ 1, we have
|an| ≤ An,p (6.11)
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where
F (z) = a0
(1 + z
1− z
)2p
=
∞∑
n=0
An,pz
2n. (6.12)
The conjecture (6.11) is known to be true for n = 1 and all p; and for n = 2, 3 if
p = 1, by the results quoted in Problem 6.25. It is certainly false for small positive p,
and large n, since it would imply an = O(n
ε−1) for every positive ε as n → ∞, for a
bounded univalent function. For if g(z) is bounded and univalent, and ε > 0, then if
K is a sufficiently large positive constant g(z) +K is circumferentially mean ε-valent.
On the other hand, if p > 14 and f(z) is fixed, (6.11) holds for all sufficiently large n,
see Hayman [391, Theorem 5.10, p. 113]. In the special case when p = 1 and f(z) is
univalent, (6.11) reduces to the Littlewood conjecture |an| ≤ 4|a0|n. This conjecture
is somewhat weaker than the Bieberbach conjecture. It was shown by Nehari [595]
(see also Bombieri [104]) that we have at any rate |an| ≤ 4K0|a0|n if f(z) is univalent,
where K0 is the constant of Problem 6.2. Thus, Littlewood’s conjecture holds since
K0 = 1, as was pointed out in Update 6.2.
It also seems likely that for λp > 1
Iλ(r, f) ≤ Iλ(r, F )
if f(z) satisfies the above hypotheses, and F (z) is given by (6.12).
Update 6.26 See Update 6.2. Nothing beyond this is known.
Problem 6.27 Suppose that
g(z) = z + b0 + b1z
−1 + . . .
is univalent in |z| > 1. Is it true that for each positive ε we have
n|bn| = O(nε)
{
max
0<|ν−n|<n
2
(ν(|bν |+ 1)
}
, as n→∞ ?
This is suggested by some results of Clunie and Pommerenke.
(J. Clunie, Ch. Pommerenke)
Update 6.27 There were errors in the original statement of this problem. No progress
on this problem has been reported to us.
Problem 6.28 Suppose that f(z) = z +
∑∞
n=2 anz
n in S and that P (z) =
∑n
k=0 bkz
k
is a polynomial of degree at most n. Is it true that
max
|z|=1
|P (z) ∗ f(z)| ≤ nmax
|z|=1
|P (z)|?
Here P ∗ f = ∑nk=0 akbkzk. The above result would imply Rogosinski’s generalised
Bieberbach conjecture but is weaker than Robertson’s conjecture, see Sheil-Small
[708].
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(T. Sheil-Small)
Update 6.28 No progress on this problem has been reported to us.
Problem 6.29 With the above notation f(z) in S if and only if for each pair of
numbers ξ1, ξ2 satisfying |ξ1| ≤ 1, |ξ2| ≤ 1, we have
f(z) ∗ z
(1− ξ1z)(1− ξ2z) 6= 0, 0 < |z| < 1.
On the other hand it is true that if F (z) ∗ f(z) 6= 0, 0 < |z| < 1 whenever f in S,
then F (z) is star-like. What is the complete class of star-like functions having this
property? F (z) = z + zn/n has the property since the Bieberbach conjecture holds.
(T. Sheil-Small)
Update 6.29 No progress on this problem has been reported to us.
Problem 6.30 If f in S, Baernstein has shown that∫ 2pi
0
|f(reiθ)|p dθ ≤
∫ 2pi
0
|k(reiθ)|p dθ, 0 < r < 1, 0 < p <∞,
where k(z) is the Koebe function.
Does the corresponding inequality hold for integral means of the derivatives at least
for certain values of p? The best we can hope for is that it holds for p ≥ 13 because
k′(z) ∈ Hp for p < 13 , and there exist functions f in S for which f ′(z) does not
belong to any Hp. (An example is due to Lohwater, Piranian and Rudin [529]). For
close-to-convex functions it was proved by MacGregor [541] that the result holds for
p ≥ 1, and in fact the corresponding inequality holds for derivatives of all orders.
(A. Baernstein)
Update 6.30 Leung [512] proved that∫ 2pi
0
|f ′(reiθ)|p dθ ≤
∫ 2pi
0
|k′(reiθ)|p dθ, 0 < r < 1, 0 < p <∞,
for all functions in a certain subclass of the Bazilevicˇ functions which includes the
close-to-convex functions. For p < 1 this was previously unknown even for star-like
functions. Feng and MacGregor [261] have shown that in the full class S the inequality
is correct in order of magnitude as r → 1 if p > 2/5. The asymptotic problem therefore
remained open for 1/3 ≤ p ≤ 2/5, but Makarov [551] has given a counter-example if
p− 13 is sufficiently small. This is related to the Brennan conjecture. See Problem 6.96.
Problem 6.31 Duren [208] has shown that if f(z) =
∑∞
n=0 anz
n in S and if
(1− r)2f(r) = λ+O((1− r)δ), as r → 1−,
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for some λ, δ, where λ 6= 0, δ > 0, then
an
n
= λ+O
( 1
log n
)
, as n→∞.
To what extent can this estimate be improved?
(P. L. Duren)
Update 6.31 No progress on this problem has been reported to us.
Problem 6.32 Let Sα, 0 < α ≤ 1 be the subclass of S of functions f such that
C \ f(D) is a single piecewise analytic slit from some finite point ω0 to ∞ that makes
an angle at most απ/2 with the radii vectors. What can be said about the Taylor
coefficients of functions in Sα? If f(−1) = ∞ and f(eiφf ) = ω0, −π < φ < π, find
supf∈Sα |φf |.
(K. W. Lucas)
Update 6.32 No progress on this problem has been reported to us.
Problem 6.33 The same questions as in Problem 6.32 can be asked under the
alternative hypothesis that C \ {f(D)} is a single piecewise analytic slit from some
finite point (ω0, say) to ∞ lying in an infinite sector with opening απ (0 < α ≤ 2)
and vertex ω0.
(K. W. Lucas and D. A. Brannan)
Update 6.33 No progress on this problem has been reported to us.
Problem 6.34 A function f(z) = z + a2z
2 + . . . analytic in D is said to belong to
Ruscheweyh’s class M if the ∗ (i.e. Hadamard) convolution of f with every (nor-
malised) convex function is univalent. All close-to-convex functions lie in M . Suppose
that g(z) = z + b2z
2 + . . . is analytic in D and satisfies the condition
Re
{φ ∗ (gF )
φ ∗ g
}
> 0 |z| < 1, (6.13)
for all normalised convex functions φ, and all normalised functions F of positive real
part in D. If g is star-like, then (6.13) certainly holds; is (6.13) true for any other g,
or (maybe) for some significant larger family of g?
If g satisfies (6.2) and the condition
Re
(zf ′
g
)
> 0, |z| < 1,
then f ∈M ; does this classify M?
(T. Sheil-Small)
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Update 6.34 Sheil-Small observes that the suggested classification for M is invalid.
The duality method shows that if g(z) = z + . . . is analytic and satisfies
φ(z) ∗ 1 + xz
1− yz g(z) 6= 0, 0 < |z| < 1,
for |x| = |y| = 1 and every convex function φ, then g is star-like. Duality also shows
that M is a linear invariant family. Its geometrical classification remains unknown.
Problem 6.35 Let O be a subset of D = {|ω| < 1}. Find a characterisation of those
O that are of the form (C \ f(D)) ∩D for some f in S. What is the maximum area of
O ? Given that ω1, ω2 ∈ {|ω| < 1}, how does one tell whether there exists such an f
with ω1, ω2 ∈ Of? The same question could be asked for ω1, ω2, ω3 etc.
(A. W. Goodman)
Update 6.35 This problem was originally wrongly attributed to D. A. Brannan.
Barnard and Suffridge have observed that an extremal domain g(D), g in S, for this
problem must be circularly symmetric and have as its boundary (up to rotation) the
negative reals up to −1, an arc λ of the unit circle which is symmetric about −1, and a
Jordan curve γ symmetric about the real axis, lying in the unit disc D and connecting
the endpoints of λ. If γ is assumed to be piecewise twice continuously differentiable,
then it can be proved that |zg′(z)| is constant on g−1(γ). See also Barnard, Pearce,
and Solynin [57] for a summary of progress.
Problem 6.36 Suppose that f in S and define
fp(z) = [f(z)]
p = zp +
∞∑
n=p+1
an,pz
n.
What can be said about bounds for an,p? If |an,1| ≤ Kn for all n and fixed K, then,
for integral p,
|an, p| ≤ Kp2p(2p + 1) . . . (n + p− 1)
(n− p)! ,
but it might be easier to obtain bounds for fp than for f .
(W. K. Hayman)
Update 6.36 It was observed independently by Aharonov (unpublished), Grinshpan
[350] and Hayman and Hummel [411], that de Branges’ theorem yields the sharp
bounds
|an, p| ≤ Γ(2p+ n)
Γ(n+ 1)Γ(2p)
= bn, p, n = 0, 1, 2, . . . , p ≥ 1.
The result holds trivially for all p if n = 0 or 1, but, as Grinshpan [350] has shown, it
fails for p < 1 whenever n ≥ 2. However, Hayman and Hummel [411] showed that at
least for 14 ≤ p < 1, if
An, p = sup |an, p|,
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then
An, p
bn, p
→ Kp, as n→∞.
Also Kp > 1 if p < 0.499. We conjecture that Kp = 1 if and only if p ≥ 12 .
Problem 6.37 Suppose that f(z) = z+ c3z
3+ c5z
5+ . . . is an odd univalent function
in D, and let dn = |c2n+1| − |c2n−1|. It is known that dn → 0, the best known estimate
being dn = O(n
1−√2); can this be improved to
dn = O(n
− 1
2 ) ? (6.14)
(Nothing better is possible, as is shown by the fourth-root transform of the Koebe-
function).
Milin (see [579, p. 107]; [578]; and [577]) proves that dn ≤ K(α)n− 12 for functions f
such that g(z) = [f(z
1
2 )]2 = z + a2z
2 + . . . is univalent in D and has positive Hayman
number α = limn→∞ n−1|an|; but K(α) → ∞ as α → 0. Levin [515] showed that
dn = O(n
− 1
2 log n) if cn vanishes for n 6≡ 1 (mod 4).
(P. L. Duren)
Update 6.37 For general univalent functions, there has been no improvement on
Lucas’ upper bound dn = O(n
1−√2), however (6.14) has been proved by Elhosh [225]
for close-to-convex functions.
Problem 6.38 With the notation of Problem 6.37, is it true that
∞∑
n=1
n−βd2n <∞
where β = (
√
2− 1)2?
(K. W. Lucas)
Update 6.38 Milin [576] has proved that for every positive β,
∞∑
n=1
n−2βd2n < 50
∞∑
n=1
1
n1+2β
.
Problem 6.39 Suppose f in S and define h(z) = {f(z2)} 12 = z + c3z3 + c5z5 + . . .
Robertson’s conjecture (see Sheil-Small [708]) asserts that
1 + |c3|2 + |c5|2 + . . .+ |c2n−1|2 ≤ n.
This is known to be true if f is star-like; is it true if f has real coefficients, or if f is
close-to-convex?
(P. L. Duren)
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Update 6.39 See Update 6.1.
Problem 6.40 If f(z) in S and if the an are real, then
1 + a3 + . . .+ a2n−1 ≥ a2n, n ≥ 1. (6.15)
The Bieberbach conjecture for such functions follows easily, see e.g. Fitzgerald [268]. It
was pointed out by Clunie and Robertson that (6.15) holds for normalised typically-real
functions; the inequality is clear from the representation formula for these functions.
The Bieberbach conjecture for S would follow analogously if we could prove that if f
in S,
1 + |a3|+ . . .+ |a2n−1| ≥ |an|2, n ≥ 1. (6.16)
Bshouty (unpublished) has shown that if f in S, then there exists an N(f) such that
(6.16) holds for n > N(f).
(C. Fitzgerald)
Update 6.40 No progress on this problem has been reported to us.
Problem 6.41 Let K(α) and S∗(α) be those subsets of S consisting of the class of
functions convex in D of order α i.e.
Re
[
1 +
zf ′′(z)
f ′(z)
]
≥ α, |z| < 1,
and star-like of order α in D i.e.
Re
[
z
f ′z)
f(z)
]
≥ α, |z| < 1,
respectively.
(a) Prove that (see Goel [307])
min
f∈K(α)
min
|z|=r
∣∣∣zf ′(z)
f(z)
∣∣∣ = min
f∈K(α)
min
|z|=r
[
Re
zf ′(z)
f(z)
]
.
(b) Show that the functions
(2α− 1)−1[1− (1− z)2α−1], α 6= 1
2
and − log(1− z)
are star-like of order
4α(2α− 1)[4 − 4.2α]−1 and (log 4)−1
respectively, see MacGregor [543].
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Either (a) or (b), combined with the work of I. S. Jack [458] would solve the following
problem of F. R. Keogh: find
max
f∈K(α)
{β : f ∈ S∗(β)}.
(D. Benjamin)
Update 6.41 Sheil-Small observes that Feng and Wilken [789] have established Jack’s
assertion [458] which therefore completes the solution of the order of star-likeness of a
function convex of order α. Fournier [272] gives a new proof of Jack’s assertion, and
discusses an extension for polynomials.
Problem 6.42 If f in S, write
log[f(z)/z] = 2
∞∑
k=1
γkz
k.
If f is star-like then |γk| ≤ 1/k; this is false in general, even in order of magnitude.
Milin (see [210, p. 151]) has shown that
n∑
k=1
k|γk|2 ≤
n∑
k=1
1
k
+ δ
where δ < 0.312, and that δ cannot be reduced to 0; Milin conjectured that
N∑
n=1
n∑
k=1
k|γk|2 ≤
N∑
n=1
n∑
k=1
1
k
, (6.17)
which would imply Robertson’s conjecture (see Problem 6.39). Inequality (6.17) is
known to be true for N = 1, 2, 3 (see Grinsˇpan [348]). Is it true in general if f has
real coefficients, or if f is close-to-convex?
(P. L. Duren)
Update 6.42 See Update 6.1.
Problem 6.43 Using the notation of Problem 6.42, it is well-known that∣∣∣ ∞∑
k=1
kγkz
k
∣∣∣ = O( 1
1− r
)
, r → 1−,
for |z| = r < 1; is it true that
∞∑
k=1
k|γk|rk = O
( 1
1− r
)
, r → 1− ?
(D. Aharonov)
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Update 6.43 Hayman [409] has constructed a function f in S for which
∞∑
k=1
k2|γk|2rk 6= o
( 1
1− r log
1
1− r
)
,
but the general problem remains open.
Problem 6.44 Let f , g be formal power series
∞∑
n=0
anz
n,
∞∑
n=0
bnz
n
respectively, and define
(f ⊗ g)(z) =
∞∑
n=1
anbnn
−1zn.
Let SR denote the class of functions in S with real coefficients. Prove (or disprove)
that f, g ∈ SR implies that f ⊗ g ∈ SR. (Robertson (uncited) has proved the
corresponding result for typically-real functions.
(J. G. Krzyz)
Update 6.44 Bshouty [122] has shown that the result is false by producing a
counter-example using a deep result of Jenkins (see [656, Corollary 4.8 and Example
4.5, p. 120]).
Problem 6.45 Let S∗(α) be the class of α-strongly-star-like functions f , that is, those
f in S for which ∣∣∣ arg (zf ′(z)
f(z)
)∣∣∣ < απ
2
for |z| < 1,
where 0 < α < 1.
(a) Prove (or disprove) that S∗(α) is closed under ⊗ (see Problem 6.44).
(b) Prove (or disprove) that, if f ∈ S∗(α) and g ∈ S∗(β), then f ⊗ g ∈ S∗(γ) where
γ = γ(α, β) < 1.
One could ask the same question for different convolutions in place of ⊗.
(J. G. Krzyz)
Update 6.45 Barnard and Kellogg [56] have observed that S∗(α) is closed under ∗
and that γ(α, β) = min[α, β] and involves the Ruscheweyh–Sheil-Small theorem [690].
Suppose that f, g ∈ S∗(α) and define
φ = g ∗ log 1
1− z .
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Then φ is convex and f star-like, so that∣∣∣ arg (φ ∗ (zf ′)
φ ∗ f
)∣∣∣ < απ
2
as required.
Problem 6.46 Suppose that f in S and is star-like. Is it true that∣∣|an+1| − |an|∣∣ ≤ 1? (6.18)
This is certainly true if limr→1(1 − r)M(r, f) > 0, (D. A. Brannan, unpublished).
T. Sheil-Small (uncited) has obtained an upper bound 2 in (6.18). Notice that in
addition to the ‘obvious’ extremal functions z(1 − z2)−1 and z(1 − z)−2 we have
z(1 + z + z2)−1.
(J. G. Clunie)
Update 6.46 Leung [510] has solved this problem by proving that∣∣|an+1| − |an|∣∣ ≤ 1, n = 1.2, . . . ,
for all star-like functions f in S. By a similar method, Leung [511] has also proved a
conjecture of Robertson that∣∣n|an| −m|am|∣∣ ≤ |n2 −m2|, n,m = 1, 2, . . . ,
for all close-to-convex functions f in S. For the full class S, Grinspan [349] gives
−2.97 ≤ |an+1| − |an| ≤ 3.61, n = 1, 2, . . . .
Duren [209] has shown that∣∣|an+1| − |an|∣∣ ≤ eδα−1/2 < 1.37α−1/2, n = 1, 2, . . . ,
for all f in S with positive Hayman index α, where δ is Milin’s constant, δ < 0.312.
Hamilton [368] has proved Leung’s results independently.
Problem 6.47 If f in S and f ′ is also univalent in D, what can be said about
max |an|, n ≥ 2? The function z(1− z)−1 shows that max |an| ≥ 1 whenever n ≥ 2.
(J. G. Clunie)
Update 6.47 Define S′ = {f : f ∈ S and f ′ is univalent}. It was noted by Barnard
[55] that if f(z) =
∑
anz
n ∈ S′ and A2 = maxf∈S′ |a2|, then |an| ≤ 2A2(n− 1)/n,
whenever the Bieberbach conjecture holds for (f ′ − 1)/2A2. It was conjectured that
A2 = 2/(π − 2) ≈ 1.75. However, it has been shown by Barnard and Suffridge [58]
that the function F defined by
F ′(z) =
1 + z
(1− z)2 exp
{ 1
iπ
∫ z
0
log
(1 + iw
1− iw
) dw
w
}
= 1 + 2B2z + . . .
135
is in S′ with B2 = 32 +
1
pi ≈ 1.82. F has the property that it takes the left half of the
unit circle onto a slit along the negative reals such that −∞ < F (i) ≤ F (eiθ) ≤ F (−1)
for π/2 ≤ θ ≤ 3π/2; while F ′ takes the right half of the unit circle onto a slit along
the negative reals such that −∞ ≤ F ′(eiθ) ≤ F ′(i) < 0 for −π/2 ≤ θ ≤ π/2. If
C ′ = {g ∈ S′ : g and g′ are convex}, then Barnard and Suffridge [58] have shown that
if g(z) =
∑
bnz
n ∈ C ′ then |bn| ≤ 4n/3. This is sharp since the function defined by
G′(z) = 1 + 4z/3(1 − z) is in C ′.
Problem 6.48 Suppose that f in S. The coefficient problem, except in certain cases,
remains open for each of the following subclasses of univalent functions. (We limit
ourselves to one-parameter families).
(a) B(α), the class of Basilevicˆ functions comprising functions f such that
f(z) =
[ ∫ z
0
p(t)sα(t)t−1 dt
]1/α
,
where α > 0, p(t) = 1+ p1t+ . . . is analytic and of positive real part in |t| < 1 and
s(t) = t+ s2t
2 + . . . is star-like in |t| < 1.
(b) M(α), the class of Mocanu-Reade functions comprising functions f such that
Re
[
α
(
1 +
zf ′′
f ′
)
+ (1− α)zf
′
f
]
> 0,
where 0 < α < 1.
(c) S∗(α), the class of strongly-star-like functions, comprising functions f such that∣∣∣ arg (zf ′
f
)∣∣∣ < απ
2
,
where 0 < α < 1.
(D. A. Brannan)
Update 6.48 No progress on this problem has been reported to us.
Problem 6.49 What are the extreme points of the following classes of functions?
(a) Basilevicˆ functions (see Problem 6.48).
(b) S∗(α) (see Problem 6.48).
(c) Close-to-convex functions of order α, 0 < α < 1.
(d) Functions of boundary rotation kπ, 2 < k < 4.
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(D. A. Brannan)
Update 6.49 No progress on this problem has been reported to us.
Problem 6.50 If 0 ≤ α ≤ 1, and f(z), g(z) ∈ Σ, and if we define F (z) by
F (z) = f(z)1−αg(z)α, |z| > 1; (6.19)
= z +
∞∑
n=0
Anz
−n, |z| sufficiently large; (6.20)
is it true that ∞∑
n=1
n|An|2 ≤ 1?
See Thomas [745].
(D. K. Thomas)
Update 6.50 The original statement of this problem contained errors which now
have been corrected. No progress on this problem has been reported to us.
Problem 6.51 Let D be a domain in C (containing the origin) of connectivity n, and
let S(D) be the class of analytic univalent functions in D with f(0) = 0, f ′(0) = 1.
Find the functions f in S(D) that minimise∫
D
∫
|f ′(z)|2 dσz .
(D. Aharonov)
Update 6.51 No progress on this problem has been reported to us.
Problem 6.52 Suppose that f(z) is analytic in D, and has the whole complex plane
as its range. Does there necessarily exist a bounded univalent function g(z) in D such
that f(z) + g(z) has the whole complex plane as its range?
(L. A. Rubel)
Update 6.52 No progress on this problem has been reported to us.
Problem 6.53 Hentgartner and Schobe [432] and Goodman and Saff [344] have shown
that if f(z) = z + a2z
2 + . . . maps D univalently onto a domain G1 that is convex in
the direction of the imaginary axis (CIA), then Gr = {f(|z| < r)} is not necessarily
CIA for all r, r < 1, or even for r bigger than some constant.
(a) Find sup{r : Gr is necessarily CIA}. (A result of Goodman and Saff [344] suggests
that this is
√
2− 1.)
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(b) Find reasonable sufficient conditions on G1 (or, equivalently, on f) that imply that
Gr is in CIA for all r in (0, 1).
(c) Suppose that we slit G1 along the real axis and let G
′, G′′ be those two components
of the resulting family of domains that have 0 on their boundaries. If G1 = G
′∪G′′,
does it necessarily follow that Gr is CIA for all r in (0, 1)?
(d) If G1 is CIA but Gr0 is not CIA, is it true that Gr is not CIA for r0 < r < 1?
(D. A. Brannan)
Update 6.53 Brown [117] proves a weaker form of the Goodman-Saff conjecture
and answers Problem 6.43(d) by Brannan negatively. Ruscheweyh and Salinas [688]
completely verify the Goodman-Saff conjecture.
Problem 6.54 Let D be a Jordan domain with boundary C, {Fn(z)}∞1 the sequence
of Faber polynomials for D, and S(D) the class of univalent functions
f(z) = F1(z) +
∞∑
n=2
anFn(z)
in D. Does the coefficient region of at least one an have the same shape as C, or is
it at least in the subclass of star-like functions? Royster [676] has shown that, if f is
star-like in an ellipse, then there exists a direction θf and sequences
{λn}∞2 , {µn}∞2 , λn > µn > 0,
such that each coefficient an lies in an ellipse of centre 0, major axis λn, minor axis
µn, inclined at an angle θf to the real axis. (The λn, µn are known.)
(K. W. Lucas)
Update 6.54 No progress on this problem has been reported to us.
Problem 6.55 Let f(z) be a normalised bounded star-like function in D, and set
f(ξ) = lim
r→1−
f(rξ),
where |ξ| = 1, ξ ∈ E, E ⊂ {|z| = 1}. Is it true that f(E) = {f(ξ) : ξ ∈ E} has zero
linear (= one-dimensional Hausdorff) measure if cap E = 0, or at least if E has zero
logarithmic measure? (It is known that meas{arg f(ξ) : ξ ∈ E} = 0 if cap E = 0.)
(Ch. Pommerenke)
Update 6.55 No progress on this problem has been reported to us.
Problem 6.56 Let SR(q) be the class of normalised univalent functions in D with
real coefficients that admit a quasi-conformal extension to the whole plane with
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complex dilatation bounded (in modulus) almost everywhere by q, q < 1. Following
the notation in Problem 6.44, prove (or disprove) that, if f ∈ SR(p) and g ∈ SR(q),
then f ⊗ g ∈ SR(r).
(J. G. Krzyz)
Update 6.56 No progress on this problem has been reported to us.
Problem 6.57 It is known that functions f in Σ(q), i.e. those f analytic and univalent
in D, normalised by f(z) = z+b0+b1z
−1+ . . . and having a quasi-conformal extension
to the whole plane with |fz/fz| ≤ q < 1 almost everywhere, satisfy∫ ∫
|ζ|>1
|u(z, ζ)|2 dσζ ≤ πq
2
(|z|2 − 1)2 , (6.21)
where
u(z, ζ) =
f ′(z)f ′(ζ)
f(z)− f(ζ) −
1
(z − ζ)2 .
Prove (or disprove) that (6.21) is also sufficient for f to have a quasiconformal
extension to the whole plane, possibly for q sufficiently small.
(J. G. Krzyz)
Update 6.57 This has been answered affirmatively by Zuravlev [816].
Problem 6.58 Following the notation in Problem 6.57, the well-known Golusin in-
equality for functions f in Σ(q) (defined in Problem 6.57) is:∣∣∣ log f ′(z)f ′(ζ)(z − ζ)2
[f(z)− f(ζ)]2
∣∣∣ ≤ q log |zξ − 1|2
(|z|2 − 1)(|ζ|2 − 1) . (6.22)
Prove (or disprove) that (6.22) is also sufficient for f to have a quasi-conformal
extension to the whole plane, possibly for q sufficiently small.
(J. G. Krzyz)
Update 6.58 No progress on this problem has been reported to us.
Problem 6.59 Let D be a plane domain containing ∞. Let there be given a
continuous assignment of numbers (thought of as angles) to the components of C \D.
Consider conformal mappings of D onto the complement in the extended plane of
straight line segments. Show that one of these mappings is such that the straight
line segments make angles with the positive real axis equal to the corresponding
preassigned angles. In other words, under the mapping, each component of C \ D is
associated with a slit in its preassigned direction.
(B. Rodin; communicated by C. FitzGerald)
Update 6.59 Fitzgerald and Weening [271] show that Rodin’s continuity assumption
is sufficient to imply the existence of a rectilinear slit map achieving any angle
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assignment with finite range.
Problem 6.60 Let C be a closed Jordan curve. Then if f(z) = z + a2z
2 + . . .,
g(z) = z−1+b0+b1z+ . . . map D onto the inside and outside of C respectively, the area
principle shows that C is the unit circumference T. If we remove the normalisation
on g and replace g by g1(z) = b−1z−1 + b0 + b1z + . . ., what can be said about the
connection between f and g1? For example, what about the asymptotic behaviour of
their coefficients, or their Lipschitz behaviour on T, or about prime ends (if we make
C slightly non-Jordan)?
(D. A. Brannan)
Update 6.60 Lesley [509] has obtained best possible results on the Lipschitz
behaviour.
Problem 6.61 Let D1,D2 be Jordan domains bounded by rectifiable curves C1, C2
of equal length. Suppose that an isometric sewing of C1 and C2 is everywhere
conformally admissible, thus generating a Riemann surface equivalent to a sphere S.
Is the curve C on S which corresponds to C1 (and C2) necessarily rectifiable?
(A. Huber)
Update 6.61 No progress on this problem has been reported to us.
Problem 6.62 Let D1 and D2 be bounded Jordan domains, bounded by curves
C1 and C2 of bounded boundary rotation (in the sense of Paatero, see e.g. Noonan
[607]); then C1 and C2 are rectifiable, and we shall assume that they have the same
length. It is known that in this case, every isometric sewing is conformally admissible
and generates a Riemann surface which is equivalent to a sphere S. It follows from
results of Aleksandrov (no citation) and Reshetnjak (no citation) that the curve C on
S which corresponds to C1 (and C2) is of bounded boundary rotation. Can one find a
function-theoretic proof of this?
(A. Huber)
Update 6.62 No progress on this problem has been reported to us.
Problem 6.63 Let α be a homeomorphic mapping of (0,∞) onto (α(0),∞), α(0) ≥ 0,
such that x→ α(x) + i defines a conformal sewing of the half-strip
H =
{
z : Re z > 0, 0 ≤ Im (z) ≤ 1}.
If α is hyperbolic (that is, if the generated Riemann surface has a hyperbolic end at
∞), does there exist a positive continuous function ε : (0,∞) → R with the property
that each conformal sewing x→ β(x) + i of H satisfying the inequality
|β(x)− α(x)| < ε(x), 0 < x <∞,
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is also hyperbolic?
(C. Constantinescu; communicated by A. Huber)
Update 6.63 No progress on this problem has been reported to us.
Problem 6.64 Let α be real and suppose that f(z) = z+
∑∞
n=2 anz
n is analytic in D
with f(z)f ′(z)/z 6= 0. We say f is in Mα, the class of alpha-convex functions, if
Re
[
(1− α)zf
′
f
+ α
(
1 +
zf ′′
f ′
)]
> 0
for |z| < 1. Note that M0 = S∗, the class of star-like functions and M1 = K, the class
of convex functions. It is known that Mα ⊂ S∗ for all α.
Clunie and Keogh [165] have shown the following:
(a) If
∑∞
n=2 n|an| < 1 then f ∈M0
(b) If
∑∞
n=2 n
2|an| < 1 then f ∈M1.
What generalisation of these conditions implies that f belongs to Mα?
(S. Miller)
Update 6.64 No progress on this problem has been reported to us.
Problem 6.65 Given M , 1 < M < ∞, let S∗(M) be the class of star-like uni-
valent functions f in D with f(0) = 0, f ′(0) = 1, and |f(z)| ≤ M for |z| < 1. If
f(z) = z+
∑∞
n=2 anz
n, find sup{|a3| : f ∈ S∗(M)} for e < M < 5. Barnard and Lewis
[54] have found the supremum for other values of M .
(J. Lewis)
Update 6.65 No progress on this problem has been reported to us.
Problem 6.66 Describe the extreme points of the class Σ0 consisting of all functions
g in Σ with constant term b0 = 0. Springer (see Pommerenke [656, p. 183]) showed
that every g in Σ0 whose omitted set has measure zero is an extreme point. Is this
condition also necessary?
(P. L. Duren)
Update 6.66 Hamilton [369] answers this question positively.
Problem 6.67 Let f be univalent in D and let f(D) be a Jordan domain. Does the
condition
lim sup
|z|→1
(1− |z|2)|f ′′(z)/f ′(z)| < 2 (6.23)
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imply that f has a quasi-conformal extension over the unit circle?
It is known that, for |c| < 1, the condition
lim sup
|z|→1
∣∣(1− |z|2)zf ′′(z)/f ′(z)− c∣∣ < 1
is sufficient for f to have a quasiconformal extension. It is also known that (6.23) is
sufficient if f satisfies in addition
lim sup
|z|→1
(1− |z|2)2|Sf (z)| < 2,
where Sf denotes the Schwarzian derivative. It might also be asked whether the last
condition alone is already sufficient. In both cases, the constant 2 on the right-hand
side would be best possible.
(J. Becker)
Update 6.67 The first question has been answered positively by Gehring and
Pommerenke [302].
Problem 6.68 Let Σ be the class of univalent functions in {|z| > 1} with the usual
normalisation f(z) = z +
∑∞
n=0 bnz
−n. Let Sf denote the Schwarzian derivative of f .
Does
sup
|z|>1
(|z|2 − 1)2∣∣Sfn(z)− Sf (z)∣∣→ 0 as n→∞
imply that
sup
|z|>1
(|z|2 − 1)
∣∣∣f ′′n(z)
f ′n(z)
− f
′′(z)
f ′(z)
∣∣∣→ 0 as n→∞,
if f, fn ∈ Σ (n = 1, 2, . . .)?
This is known to be true if f , fn have quasiconformal extensions onto the plane.
(J. Becker)
Update 6.68 No progress on this problem has been reported to us.
Problem 6.69 Let B be the Banach space of analytic functions φ in {|z| > 1} with
finite norm
‖φ‖ := sup
|z|>1
(|z|2 − 1)|zφ(z)|.
Let S and T be the subsets defined by S := {f ′′/f ′ : f ∈ ∑} and
T := {f ′′/f ′ : f ∈∑, f has a quasiconformal extension to C}.
It is known that T is topologically equivalent to the universal Teichmu¨ller space.
From results of Ahlfors and Gehring (no citations), it follows that T is a subdomain
in B and that S \ T 6= ∅, where T denotes the closure of T .
Is it also true (analogous to another result of Gehring (no citation)) that T = S0,
where S0 denotes the interior of S?
This would follow if the answer to Problem 6.68 were affirmative. The problem is
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closely related to a characterisation of quasicircles given by Gehring.
(J. Becker)
Update 6.69 This has been proved by Astala and Gehring [34].
Problem 6.70 Is every extreme point of S a support point? Is every support point
an extreme point?
(P. L. Duren)
Update 6.70 Hamilton [372] has constructed examples of extreme points which are
not support points and a different construction has been given by Duren and Leung
[204]. The converse problem seems still to be open.
Problem 6.71 For each f in S, it can be shown that∫ 2pi
0
∣∣∣f ′(Reiθ)
f(Reiθ)
∣∣∣2dθ = O( 1
1−R log
1
1−R
)
as R → 1. Hayman [409] has constructed an example showing that ‘O’ cannot be
replaced by ‘o’. For certain subclasses of S, such as the star-like functions and the
functions with positive Hayman index (including all support points of S), the estimate
can be improved to O(1/(1 − R)). Can the same improvement be made for the
extreme points of S?; for close-to-convex functions?
(P. L. Duren)
Update 6.71 No progress on this problem has been reported to us.
Problem 6.72 Let Γ be the analytic arc omitted by a support point of S. Must Γ
have monotonic argument? Must the angle between the radius and tangent vectors be
monotonic on Γ? (The second property implies the first. Brown [116] has shown that
the support points associated with point-evaluation functions have both properties.)
(P. L. Duren)
Update 6.72 No progress on this problem has been reported to us.
Problem 6.73 Let f(z) = z +
∑∞
n=2 anz
n be in S. Is it true that
lim sup
n→∞
∣∣|an+1| − |an|∣∣ ≤ 1?
Hamilton [368] has proved that this is true for odd functions in S, functions of
maximal growth in S, and spiral-like functions.
(D. H. Hamilton)
Update 6.73 Hamilton [371] has proved more precisely that
∣∣|an+1| − |an|∣∣ ≤ 1, n >
n0(f), with equality only for
f(z) =
z
(1− ze−θ1)(1− zeiθ2) ,
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when (θ2 − θ1) is a rational multiple of π.
Problem 6.74 Suppose f(z) = z +
∑∞
n=2 anz
n is univalent and bounded by M in D.
Find
sup
t
max
0≤t≤2pi
|sn(eit)|,
where
sn(z) = z +
n∑
k=2
akz
k.
(F. Holland)
Update 6.74 No progress on this problem has been reported to us.
Problem 6.75 Let Pn be the class of polynomials
Pn(z) = z + a2z
2 + . . .+ anz
n
univalent in D, and let
Am(n) = maxPn
|am|.
If n is fixed, is it true that as m increases, the quantity Am(n) increases strictly up
to some index n0, and then decreases strictly? Again, for fixed (but arbitrary) n
determine the least n1 such that
Am(n) ≤ 1, n1 ≤ m ≤ n.
(D. A. Brannan)
Update 6.75 No progress on this problem has been reported to us.
Problem 6.76 Let Vn denote the class of polynomials
Pn(z) = z + a2z
2 + . . .+ anz
n
analytic and bi-univalent in D (that is, Pn and P
−1
n are both univalent in the unit
disc). Determine maxVn |a2| and maxVn |an|.
(D. A. Brannan)
Update 6.76 No progress on this problem has been reported to us.
Problem 6.77 Let Pn be the class of polynomials
pn(z) = z + a2z
2 + . . .+ anz
n
univalent in D. Determine
max
p∈Pn
∫ 2pi
0
|p(eit)|q dt, 0 < q <∞.
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(F. Holland)
Update 6.77 No progress on this problem has been reported to us.
Problem 6.78 Suppose that f in S. Consider the region D(f) on the Riemann sphere
which is the stereographic projection of the image of the unit disc under f . We can
associate with each f in S the spherical area of D(f). What is
min
f∈S
{area of D(f)},
and what is the extremal function?
(Y. Avci)
Update 6.78 No progress on this problem has been reported to us.
Problem 6.79 Let Sk(∞) denote the class of all analytic and univalent functions
f(z) = z+a2z
2+. . . defined in D which admit a k-quasiconformal extension (0 < k < 1)
to the whole plane, with f(∞) =∞. Prove or disprove:
f(z) ∈ Sk(∞) =⇒ f(rz)
r
∈ Sk(∞), 0 < r < 1.
(D. Bshouty)
Update 6.79 This has been proved by Krushkal [498].
Problem 6.80 If f is univalent analytic in D, then it is well known (see Pommerenke
[656, p. 262]) that both f and its first derivative f ′ must be normal, while the higher
derivatives f (n) need not be normal if n ≥ 2. Setting f (−1)(z) = ∫ z0 f(t) dt and
f (−n−1)(z) =
∫ z
0 f
(−n)(t) dt, it is easy to verify that f (−2) is Bloch; while if n ≥ 3,
f (−n) is bounded (hence Bloch, and therefore normal). Thus, if f is univalent analytic
in D, then the functions f (n) must be normal for n = 1, 0,−2,−3, . . . , and need not
be normal for n = 2, 3, . . .. Must f (−1)(z) =
∫ z
0 f(t) dt be normal if f(z) is univalent
analytic in D?
(D. Campbell)
Update 6.80 No progress on this problem has been reported to us.
Problem 6.81 Let G be the set of functions analytic and not univalent in D. Set, for
f ∈ G,
Mf = sup{|f ′(z)| : |z| < 1}, mf = inf{|f ′(z)| : |z| < 1}
and put
γ = inf
{Mf
mf
: f ∈ G
}
.
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Find γ.
John [465] has proved that γ ≥ epi/2 ≈ 4.7 and Yamashita [802] has shown that
γ ≤ epi ≈ 23.1.
(G. M., J. M. and T. M. Rassias)
Update 6.81 No progress on this problem has been reported to us.
Problem 6.82 The above definition of a bi-univalent function is difficult to under-
stand. What is also meant is that the inverse function f−1 has an analytic continuation
to the unit disc where it is univalent. Let σ denote the class of bi-univalent functions,
namely the class of functions f(z) = z + a2z
2 + . . . analytic and univalent in D, such
that their inverses f−1 are also analytic univalent in the D. Brannan conjectures that
a∗2 ≡ sup
σ
|a2| =
√
2.
It is known that a∗2 < 1.51 (see Lewin [517]) and that a
∗
2 >
4
3 + 0.02 (see Styer and
Wright [739]).
Prove or disprove the statement that, if f ∈ σ, then
dn ≡
∣∣|an+1| − |an|∣∣ ≤ A
for some absolute constant A with 0 < A < 1.
Alternatively, what is supσ dn for n ≥ 2?
(D. A. Brannan)
Update 6.82 Brannan’s conjecture is verified for some classes by Sivasubramanian,
Sivakumar, Kanas, and Kim [718].
Problem 6.83 Let S be the usual class of normalised univalent functions in the unit
disc D. Characterise those sequences {zn} of points in D for which f(zn) = g(zn) for
two different functions f, g in S.
Notice that a necessary condition is that
∑∞
n=1(1 − |zn|) < ∞, because (f − g) ∈ Hp
for all p < 12 .
(P. L. Duren)
Update 6.83 Overholt [621] has provided a partial solution to this problem.
Problem 6.84 If f(z) in S, write
log
f(z)
z
= 2
∞∑
n=1
γnz
n
and
f(zp)1/p = z +
∞∑
n=1
c(p)n z
pn+1 (p = 1, 2, . . .).
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Szego¨’s conjecture asserts that c
(p)
n = O(n2/p−1) as n → ∞. This has been proved
for p = 1, 2 and 3, but Pommerenke [651] has shown that it is false for p ≥ 12; his
example also has γn 6= O(1/n). Milin [580] has shown that, if a function f in S has
the property that γn = O(1/n), then c
(p)
n = O(n2/p−1) for every p. Is the converse
true?
(P. L. Duren)
Update 6.84 Szego¨’s conjecture has been proved by Baernstein [42] for p = 4. The
cases 5 ≤ p ≤ 11 remain open.
Problem 6.85 Each function f in S that maximises Re {L(g) : g ∈ S} for some
continuous linear functional L must map the unit disc onto the complement of an arc
Γ that is asymptotic at infinity to the half-line
w =
L(f3)
3L(f2)
− L(f2)t, t ≥ 0.
For the coefficient functional Λn(f) = an, show that the asymptotic half-line is radial;
that is, that Λn(f
3)/[Λn(f
2)]2 is real. (This is true for n = 2, 3, 4, 5, 6.)
(P. L. Duren)
Update 6.85 See Update 6.1.
Problem 6.86 Sundberg notes that it is well known fact (see Hayman [391, p. 5])
that, for each fixed z0 in D,∣∣∣z0 f ′′(z0)
f ′(z0)
− 2ρ
2
1− ρ2
∣∣∣ ≤ 4ρ
1− ρ2 ,
and asks if this can be improved, if we have that f is real on the real axis, or
equivalently, if f has real coefficients?
(C. Sundberg; communicated by P. L. Duren)
Update 6.86 This problem has been restated. No progress on this problem has been
reported to us.
Problem 6.87 Let L1, L2 be two complex-valued continuous linear functionals on
H(D), the space of all analytic functions on the unit disc D, that are not constant
on the set S of all normalised univalent functions on D. Assume, in addition, that
L1 6= tL2 for any positive t. If a function f in S maximises both Re {L1} and Re {L2}
in S, must f be a rotation of the Koebe function?
(P. L. Duren)
Update 6.87 Bakhtin [51] has answered this positively for certain classes of coefficient
functionals.
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Problem 6.88 Let the function f = z + a2z
2 + . . . in S map D onto a domain with
finite area A. Then Bieberbach’s inequality |a2| ≤ 2 can be sharpened to the following:
|a2| ≤ 2− cA−1/2 (6.24)
where c is an absolute constant. What is the best value of c?
Aharonov and Shapiro [2] have shown that (6.24) holds for some c, and have a
conjecture concerning the sharp constant c and the extremal function for (6.24).
They also conjecture that |a2| ≤ 2 − c1l−1, where l is the length of ∂f(D). For some
background information see Aharonov and Shapiro ([2] and [3]) and Abarov, Shapiro
and Solynin ([5] and [6]).
(H. S. Shapiro)
Update 6.88 No progress on this problem has been reported to us.
Problem 6.89 Let S∗(12) denote the class of functions g analytic in D and such that
Re (zg′/g) > 12 in D.
Is it true that, if f ∈ S∗(12), r ∈ (0, 1) and θ ∈ [0, 2π), then
1
|f(re−iθ)|
∫ r
0
|f ′(teiθ)| dt ≤ arcsin r
r
? (6.25)
(The left-hand-side of (6.25) is the ratio of the length of the image of a radius and the
distance between the endpoints of that image (as the crow flies).) Inequality (6.25) is
true when f(z) = z/(1− z); in addition, the left-hand-side of (6.25) never exceeds π/2
for any r or f .
Let z1, z2 lie in D. Then, in the smaller class of convex functions f , what can be said
about
1
|f(z1)− f(z2)|
∫ z2
z1
|f ′(t)| |dt|?
(R. R. Hall)
Update 6.89 No progress on this problem has been reported to us.
Problem 6.90 Let E be a set of positive logarithmic capacity on the unit circle T.
Is E necessarily a set of uniqueness for functions univalent in the unit disc D?
Carleson [139] has shown that this is false for functions f analytic in D for which∫ ∫
|z|<1|f ′(z)|2 dx dy < ∞. Beurling [94] has shown that univalent functions cannot
have constant boundary values on a set of positive capacity.
(D. H. Hamilton)
Update 6.90 Hamilton [][EMAILLED 11/4/18] has shown that this is false: there
exists a set of positive logarithmic capacity on T which is not a set of uniqueness for
functions univalent in D.
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Problem 6.91 Let Ω be an arbitrary domain in C. Does there necessarily exist a set
E in ∂Ω, of full harmonic measure, with the following property: for each z in E, there
exist circular arcs Cr in Ω, of radius r (where r is small) and centred at z, for which
lim
R→0
( 1
πR2
∫ R
0
θ(Cr)r dr
)
=
1
2
,
where θ( · ) denotes angular measure?
For simply-connected domains Ω, this is a theorem of McMillan [557]. For general
domains Ω, at least there is a sequence {rn} decreasing to 0 for which θ(Crn)
approaches π/4.
(D. Stegenga and K. Stephenson)
Update 6.91 No progress on this problem has been reported to us.
Problem 6.92 If R2+ = {(x, y) ∈ R2 : y > 0}, suppose that E ⊂ R2+, and let
f : R2+ → B2 be analytic and conformal where B2 = {(x, y) ∈ R2+ : x2 + y2 < 1};
assume also that
lim
x→0, x∈E
f(x) = α.
Lindelo¨f’s theorem shows that α is an angular limit of f at 0 if E is a curve terminating
at 0. Vuorinen [772] has shown that the same conclusion holds under much weaker
hypotheses on E; for instance, the condition that
lim inf
r→0
m(A ∩ (0, r))/r > 0,
where A = {|x| : x ∈ E}, is sufficient (see Vuorinen [772, pp. 169, 176]). This problem
concerns a converse result.
Denote by F the class of all analytic and conformal maps of R2+ into B2. Let K be a
subset of R2+ with the property that, whenever
lim
x→0, x∈E
f(x) = α and f ∈ F ,
then necessarily f has an angular limit α at 0. Since f is conformal it follows (see
Vuorinen [772, p. 176]) that
lim
x→0, x∈K1
f(x) = α,
where K1 = {(x, y) ∈ R2+ : ρ((x, y),K) < l} and ρ is the Poincare´ metric of R2+. What
can be said about the thickness of K1 at 0? Is it true that
lim sup
r→0
m
(
B′ ∩ (0, r))/r > 0, (6.26)
where B′ = {(x2 + y2)1/2 : (x, y) ∈ K1}? It is easy to see that (6.26) must hold if K
is contained in an angle with vertex at 0 whose closure lies inside R2+.
(M. Vuorinen)
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Update 6.92 No progress on this problem has been reported to us.
Problem 6.93 Let the function f(z) = z+a2z
2+. . . map D univalently onto a domain
Ω, and let F : Ω→ D denote the inverse of f . Is it true that∫
Ω∩R
|F ′(x)|p dx <∞ for 1 ≤ p < 2?
Hayman and Wu [420] and Garnett, Gehring and Jones [292] have shown that the
answer is ‘yes’ for p = 1. For p = 2, it is possible that
∫
Ω∩R |F ′(x)|2 dx = ∞; for
example, when Ω = {w : |w| < R,R > 1} \ L where, for a suitably chosen R1,
L = {(u, 0) : −R ≤ u ≤ −R1 < 0}.
(A. Baernstein II)
Update 6.93 No progress on this problem has been reported to us.
Problem 6.94 Let Ω be a simply-connected domain in C with at least two boundary
points, and let the function φ map Ω analytically and conformally onto D. For which
values of p is it true that ∫ ∫
Ω
|φ′|p dx dy <∞? (6.27)
If Ω is star-like or close-to-convex, (6.27) holds for 43 < p < 4 and this is sharp. More
generally, it is known that there is a universal constant τ , independent of Ω, with
0 < τ < 1, such that (6.27) holds whenever 43 < p < 3 + τ . Is
4
3 < p < 4 the correct
range for general types of Ω? (For background material and additional information,
see [115].)
(J. E. Brennan)
Update 6.94 Pommerenke [658] proved that (6.27) is true for 43 < p < 4.
Problem 6.95 Determine an intrinsic characterisation for the class H of functions h
analytic in D that admit a decomposition of the form 2h = f + f−1 for some function
f in the class S of normalised univalent functions in D. (Here f−1 denotes the function
inverse to f and it is assumed that f−1 has an analytic continuation to D.) Notice
that the functions z 7→ z and z 7→ z/(1 − z2) both belong to H. In particular, does
the function z 7→ z + a sin(2πz) belong to H for any non-zero constant a?
(F. Holland)
Update 6.95 No progress on this problem has been reported to us.
Problem 6.96 For −∞ < p < +∞ let
B(p) := sup{βf (p) : f conformal map of D into D}
where
βf (p) = lim sup
r→1
( ∫
|ζ|=r
|f ′(rζ)|p |dζ|
)
/ log
1
1− r .
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The BCJK-conjecture states that
B(p) =

−p− 1 for p ≤ −2,
p2/4 for − 2 ≤ p ≤ 2,
p− 1 for p ≥ 2.
The claim that B(p) = |p| − 1 is the famous Brennan conjecture. Carleson and Jones
[143] proved that B(p) = p − 1 + O((p − 2)2) as p → 2, p > 2. Based on extensive
computer experiments Kraetzer conjectured that B(p) = p2/4 for |p| ≤ 2. See Garnett
and Marshall [294, p. 305]. (Ch. Pommerenke)
Update 6.96 No progress on this problem has been reported to us.
Problem 6.97 Goodman [335] conjectured that if f(z) =
∑∞
n=1 anz
n is p-valent in D,
then for each n > p, we have
|an| ≤
p∑
k=1
2k(n + p)!
(p+ k)!(p − k)!(n − p− 1)!(n2 − k2) |ak|.
If the bound is true, then it is sharp in all of the variables p, n, a1, . . . , ap.
The conjecture has been proved for large subclasses ([343], [528], [667]), but is still
open in general. The simplest case, namely for all 2-valent functions, is still open; but
Watson [779] has made important contributions towards proving this inequality.
(A. W. Goodman)
Update 6.97 No progress on this problem has been reported to us.
Problem 6.98 The coefficients of a p-valent function are bounded by some function
of its zeros. In particular, let the function
f(z) = zq +
∞∑
n=q+1
anz
n
be p-valent in D and have s zeros βk, k = 1, 2, . . . , s, where 0 < |βk| < 1. Goodman
[337] conjectured that, under these hypotheses, |an| ≤ |An| where An is defined by the
identity
F (z) =
zq
(1− z)2q+2s
(1 + z
1− z
)2t s∏
k=1
(
1 +
z
|βk|
)(
1 + |βk|z
)
= z +
∞∑
n=2
Anz
n,
where t = p− q − s ≥ 0.
The conjecture has been proved if t = 0 and f(z) is p-valent star-like with respect to
the origin [336]. However, it is still open in general.
(A. W. Goodman)
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Update 6.98 No progress on this problem has been reported to us.
Problem 6.99 A function f(z) = z + a2z
2 + . . . is said to belong to the class
CV (R1, R2) if it is univalent and convex in D, and if on f({|z| = 1}) the curvature ρ
satisfies the inequalities R1 ≤ ρ ≤ R2. So far, little progress has been made on the
study of this class of functions (see Goodman [340] and [341]); we do not even know
the sharp bound for |a2| in CV (R1, R2).
(A. W. Goodman)
Update 6.99 No progress on this problem has been reported to us.
Problem 6.100 Given two functions f , g in the (usual) class S, we can form the new
functions (arithmetic and geometric mean functions)
F (z) = αf(z) + βg(z) and G(z) = z
(f(z)
z
)α(g(z)
z
)β
,
where α, β ∈ (0, 1) and α+ β = 1. It is known [338] that, if
0.042 ≃ 1
1 + epi
< α, β <
epi
1 + epi
≃ 0.988,
then there are functions f , g in S such that F and G have valence infinity in D. What
can be said about the ‘fringes’ of the interval (0, 1)? Is there some bound on the
valence of F and G that is a function of α for 0 < α ≤ 1/(1 + epi)?
(A. W. Goodman)
Update 6.100 No progress on this problem has been reported to us.
Problem 6.101 Let K be a closed set of points in C, and let F (K) denote the family
of functions f of the form
f(z) =
n∑
k=1
Ak
z − ak ,
where Ak > 0 and ak ∈ K, k = 1, 2, . . . , n. Find a maximal domain of p-valence for
the class F (K).
For p = 1, this problem was completely solved by Distler [191]; however, for p > 1, we
do not even have a good conjecture. (See also Goodman [342].)
(A. W. Goodman)
Update 6.101 No progress on this problem has been reported to us.
Problem 6.102 Let {vn}∞1 be a sequence of positive integers (which may include
∞); the sequence is called a valence sequence if there is a function f(z), analytic in
D, such that f (n)(z) has valence vn in D, for n = 1, 2, . . ..
Find interesting necessary conditions for {vn} to be a valence sequence. Also, find
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sufficient conditions for {vn} to be a valence sequence. (For some results of this type,
see Goodman [339].)
(A. W. Goodman)
Update 6.102 No progress on this problem has been reported to us.
The next five problems concern harmonic univalent functions, that is, functions that
can be written in the form
f(z) =
∞∑
n=0
anz
n +
∞∑
n=1
a−nzn
and are univalent. For a good introduction to these, see Clunie and Sheil-Small[167].
We will denote by S the (usual) class of normalised analytic univalent functions in D,
by SH the class of normalised harmonic univalent functions in D (with a0 = 0 and
a1 = 1), and by S
0
H the subclass of SH for which a−1 = 0.
Problem 6.103 The function
k(z) = 2Re
( z + 13z3
(1− z)3
)
=
∞∑
n=1
1
3
(2n2 + 1)rn(einθ + e−inθ),
where z = reiθ, lies in the closure of SH . Prove that k is extremal for the coefficient
bounds in SH .
It is known by Clunie and Sheil-Small [167] that |an| < 13(2n2+1) for functions in SH
with real coefficients, and that |an| ≤ 13(2n2 + 1) for functions in SH for which the
domain f(D) is close-to-convex.
(T. Sheil-Small)
Update 6.103 No progress on this problem has been reported to us.
Problem 6.104 It is known [167] that, for functions f in S0H , {|w| < 116} ⊂ f(D).
Prove that the correct value d, of the Koebe constant for the class S0H is
1
6 .
Note that the function
k0(z) = Re
( z + 13z3
(1− z)3
)
+ iIm
( z
(1− z)2
)
belongs to S0H and maps D onto the plane cut along the real axis from −16 to −∞, and
that 16 is the correct constant for those functions f in S
0
H for which f(D) is close-to-
convex.
Also, determine the number
α = sup{|a2| : f ∈ SH}.
The best known estimate for α is α < 57.05, see Sheil-Small [713]. It is also known
that d ≥ 1/(2α).
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(T. Sheil-Small)
Update 6.104 No progress on this problem has been reported to us.
Problem 6.105 What are the convolution multipliers φ∗ : KH → KH , where KH is
the subclass of functions f in SH with convex images f(D)?
A particularly interesting case is the radius of convexity problem: for which values of
r in (0, 1) is the function z 7→ f(rz) convex in D, when f is convex in D? (It is known
that r ≤√(2)− 1, see Clunie and Sheil-Small [167].)
(T. Sheil-Small)
Update 6.105 No progress on this problem has been reported to us.
Problem 6.106 Let J be a Jordan curve in C bounding a domain D. Suppose that
f : eit 7→ f(eit) is a sense-preserving homeomorphism of the unit cirlce T onto J , and
that the harmonic extension of f to D satisfies the relation f(D) ⊂ D. Prove that f
is a homeomorphism of D onto D.
This is known to be true if J is convex, when the hypothesis f(D) ⊂ D is automatically
satisfied because of the positivity of the Poisson kernel by the Kneser-Rado-Choquet
theorem, see Duren [203]. The result is also known to be true when ∂f/∂t is
continuous and non-zero (on T), and when the co-analytic and analytic parts of f
have continuous derivatives on D.
(T. Sheil-Small)
Update 6.106 No progress on this problem has been reported to us.
Problem 6.107 Prove that, for f ∈ S0H ,∣∣|an| − |a−n|∣∣ ≤ n, n = 2, 3, 4, . . . . (6.28)
(This is a generalisation of the Bieberbach conjecture for S.)
It is known that (6.28) holds in the following cases:
(a) when f has real coefficients, see Clunie and Sheil-Small [167];
(b) when f(D) is star-like with respect to the origin, see Sheil-Small [713];
(c) when f(D) is convex in one direction, see Sheil-Small [713].
(T. Sheil-Small)
Update 6.107 No progress on this problem has been reported to us.
Problem 6.108 Let f be analytic univalent in D, and consider
Iλ(r, f
′) =
( 1
2π
∫ 2pi
0
∣∣f ′(reiθ)∣∣λ dθ)1/λ
where λ > 0.
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1. What is the maximal order of magnitude of Iλ(r, f
′) as r → 1, where 0 ≤ λ ≤ 25?
If λ > 25 , it is known that Iλ(r, f
′) = O
(
1/(1 − r)3−1/λ) with equality when f is
the Koebe function. The case λ > 12 follows easily from classical facts, while the
case 25 ≤ λ ≤ 12 is due to Feng and MacGregor [261]. (It was formerly conjectured
that the Koebe function would still be extremal for λ > 13 ; but an example of
Makarov [551] has shown that this is not the case for λ ≤ 13+ε, for some positive
ε.)
2. Now normalise the function f to belong to the usual class S. For λ > 25 , we know
that
Iλ(r, f
′) ≤ CλIλ(r, k′),
where k is the Koebe function. For which λ is the best constant Cλ equal to
1? (It follows from de Branges’ theorem [186] that Cλ = 1 for λ = 2, 4, 6, . . ..
Presumably Cλ = 1 for λ ≥ 2, but the proposer knows of no proof of this.)
(A. Baernstein)
Update 6.108 Related questions have become of great interest, see Problem 6.96.
No progress on this problem has been reported to us.
Problem 6.109 Let f be analytic univalent in D, and consider
I−λ(r, f ′) =
( 1
2π
∫ 2pi
0
∣∣f ′(reiθ)∣∣−λ dθ)1/λ,
where λ > 0. Except for the elementary case λ =∞, the maximal order of magnitude
as r → 1 is not known for any positive λ. A particularly interesting case is when λ = 2.
It seems possible that
I−2(r, f ′) = O
(
I−2(r, k′)
)
= O
(
(1− r)−1/2) (6.29)
might be true, where k is the Koebe function. This equation (6.29) is slightly stronger
than an earlier conjecture of Brennan (see Problem 6.94). The best known bounds
are due to Pommerenke [659].
Related information appears in [75].
(A. Baernstein)
Update 6.109 No progress on this problem has been reported to us.
Problem 6.110 Let Ω be a simply-connected domain in the finite plane whose com-
plement contains n disjoint closed balls with centres on the interval [0, 1] and common
radius ε, ε < 1/n, (such domains are the so-called ‘ball and chain domains’). Let z0
in Ω be a point at a distance at least 1 from each ball, and let w(z0,Ω) denote the
harmonic measure at z0 of the union of the balls, relative to Ω. Is it true that, for
every positive δ, there is an estimate
w(z0,Ω) ≤ Cδ(nε)
1
2
−δ, (6.30)
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where Cδ depends only on δ.
An affirmative answer would imply the Lp extension, for 1 < p < 2, of the Hayman-Wu
theorem [420] mentioned in Problem 6.93. In the case n = 1, the Beurling-Nevanlinna
projection theorem shows that (6.30) is true with exponent 12 ; however, for large n
there are examples that show that this is then false.
(A. Baernstein)
Update 6.110 No progress on this problem has been reported to us.
Problem 6.111 Let A denote the class of functions f(z) = z + a2z
2 + . . . analytic
in D. For δ ≥ 0 and T = {Tk}∞2 a sequence of non-negative real numbers, define a
T -δ-neighbourhood of f ∈ A by
TNδ(f) =
{
g : g(z) = z + b2z
2 + . . . ∈ A,
∞∑
k=2
Tk|ak − bk| ≤ δ
}
.
When T = {k}∞2 , we call TNδ(f) = Nδ(f) a δ-neighbourhood of f (δ-neighbourhoods
were introduced by Ruscheweyh [687], who used them to generalise the result [18] that
N1(z) ⊂ St, the class of normalised star-like functions in D.)
Now let K[A,B] denote the class of univalent functions
{f : f ∈ S, 1 + zf ′′(z)/f ′(z) ≺ (1 +Az)/(1 +Bz), z ∈ D},
where −1 ≤ B < A ≤ 1, introduced by Janowski [461]. See also Pommerenke [656,
Chp. 2] for discussion on ≺ and subordination. The proposers have shown [714] that
if f ∈ K[A,B], and either
(a) − 1
4
(
√
3 + 2) ≤ B < A ≤ 1 or (b) − 1 ≤ −A ≤ B < A ≤ 1,
then Nδ(f) ⊂ St, where
δ =
{
(1−B)(A−B)/B , B 6= 0,
e−A, B = 0,
and that this value of δ is best possible. Is this conclusion still valid without the
hypotheses (a) and (b)?
(T. Sheil-Small and E. M. Silvia)
Update 6.111 No progress on this problem has been reported to us.
Problem 6.112 If f in A and δ > 0, define a Σδ(f) neighbourhood of f to be{
g : g ∈ A, ∣∣(g′(z)− f ′(z))− 1
z
(g(z)− f(z))∣∣+ ∣∣(g′(z)− f ′(z))+ 1
z
|g(z)− f(z))∣∣ < 2δ}.
Clearly, Nδ(f) ⊂
∑
δ(f). Then it is known by Sheil-Small and Silvia [714] that
∑
1(z) ⊂
St, and
∑
1
4
(f) ⊂ St for convex functions f , with the notation in Problem 6.111.
Given a normal family F in A, the dual, F∗, of F is the set{
f : f ∈ A, f ∗ g 6= 0 for all g ∈ F , 0 < |z| < 1},
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where ∗ denotes the Hadamard product, see Ruscheweyh [686]. The Bieberbach
conjecture (see de Branges [186]) is equivalent to the statement that N1(z) ⊂ S∗
(where S∗ is the dual of S). It seems reasonable therefore to ask whether
∑
1(z) ⊂ S∗.
(Recall that S∗ ⊂ St, see Ruscheweyh [685].)
(T. Sheil-Small and E. M. Silvia)
Update 6.112 No progress on this problem has been reported to us.
Problem 6.113 Following the notation of Problem 6.111 and 6.112, it is known [714]
that, if |x| ≤ ρ ≤ 1 and γ = 1/(1 + ρ)2, then
Nγ
( z
1− xz
)
⊂ S∗.
Is it true that
Σγ
( z
1− xz
)
⊂ S∗?
Notice that, since not all convex functions belong to S∗ (see Sheil-Small and Silvia
[714]), it follows that we cannot replace in the above, Nγ(z/(1− xz)) by Nγ(g), where
g is an arbitrary convex function.
(T. Sheil-Small and E. M. Silvia)
Update 6.113 No progress on this problem has been reported to us.
Problem 6.114 Let Γ be a regular curve and f an analytic and conformal function in
the open unit disc. Does f−1(Γ) necessarily have finite length? (A curve Γ is said to
be regular if the intersection of Γ with a disc of radius r has one-dimensional measure
at most Cr, where C is a constant independent of r.)
(J. L. Fernandez and D. Hamilton)
Update 6.114 No progress on this problem has been reported to us.
Problem 6.115 Let Γ be a rectifiable curve, and let E be a subset of Γ having zero
length. If Ω is any simply-connected domain and z ∈ Ω, is it true that the harmonic
measure satisfies the equation ω(z,E,Ω) = 0?
(B. Øksendal; R. Kaufman and J.-M. G. Wu; communicated by D. Hamilton)
Update 6.115 No progress on this problem has been reported to us.
Problem 6.116 Let D be a domain in C containing the origin 0; for t > 0, let Ωt
be the component of D ∩ {|z| ≤ t} containing 0. In the usual notation for harmonic
measure, define the function ω = ωD : [0,∞)→ [0, 1] by the formula
ω(t) = ω
(
0, ∂Ωt ∩ {|z| = t},Ωt
)
.
What can be said about ω and about its relations with D? For instance:
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(a) What are necessary and sufficient conditions on a function to be ωD for some D?
(b) If ωD1 ≡ ωD2 , are D1 and D2 essentially the same? (That is, will D1 be a rotation
or reflection of D2? Or will D1 and D2 differ only on sets of capacity zero?) What
happens if ωD1 ≡ ωD2 only on some subinterval of [0, 1]?
(c) Given a function ωD, can one ‘reconstruct’ D?
(d) Can one infer such properties as connectivity of D fromthe behaviour of ωD? One
might start by dealing with domains D that are circularly symmetric.
(K. Stephenson)
Update 6.116 Snipes and Ward [722] and Walden and Ward [776] provide results
which answer the analogues of Stephenson’s questions, for their function h(r). Barton
and Ward [68] establish several sets of sufficient conditions on a function f , for f to
arise as a harmonic measure distribution function.
Problem 6.117 Let G be a domain in C that contains the origin 0 and is axially-
symmetric with respect to the real axis, that is, if a point z ∈ G then the line segment
with endpoints z and z¯ also lies in G. (In particular it follows that G is simply-
connected.) For t > 0, let Gt and G
′
t be the components of the domains
{z : z ∈ G, Im z < t} and {z : z ∈ G,Re z < t}
containing 0. Let ωt and ω
′
t denote the harmonic measure at 0 of the sets
∂Gt ∩ {Im z = t} and ∂G′t ∩ {Re z = t}
with respect to the domains Gt and G
′
t respectively.
Now let D1 and D2 be two domains in C of this type, and use for each the notation
just described. Then:
(a) If ωt(D1) ≡ ωt(D2) for each t > 0, is it true that D1 = D2?
(b) If ω′t(D1) ≡ ω′t(D2) for each t > 0, is it true that D1 = D2?
(c) If both (a) and (b) fail, is it true that D1 = D2 if ωt(D1) ≡ ωt(D2) for each t > 0
and ω′t(D1) ≡ ω′t(D2) for each t > 0?
If the answer to (a) or (b) is ‘yes’, in that case, how few t’s does one need for the con-
clusion to hold? (For example, infinitely many t’s such that {Im z = t} or {Re z = t}
meet the domains? Or do the t’s need to be dense?) If the answer to (a), (b) or (c)
is ‘yes’, in that case can one replace ‘axially-symmetric’ by ‘simply-connected’, or
perhaps drop this requirement completely?
(D. A. Brannan)
Update 6.117 The original statement of this problem contained errors which have
now been fixed. No progress on this problem has been reported to us.
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New Problems
To appear.
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Chapter 7
Miscellaneous
Preface by D. Sixsmith (to appear)
Problem 7.1 Let E be the compact plane set of transfinite diameter (=capacity)
d(E) = 1 and let
dn(E)
n(n−1)/2 = max
wν∈E
∏
1≤µ<ν≤n
|wµ − wν |.
It is known that dn(E) decreases with n and dn(E) → d(E) as n → ∞, so that
dn(E) ≥ 1 is trivial. It is known by Pommerenke [648], that dn(E) ≥ n2/(n−1) if E is
connected. Is this inequality true in general?
Further, is it true that
dn(E)
(n−1)/2 ≤ Kn
if E is connected, where K is some absolute constant? It is known that
dn(E)
(n−1)/2 ≤
(4
e
log n+ 4
)
n,
in this case.
(Ch. Pommerenke)
Update 7.1 No progress on this problem has been reported to us.
Problem 7.2 Let f(z) be analytic in a simply-connected domain D. It is known that
f(z) can be expanded in a series of Faber polynomials
f(z) =
∞∑
n=0
anPn(z).
Find the domain of variability V of an as f(z) runs through all functions analytic in
D, and having positive real part there. It is known that if D is a circle, V is a circle;
and if D is an ellipse, then V is an ellipse, see Royster [677].
(W. C. Royster)
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Update 7.2 No progress on this problem has been reported to us.
Problem 7.3 Let zi, 1 ≤ i ≤ n be a finite sequence of complex numbers such that
|zi| ≤ 1. Set
Sk =
n∑
i=1
zki .
Can we have
max
2≤k≤n+1
|Sk| < A−n, (7.1)
where A is an absolute constant greater than one? If we assume z1 = 1, |zi| ≤ 1,
2 ≤ i ≤ n, then (7.1) can be satisfied. See Tura´n [760].
(P. Erdo¨s)
Update 7.3 No progress on this problem has been reported to us.
Problem 7.4 If z1 = 1, and the zi are arbitrary complex numbers for 2 ≤ i ≤ n, then
Atkinson [35] proved that
max
1≤k≤n
|Sk| > c
with c = 13 . What is the best value for the constant c?
Update 7.4 No progress on this problem has been reported to us.
Problem 7.5 Let zi, 1 ≤ i ≤ n be n complex numbers such that |zi| ≥ 1. Then there
exists an absolute constant c so that the number of sums
n∑
i=1
εizi, εi = ∓1, (7.2)
which fall into the interior of an arbitrary circle of radius 1, is less than (c2n log n)/n
1
2 ,
see Littlewood and Offord [527]. If the zn are real, Erdo¨s [227] proves that the number
of the sums (7.2) which fall into the interior of any interval of length 2 is at most(
n
[n2 ]
)
and this is sharp. He asks whether this estimate remains true for complex
zi, where his proof gives only c2
n/
√
n, or more generally, vectors of Hilbert space of
norm at least one, when he can prove that the number of sums (7.2) falling into an
arbitrary unit sphere is o(2n).
Update 7.5 The plane case has been settled independently by Katona [469] and
Kleitman [477]. The general case was also settled by Kleitman [477].
Problem 7.6 We consider the range of the random function
F (z) =
∞∑
n=0
±anzn
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(F chosen at random in the natural way) defined in D, where
∑ |an|2 = ∞. Is the
image of w = F (z) with probability one
(a) everywhere dense in the plane?
(b) the whole plane?
(c) does it contain any given point with probability one?
If an = n
λ, (b) holds if λ > 12 , and (a) holds if −12 < λ < +12 .
(J. P. Kahane)
Update 7.6 Partial results were obtained by Offord [610]. This problem has been
solved by Nazarov, Sodin and Nishry [594] who proved that (b) always holds.
Problem 7.7 Let f(z) =
∑∞
n=0 anz
n be analytic in D,
fn(z) =
n∑
k=0
akz
k,
and let Γn be the modulus of the largest zero of fn(z). Then Kakeya (no citation)
showed that lim infn→∞ Γn ≤ A, with A = 2. What is the best possible value of A?
Clunie and Erdo¨s [162] have shown that
√
2 < A < 2.
Update 7.7 This has been settled by Buckholtz [124]. He has found a method by
which the constant in question can be calculated with any desired accuracy.
Problem 7.8 Is it possible to express each K-quasiconformal map in 3-space as the
composition of two quasiconformal maps with maximal dilatation less than K? The
corresponding plane result is true.
(F. W. Gehring)
Update 7.8 No progress on this problem has been reported to us.
Problem 7.9 Suppose that f is a plane K-quasiconformal mapping of the unit disc
D onto itself. Show that there exists a finite constant b = b(K) such that
m(f(E)) ≤ b{m(E)}1/K
for each measurable set E ⊂ D. Here m denotes plane Lebesgue measure. Such an
inequality is known (see [303]) with the exponent 1K replaced by a constant a = a(K).
(F. W. Gehring)
Update 7.9 This has been proved by Astala [33]. His proof has been substantially
simplified by Eremenko and Hamilton [244].
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Problem 7.10 It was proved by Boyarski˘ı [111] that the partial derivatives of a
plane K-quasiconformal mapping are locally L-integrable for 2 ≤ p < 2 + c, where
c = c(K) > 0. Show that this is true with c = 2K−1 .
The example f(z) = |z| 1K−1.z shows that such a result would be sharp.
(F. W. Gehring)
Update 7.10 Gehring points out that the proof published by Okabe [612], who
claims to solve this problem, contains an error. Details of this are found in Gehring’s
review of Okabe’s article for Mathematical Reviews. See follow-up papers by Okabe
([613], [614]) also.
Problem 7.11 Show that each quasiconformal mapping of Rn onto Rn has a
quasiconformal extension to Rn+1 . This has been established by Ahlfors when n = 2
and by Carleson when n = 3. (F. W. Gehring)
Update 7.11 This has been established in all cases by Tukia and Va¨isa¨la¨ [758].
Problem 7.12 Suppose that f is an n-dimensional K-quasi-analytic function. Show
that the partial derivatives of f are locally L-integrable for n ≤ p ≤ n + c, where
c = c(K,n) > 0. This was shown by Gehring [297] to be true if f is injective.
(F. W. Gehring)
Update 7.12 This has been solved by Elcrat and Meyers [565] modulo a slight
problem observed by Gehring, which was straightened out by Stredulinsky [738].
Problem 7.13 One part of Nevanlinna theory is devoted to the following problem.
How does the geometric structure of a simply connected Riemann covering surface of
the sphere influence the value distribution of the meromorphic function generating the
surface? It is suggested that one also consider halfsheets among the constituent pieces
of such surfaces, which have an infinite number of branch points on their boundary.
A typical example is the covering surface generated by ez − z. It contains a right
half-plane with a second order branch point at 2πin for each integer n.
(F. Huckeman)
Update 7.13 No progress on this problem has been reported to us.
Problem 7.14 (Boundary values of Cauchy integrals). Let γ be a C1 curve in
the plane and let f be a continuous function on γ. Put
F (z) =
∫
γ
f(t)
t− z dt (z /∈ γ).
Does F have non-tangential boundary values almost everywhere on γ? This is a
very old question which has been studied quite extensively, especially by Russian
mathematicians. It is known that the answer is ‘yes’ if slightly greater smoothness
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is assumed for γ or f (see e.g. Havin [380] for an outstanding contribution to this
subject).
Suppose now that γ is a Jordan curve and let φ be a conformal map from the unit
disc onto the inside of γ. Does F ◦ φ belong to Hp for some p < 1, or perhaps to the
class N of functions with bounded Nevanlinna characteristic?
(A. Baernstein)
Update 7.14 Caldero´n [126] has proved that Cauchy integrals of measures on
C1 curves have boundary values almost everywhere. The second part of the
problem, about possibly pulling back to an Hp function, is still open. For non-
rectifiable γ one needs to consider F (z) =
∫
γ(t − z)−1 dµ(t) for measures µ since
F (z) =
∫
γ(t− z)−1f(t) dµ(t) does not make sense.
Problem 7.15 Let D be a domain in the extended complex plane. A finite point z
on the boundary ∂D of D is called angular (relative to D) if there exists ε > 0 such
that every component domain of D∩ {|z− z0| < ε} which has z0 as a boundary point,
is contained in an angle less than π with vertex at z0. Angularity at ∞ is similarly
defined.
Let A = A(D) be the set of angular points of ∂D relative to D. Obviously A not
empty implies that ∂D has positive capacity. The set A(D) can have positive linear
measure. E.g. let C be a Cantor set on |z| = 1 and let D consist of the open unit
disc from which have been deleted all points rz with z ∈ C and 12 ≤ r < 1. Then
A(D) = C which can, of course, have positive linear measure.
Yet the following holds for arbitrary domains: A(D) is either empty or its harmonic
measure, relative to any point of D, is zero. This result follows easily from an
unpublished theorem on Brownian paths ω(t) in the complex plane. This says that
almost all such paths have the property that for every real t0 and every ε > 0 the set
of numbers
∣∣∣ω(t)−ω(t0)ω(t)−ω(t0) ∣∣∣ with t0 < t < t0+ ε fills at least an open arc of length π on the
unit circle. This theorem is not easy and it would be desirable to give a direct proof
of the above result on A(D).
Moreover, the Brownian paths approach will certainly not yield a similar result for
the set Bα(D) of ∂D whose points are defined by replacing the angles less than π
with translates of {x + iy : 0 < x < |y|α} for a given α with 12 < α < 1. (For α = 12
the result is false as can be seen by taking D to be a disc.)
Problem: For which α ∈ (12 , 1) is the harmonic measure of the set Bα(D) always zero?
(Of course we may assume that the capacity of ∂D is positive.)
A much more difficult problem would be to characterise the monotone functions f(y)
having the property that the set obtained on replacing the angles by translates of
{x+ iy : 0 < x < f(|y|)} has necessarily harmonic measure zero.
Similar questions can be asked for Riemann surfaces and for n-dimensional space.
(A. Dvoretzky)
Update 7.15 No progress on this problem has been reported to us.
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Problem 7.16 Let γ be a Jordan arc, dµ a measure on γ. Does the Laplace transform
f(z) =
∫
γ
ezζ dµ(ζ) (7.3)
always have ‘asymptotically analytic’ growth as |z| → ∞. The answer might be ‘no’.
However it could be true anyway that the zeros of f(z) have ‘measurable distribution’
in the sense of A. Pfluger [632].
(J. Korevaar)
Update 7.16 On regularity of growth and zero distribution of Laplace transforms
f(z) =
∫ γ
ezζ dµ(ζ) along arcs, Dixon and Korevaar [194] have obtained some results
for arcs of limited slope. A negative answer has been given by Wiegerinck (personal
communication) using Borel transforms, to the question whether the Laplace trans-
form (7.3) always has asymptotically regular growth as |z| → ∞.
Problem 7.17 Let f(z) be analytic and bounded for ℜz > 0. Suppose that |α| < 12π
and that (rn) is a sequence of positive integers with
∑ 1
rn
= ∞. Show that the
exponential type of f on the sequence zn = rne
iα is equal to the type of f on the ray
z = reiα. (Proofs by Boas [102] and by Levinson [516] for α = 0 do not seem to work
for |α| > 14π.)
(J. Korevaar)
Update 7.17 This has been proved by Korevaar and Zeinstra [489]. See also Zeinstra
[812].
Problem 7.18 Let Γ be a Jordan curve and suppose that z = 0 lies inside it. Wermer
[786] showed that when Γ has infinite length, the powers zn, n 6= 0 span all of C(Γ).
One can indicate conditions on Γ under which the powers zn, n 6= n1, . . . , nk, form a
spanning set (see Korevaar and Pfluger, [488]). Under what conditions on Γ can one
omit an infinite set of powers, and still have a spanning set?
(J. Korevaar)
Update 7.18 No progress on this problem has been reported to us.
Problem 7.19 For what sets Ω of lattice points (mk, nk) do the monomials x
mkynk
span L2 or C0 on the unit square 0 ≤ x ≤ 1, 0 ≤ y ≤ 1? It is conjectured that the
condition
∑ 1
mknk
= ∞ is sufficient for sets Ω in an angle εx ≤ y ≤ x/ε, ε > 0.
Hellerstein [425] has shown that the condition is not necessary.
(J. Korevaar)
Update 7.19 No progress on this problem has been reported to us.
Problem 7.20 (Two constant theorems for the polydisc) Let F (z1, z2) be
defined for |z1 ≤ 1, |z2| ≤ 2 except when z1 = z2 and |z1| = |z2| = 1. Suppose
165
that F is plurisubharmonic in |z1| < 1, |z2| < 1 and that F (z1, z2) ≤ log 1|z1−z2| ,
whenever the left hand side is defined. Further, suppose that F (z1, z2) ≤ 0 for
{|z1| = |z2| = 1, z1 6= z2}. Does it follow that F (z1, z2) ≤ 0 for |z1| < 1, |z2| < 1?
(L. A. Rubel, A. Shields)
Update 7.20 No progress on this problem has been reported to us.
Problem 7.21 Suppose that |zk| = 1 (1 ≤ k <∞). Put
Al = lim sup
m→∞
∣∣ m∑
k=1
zlk
∣∣.
It is easy to see that there is a sequence zk, for which Al < cl for all l, and Clunie
[160] proved Al > cl
1
2 for infinitely many l. Is there a sequence for which Al = o(l) as
l→∞?
(P. Erdo¨s)
Update 7.21 No progress on this problem has been reported to us.
Problem 7.22 Suppose that A and B are disjoint linked Jordan curves in R3 which
lie at a distance 1 from each other. Show that the length of A is at least 2π. The
corresponding result with a positive absolute constant instead of 2π is due to Gehring
[298].
(F. W. Gehring)
Update 7.22 This problem was solved by several people. Osserman’s survey article
[620, p. 1226] contains details of its solution and some extension. Cantarella,
Fu, Kusner, Sullivan and Wrinkle [132] state that this was soon solved by Marvin
Ortel, but since his elegant solution was never published, they reproduce it with
his permission. Also, in refining Gehring’s problem to deal with links in a fixed
link-homotopy class: they prove that ropelength minimisers exist and introduce a
theory of ropelength criticality.
Problem 7.23 The expression u(z, ζ) of Problem 6.57 is closely related to the
Schwarzian derivative {f(z), z}, e.g. it is invariant under compositions with Mo¨bius
transformations and
lim
ζ→z
u(z, ζ) =
1
6
{f(z), z}
Ku¨hnau (no citation) showed that if f(z) is analytic in D and has a quasiconformal
extension to the whole plane with
|fz/fz| ≤ q < 1 a.e.
then
|u(z, ζ)| ≤ q(1− |z|2)−1(1− |ζ|2)−1. (7.4)
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Show that (7.4) is also sufficient for f to have a quasi-conformal extension to the
whole plane (possibly with 13 ≤ q < 1).
(J. G. Krzyz)
Update 7.23 No progress on this problem has been reported to us.
Problem 7.24 Let E = {|z| < 1}, let 0, a > 0, b = |b|eiβ(−π < β ≤ π) be distinct
points of E; and let K be the family of continua K with the properties that {a, b} ⊂
K ⊂ E \ {0} and E \K is connected. On any K ∈ K there is a continuous function
arg z; we thus subdivide K into homotopy classes {Kn} according to the value of
V (K) = arg b− arg a ∈ {β + 2nπ, n ∈ Z}.
Let us call K ∈ K a natural continuum if K is a trajectory of a quadratic differential
a with the following properties:
(a) 0, a, b are simple poles of σ, and there is no other pole of σ in E;
(b) σ is real on ∂E.
There are many problems that then arise, for example:
(i) Do all homotopy classes contain natural continua? (There are many in Kn when
|β + 2nπ| < 2π.)
(ii) Find all natural continua in K.
(iii) How does the modulus of E \K vary when K runs through the natural continua
in Kn?
(F. Huckemann)
Update 7.24(i) An affirmative answer has been given by D. H. Hamilton [][EMAILED
16/4/18].
Problem 7.25 Let K be a compact set of positive measure in C. Does there
necessarily exist a non-constant analytic function in C \K with f(∞) = 0 such that
[f(z) − f(ζ)]/[z − ζ] 6= ±1 for any z, ζ ∈ C \ K? Conceivably, the hypotheses even
imply the existence of non-linear analytic functions f with |f(z)f(ζ)|/|zζ| bounded,
but this is a well-known unsolved problem. Of course one can pose more general
problems again such as requiring that the difference quotient omit all values in some
pre-assigned plane set. (These problems arise in the use of variational methods.)
(D. Aharonov and H. S. Shapiro)
Update 7.25 No progress on this problem has been reported to us.
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Problem 7.26 Is there a homeomorphism of the open unit ball in R3 onto R3, whose
coordinate functions are harmonic? In other words, do there exist u1, u2, u3 harmonic
in |x| < 1, x = (x1, x2, x3), such that
(x1, x2, x3)→ (u1, u2, u3)
is a homeomorphism of |x| < 1 onto all of R3? The analogous problem in R2 is
answered negatively; the result is due to T. Rado (no citation), and is an important
lemma in the theory of minimal surfaces.
(H. S. Shapiro)
Update 7.26 No progress on this problem has been reported to us.
Problem 7.27 For a domain D in C, define
ρ(x, y) = sup{|f(x)− f(y)| : x, y ∈ D; f analytic in D; |f ′| ≤ 1 in D}.
If D is convex, then ρ(x, y) = |x− y|, but not otherwise. Clearly ρ(x, y) ≤ L(x, y), the
infimum of the lengths of paths in G that join x to y. What can be said about ρ for
general D, in terms of the geometry of D?
(L. A. Rubel)
Update 7.27 No progress on this problem has been reported to us.
Problem 7.28 Suppose that f(z) is continuous in a domain D and that either
(i)
∫
|ζ−z|=r f(ζ) dζ = 0 for all z ∈ D and 0 < r ≤ r(z),
or (weaker),
(ii) limr→0
[
r−2
∫
|ζ−z|=r f(ζ) dζ
]
= 0 for all z ∈ D.
Does it follow that f(z) is analytic in D? (see e.g. [809], [808]).
(D. Gaier and L. Zalcman)
Update 7.28 No progress on this problem has been reported to us.
Problem 7.29 Let f(z) be continuous on D, and let α be a fixed number with 0 <
α ≤ 1. If, for each z in {|z| < 1},∫
|ζ−z|<α(1−|z|)
f(ζ) dζ = 0,
is f necessarily analytic in D? What happens if we are given that f is continuous only
in D?
(L. Zalcman)
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Update 7.29 No progress on this problem has been reported to us.
Problem 7.30 Let u(z) be a real bounded continuous function on U = {|z| < 1}, and
suppose that to each z ∈ U there corresponds a real number r(z) with 0 < r(z) < 1−|z|
such that
1
2π
∫ 2pi
0
u(z + r(z)eiθ) dθ = u(z). (7.5)
Must u(z) be harmonic on U? Volterra (no citation) showed that this was true in
the case that u(z) is given to be continuous on U ; the case in which (7.5) is replaced
by an areal-mean-value (and the continuity condition on u(z) is relaxed) has been
studied by Veech (see [769] and [768]) and others.
(L. Zalcman)
Update 7.30 This is the same as Problem 3.8. A complete answer was obtained by
Hansen and Nadirashvili [376]. See Update 3.8.
Problem 7.31 Suppose that
a1 > 0, 0 ≤ an ≤ n, n ≥ 1, bn =
n∑
ν=1
aν , cn =
n∑
ν=1
bν .
Then
∑
(an/cn)
α < ∞ if α > 12 . For what other functions f(t) is it true that∑
f(cn/an) < ∞? Is it true, for instance, that (under some smoothness condition on
f)
∑
f(cn/an) converges with
∑
f(n2)? The analogous result for cn/bn was obtained
by Borwein [107], that if xf(x) is positive and non-increasing for x ≥ a > 0 and∑
f(n) <∞, then ∑ f(cn/bn) <∞.
(W. K. Hayman)
Update 7.31 No progress on this problem has been reported to us.
Problem 7.32 Let µ(t) be a continuous monotonic increasing function of t for t ∈ [0, 1]
and let ω1(h, µ), ω2(h, µ) denote its modulus of continuity and modulus of smoothness
respectively. It is known that, if
ω1(h) = O(h) (h→ 0),
or
ω2(h) = O(h(log 1/h)
−c) (h→ 0),
where c > 12 , then µ(t) is absolutely continuous (w.r.t. Lebesgue measure). It is also
known that each of these conditions is essentially best-possible. Are they simultane-
ously best possible? More precisely, is it true that given any function φ(t) ↑ ∞ as t ↓ 0,
there is a continuous, monotonic increasing singular function µ(t) such that
ω1(h) = O(hφ(h)) (h→ 0)
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and
ω2(h) = O(h(log 1/h)
− 1
2 ) (h→ 0)?
(J. M. Anderson)
Update 7.32 An affirmative answer has been given by Anderson, Ferna´ndez and
Shields [26].
Problem 7.33 Let P (θ) =
∑N
n=1 e
iλnθ be a finite Dirichlet series with exponents γm 6=
γn for m 6= n. What can be said about µ ≡ inf |P (θ)|? A trivial argument shows that
µ ≤ (N − 1)1/2. In fact, |P |2 = N +2∑m6=n cos(λm − λn)θ. If w(θ) = |P |2 −N ≥ −c,
then let h(θ) = c+ w(θ) = 2
∑
bn cos(δnθ), where the bn are positive integers. Then
bn = lim
T→∞
1
2T
∫ T
−T
h(t) cos(δnt) dt ≤ lim
T→∞
1
2T
∫ T
−T
h(t) dt = c.
Thus c ≥ 1. The problem arises in prediction theory where µ ≤ (N−1)1/2 is adequate.
If the λn are rational, then the problem reduces to a problem on polynomials with
coefficients 0 and 1.
(S. Rudolfer and W. K. Hayman)
Update 7.33 Goddard [306] calculates f(4) explicitly and, in the process, discovers
some examples of Newman polynomials with few terms, but large minimum modulus.
Problem 7.34 Let βj ∈ R+ and ζj ∈ C, and for suitable small z define
f(z) =
n∏
j=1
(1− ζjz)βj = 1 + a1z + a2z2 + . . . (7.6)
Suppose further that the ak are all real. Then there exists N = N(β1, β2, β3, . . . , βn) <
∞, independent of the ζj, such that min(a1, a2, . . . , aN ) ≤ 0. Find a sharp, or good,
upper bound for N as a function of the β’s. This would be significant for Tura´n’s
power sum method. To see that N < ∞: if the βj ’s are all integers, then f is a
polynomial and N = β1 + β2 + β3 + . . . + βn + 1. (The sort of estimate wanted
in the general case.) If not, assume that |ζ1| ≤ |ζ2| ≤ . . . ≤ |ζn| ≤ 1, and let
m = max{j : βj ∈ Z}. The radius of convergence of (7.6) is |ζm|−1 and if the ak
were all positive (or even greater than or equal to 0). then by Pringshein’s theorem
(see Titchmarsh [748]), |ζm|−1 would be a singularity of f . Since f only has the
singularities {ζ−1j : βj /∈ Z} we deduce that ζm > 0. We multiply through by
(1− ζm)−βm which has positive coefficients, and repeat the arguments. After at most
n steps, we obtain a contradiction. This gives a finite N for any particular set of ζj
and the uniformity is straightforward.
(R. Hall)
Update 7.34 No progress on this problem has been reported to us.
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Problem 7.35 According to Fefferman’s theorem (no citation), a real function u on
the unit circle which has bounded mean oscillation, can be decomposed as u = b1+ b˜2
where b1 and b2 are bounded functions and b˜2 denotes the conjugate of b2. Given u,
what is the smallest possible ‖b2‖∞? This problem is discussed by Baernstein [41]
(Section 10). An affirmative answer to [41, Section 10, Conjecture 2] would prove the
conjecture about factoring non-zero univalent functions that Baernstein made (see
Problem 5.58).
(A. Baernstein)
Update 7.35 No progress on this problem has been reported to us.
Problem 7.36 This problem is equivalent to Problem 7.9 due to Gehring and Reich
about best bounds for area distribution under quasiconformal mapping. Let E denote
a measurable subset of the unit disc D, m denote 2-dimensional measure, and define
fE(z) = − 1
π
∫ ∫
E
dm(w)
(w − z)2 , z ∈ C \ E.
Thus, fE is the 2-dimensional Hilbert transform of the characteristic function of E.
It follows from the Caldero´n-Zygmund theory of singular integrals that there are con-
stants a and b such that∫ ∫
D\E
|fE| dm ≤ am(E) log π
m(E)
+ bm(E)
for every E. The problem is to find the smallest possible a (for which there exists some
b such that the inequality holds for every E ⊂ D). Consideration of E = {z : |z| < δ}
for small δ shows that a = 1 would be best possible, and this is conjectured by Gehring
and Reich.
An analogous sharp inequality for sets E ⊂ [−1, 1] and 1-dimensional Hilbert trans-
forms
fE(x) = − 1
π
∫
E
dt
x− t
is known, and can be proved either by a subordination argument or by use of a
theorem of Stein and Weiss.
(A. Baernstein)
Update 7.36 This has been solved by Eremenko and Hamilton [244].
Problem 7.37 Let T denote the class of all rational functions g of the form
g(z) =
n∑
j=1
λj
(z − zj)2 ,
where the constants λj satisfy λj > 0 and
∑n
j=1 λj = 1. Prove (or disprove): There is
a constant C with the property that for each g in T we can find a set S = S(g) with
m(S) = π such that ∫ ∫
∆(R)\S
|g| dx dy ≤ 2π logR+ C
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for every R in (1,∞). Here ∆(R) = {z : |z| < R}. This assertion, if true, would
imply that the inequality of Problem 7.36 holds with a = 1, and thus solve the area
problem of Gehring and Reich. Problems of this sort have been considered by Fuchs
and MacIntyre [545].
(A. Baernstein)
Update 7.37 No progress on this problem has been reported to us.
Problem 7.38 The Hankel matrices of a function f having a Taylor expansion
f(z) = a0 + a1z + . . .
are defined by
H(n)p = (aij); aij = an+1+j−2; 1 ≤ i, j ≤ p+ 1.
If f belongs to the Pick-Nevanlinna class (Det H
(n)
p ≥ 0, all n, p), then all the poles of
f are simple and they lie on the positive real axis. Denote by
ε
(n)
1 ≥ ε(n)2 ≥ . . . ≥ ε(n)p ≥ 0
the eigenvalues of H
(n)
p . Then
lim sup
n→∞
(ε
(n)
j )
1/n =
1
λj
,
where λj is the j-th pole, where the poles are numbered in order of increasing
modulus. What can be said about the eigenvalues under less restrictive conditions?
(R. Bouteiller)
Update 7.38 No progress on this problem has been reported to us.
Problem 7.39 (Subadditivity problem for analytic capacity) Prove or disprove
the existence of a constant M such that
γ(K1 ∪K2) ≤M{γ(K1) + γ(K2)}
for all compact sets K1,K2 in C. Even the case where γ(K2) = 0 is open. For
background, see Garnett [290].
(J. Korevaar)
Update 7.39 This has been proved by Tolsa [752], and is the same as Problem 7.75(c).
Problem 7.40 Let D(z, r) = {w : |w − z| ≤ r}. Given a sequence {D(zj , r)}Nj=1 of
disjoint closed balls all contained in |z| ≤ 12 , put
Ω = {z : |z| < 1} \ ∪Nj=1D(zj , r).
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Let h be the function in |z| ≤ 1 satisfying: h is harmonic in Ω, h = 1 on |z| = 1,
and h = 0 on ∪Nj=1D(zj , r). Does there exist δ > 0 such that whenever r ≤ δ and
N ≥ [1/r]2−δ , then ∫ 2pi0 h(zj + 2reiθ) dθ ≤ r2+δ, holds for at least one D(zj , r)? Here
[1/r] denotes the greatest integer less than or equal to 1/r. An affirmative answer
should imply a weak version of Arakelian’s conjecture for entire functions (Problem
1.6).
(J. Lewis)
Update 7.40 This has been proved by Lewis and Wu [520], and provides the key to
their solution of Problems 1.6 and 4.18.
Problem 7.41 Let {zν} be a sequence of distinct points in the unit disc D such that∑
(1 − |zν |) < ∞. Let B be the Blaschke product corresponding to this sequence. If
0 < t <∞, defineWt = {z ∈ C : |B(z)| < t}. Denote the space of all bounded analytic
functions in Wt by H
∞(Wt), and put S = {zν}∞ν=1. Is
H∞(D)|S = H∞(Wt)|S (7.7)
for all t? H∞(Wt)|S denotes the restrictions to S of the functions in H∞(Wt).
We note the following:
(a) For an interpolating sequenceH∞(D)|S = l∞ this is true, and can easily be deduced
from Earl’s proof [212] of Carleson’s interpolation theorem.
(b) For any Blaschke sequence, the result is true when 0 < t < 1 for then the result is
contained in Carleson’s original proof of the corona theorem for H∞.
(A. Stray)
Update 7.41 Stray [736] has proved (7.7).
Problem 7.42 Define the Harnack function Hz0(z) for a Green domain D relative
to z0 ∈ D to be the supremum of all positive harmonic functions h on D to be the
supremum of all positive harmonic functions h on D which satisfy h(z0) ≤ 1. If Kζ(z)
is the Martin kernel for D relative to z0, K(ζ0) = 1 for all ζ in the Martin boundary
∆1, then
Hz0(z) = sup{Hζ(z) : z ∈ D, ζ ∈ ∆1}.
In particular for D the unit disc, the boundary ∆1 may be identified with the unit
circle T and, if z0 = 0, then Kζ(z) is the Poisson kernel with pole at ζ ∈ T . In this
case, Kζ = H0 along the radius to ζ. Using the Riemann mapping functions, this
property may be described for simply connected D as follows: for each ζ ∈ ∆1, Kζ
touches Hz0 along a Green line for D issuing from z0.
Does this property continue to hold for D multiply connected?
(M. Arsove and G. Johnson)
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Update 7.42 No progress on this problem has been reported to us.
Problem 7.43 A bounded simply-connected domain D is said to be conformally
rigid if there is some ε > 0 such that if f is a conformal self-map of D satisfying
|f(z)− z| < ε, then f(z) ≡ z. Clearly, if each prime end of D is a singleton, then D is
not conformally rigid. Show the converse.
(P. M. Gauthier)
Update 7.43 Gaier [284] has shown that the converse is false.
Problem 7.44 Let U be an open set in the plane and λUa be the harmonic measure
at the point a with respect to U . Then Øksendal [616] showed that λUa is singular
with respect to area measure. Is it also true that λUa is singular with respect to
β-dimensional Hausdorff measure for all β > 1?
The same question can be asked for the Keldysh measure µUa at a ∈ K with respect to
a compact set K. Øksendal showed that µUa is singular with respect to area measure.
(B. Øksendal)
Update 7.44 This was proved by Makarov [550] in the case where U is simply
connected; and by Jones and Wolff [467] in the general case.
Problem 7.45 Let D be the unit disc cut along p radial slits from the outer boundary,
all of the same given length. Let u be the harmonic measure of {|z| = 1} in D. Find
the configuration of slits which makes u(0) minimal, when p is fixed.
(A. A. Gonchar, communicated by M. Esse´n)
Update 7.45 Dubinin [201] has proved that this occurs when the slits are symmetri-
cally distributed.
Problem 7.46 (A ‘Universal’ Phra´gmen-Lindelo¨f Theorem) Let D be an arbi-
trary unbounded plane domain. Suppose that f(z) is analytic on D and continuous
on D. If |f(z)| ≤ 1 on ∂D and f(z) = o(|z|) at ∞, show that |f(z)| ≤ 1 throughout
D. The o(|z|) would then be the ‘right’ condition since that is what is needed for the
case D = {z : |z| > 1}.
(D. J. Newman)
Update 7.46 Fuchs [281] has shown that |f(z)| ≤ 1 throughout D. A slightly more
general result, where zαf(z) is one-valued for some real α, was obtained by Gehring,
Hayman and Hinkkanen [301], and was applied to problems involving moduli of
continuity.
Problem 7.47 Let K ⊂ C be compact and let x0 ∈ K be a non-peak point for
R(K), the uniform limits on K of rational functions with poles outside K. Will there
always exist a continuous curve Γ in K terminating at x0? It is easy to see that if
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∑∞
n=1 2
nM1(An(x0) \K) <∞, where An(x0) = {z : 2−n−1 ≤ |z − x0| ≤ 2−n}, and M1
denotes 1-dimensional Hausdorff content, then Γ can be chosen to be a straight line
segment. In this case, Øksendal [615] showed that the integrated Brownian motion
starting at x0 stays inside K for a positive period of time, almost surely. There is an
example of a compact set K and a non-peak point x0 ∈ K such that no straight line
segment terminating at x0 is included in K.
(B. Øksendal)
Update 7.47 No progress on this problem has been reported to us.
Problem 7.48 A domain D ⊆ Rn is said to be linearly accessible, if each point in the
complement of D can be joined to ∞ by a ray which does not meet D. Let g( · , x0)
be the Green’s function for D with pole at x0 in D. Is {x : g(x, x0) > t} linearly
accessible for 0 < t <∞. This conclusion is valid in R2.
(J. Lewis)
Update 7.48 No progress on this problem has been reported to us.
Problem 7.49 Let x = (x1, x2, . . . , xn) be a point in Euclidean n-space, n ≥ 3, with
|x| =
(∑n
i=1 x
2
i
)1/2
. A function u on Rn is said to be homogeneous of degree m if
u(λx) = λmu(x) for all λ > 0. If u is differentiable, put ▽u = (ux1 , ux2 , . . . , uxn).
Prove there are no homogeneous polynomials u with real coefficients, m ≥ 2, such that
▽u · (|▽u|p−2▽u) ≡ 0, p fixed, p 6= 2, 1 < p <∞. (7.8)
In R2 there are no polynomial solutions. A proof of the above would imply that if f
is any solution to (7.8) on a domain D ⊆ Rn, then f is real analytic in D if and only
if ▽f does not vanish in D.
(J. Lewis)
Update 7.49 No progress on this problem has been reported to us.
Problem 7.50 Let U be a connected open set in Rn. Brelot and Choquet [113]
showed that the set of points on the boundary of U which are accessible from the
interior by (finite length) rectifiable paths supports harmonic measure. It is natural,
in view of polygonal path connectedness of finely open sets, to ask if the same is true
for finely open sets and the Keldysh measure.
(T. Lyons and B. Øksendal)
Update 7.50 No progress on this problem has been reported to us.
Problem 7.51 Let D be a bounded strictly pseudo-convex domain in Cn, n > 1, with
smooth boundary. Denote by A∞(D) the class of functions analytic in D, continuous
on D, all of whose derivatives are continuous on D. Let E be a closed subset of the
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boundary of D which is not a set of uniqueness for A∞(D), i.e. there exists a function
f 6≡ 0, which belongs to A∞(D) such that f vanishes exactly on E and all of the
derivatives of f vanish on E. Is every closed subset of E a set of non-uniqueness for
A∞(D)? This is true in the case of the unit disc in C.
(A. -M. Chollet)
Update 7.51 No progress on this problem has been reported to us.
Problem 7.52 Let K ⊂ Cn be a compact set and let P0(K) be the set of all polyno-
mials on K. The P -hull of K, the polynomial convex hull of K, is defined by
P -hull K = {z ∈ Cn : |p(z)| ≤ sup
k
|P (z)| for all p ∈ P0(K)}.
Let P (K) be the uniform closure of P0(K) in C(K), the continuous function on K. Let
Sˇilov Bd (P (K)) denote the Sˇilov boundary of the uniform algebra P (K). Determine
all compact sets K ⊂ Cn(n > 1) such that Sˇilov Bd (P (K)) = Boundary (P -hull K).
For n = 1, every compact set K ⊂ C has this property. For n > 2, examples of K are
compact sets and closed spheres.
(S. Kilambi)
Update 7.52 No progress on this problem has been reported to us.
Problem 7.53
(i) (One-dimensional version.) Let E be a compact set in R; and, for each x ∈ E, let
δx > 0 be given. Let Ix = (x − δx, x + δx). For what values of c can one always
find a disjoint collection of such intervals, {Ixj} say, such that
∑
j |Ixj | ≥ c|E|?
It is known that this is possible for c = 12 , but is impossible in general for c >
2
3 .
(ii) (n-dimensional version.) Let E be a compact set in Rn; and let K be an open
bounded symmetric convex set in Rn. For each x ∈ E, let δx > 0 be given;
and let Kx = x + δxK, the dilation of K by a factor δx, centred at x. For
what values of c can one always find a disjoint collection of such sets, {Kx} say,
such that
∑
j |Kxj | ≥ c|E|? If c(K) denotes the best value, it is known that
2−n ≤ c(K) < 1.
The facts in (i) and (ii), together with some sketchy information on c(Qn) (where Qn
is the n-cube) and c(Sn) (where Sn is the n-sphere), are given in [777], but there is
no information on the correct asymptotic behaviour of c(Qn) or c(Sn). The problem
has applications to the best constants in results concerning the Hardy-Littlewood
maximal function.
(P. L. Walker)
Update 7.53 No progress on this problem has been reported to us.
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Problem 7.54 Let φt(z) = e
tz − 1, φ1t = φt and φn+1t = φt ◦ φnt for n ≥ 1; it follows
that
φ1t (−1) = e−t − 1 = −t+
t
2!
− . . . ,
φ2t (−1) = et(e
−t−1) − 1 = −t2 + . . . etc.
Are the coefficients in these formal power series for {φnt (−1)}∞n=1 uniformly bounded
by 1 in modulus?
(P. J. Rippon)
Update 7.54 No progress on this problem has been reported to us.
Problem 7.55 It is known that any quasi-conformal homeomorphism of
Bn = {x : x ∈ Rn, |x| < 1} onto a Jordan domain D in Rn can be extended
to a homeomorphism of Bn onto D. If ∂D is rectifiable (in the sense that
Λn−1(∂D) < ∞), is f |∂Bn absolutely continuous (in the sense that Λn−1
(
f(E)
)
= 0
for every set E in ∂Bn with |E| = 0)? One can also ask the analogous question about
f−1.
When n = 2, the answer to both questions is ‘yes’ for conformal mappings, but
‘no’ for quasi-conformal mappings. When n = 3, Gehring [299] has proved that,
if in addition the function f has a quasi-conformal extension to Rn, then f |∂Bn is
absolutely continuous; but, even in this special case, it is not known if f−1|∂D is
absolutely continuous.
(A. Baernstein II)
Update 7.55 No progress on this problem has been reported to us.
Problem 7.56 Let Γ be a closed Jordan curve in the extended plane, and suppose
that∞ ∈ Γ. Let f1, f2 map the upper and lower half-planes, respectively, onto the two
different domains in C bounded by Γ, with f1(∞) = f2(∞) =∞. Then, if h = f−12 ◦f2,
h is a homeomorphism of R onto R. It is known that Γ is a quasi-circle if and only if
h is quasi-symmetric (that is, there exists a constant c such that
1
c
≤ h(x+ t)− h(x)
h(x) − h(x− t) ≤ c
for all x, t ∈ R). Can one characterise the function h for general Jordan curves Γ? In
particular, can every function h : R→ R be generated in this fashion?
(L. Bers; communicated by A. Baernstein II)
Update 7.56 A counter-example to the latter question has been given by Oikawa
[611]. A counter-example has also been given by Huber [450].
Problem 7.57 For n ≥ 2, let
Rn+ =
{
(x1, . . . , xn) ∈ Rn : xn > 0
}
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and
Rn− =
{
(x1, . . . , xn) ∈ Rn : xn < 0
}
;
let E, F be non-empty compact subsets of Rn+, R
n− (respectively), and let F ∗ denote
the symmetric image of F in ∂Rn+. Denote by ∆(E,F ), ∆(E,F
∗) the families of all
curves in Rn joining E and F , E and F ∗ (respectively). Is it true that
M
(
∆(E,F )
) ≤M(∆(E,F ∗)), (7.9)
where M denotes the n-modulus of a curve family?
It is easy to show that strict inequality holds in (7.9) if E and F are balls. Also,
if ∆(E,F ) is obtained from ∆(E,F ∗) as a result of symmetrisation, then (7.9)
holds. Note too that it follows from the symmetry principle for the modulus that
1
2M
(
∆(E,F )
) ≤M(∆(E,F ∗)), at least if E ∩ f∗ = ∅.
(M. Vuorinen)
Update 7.57 No progress on this problem has been reported to us.
Problem 7.58 Let E ⊂ [0, 1] be a compact set on the positive real axis in R2; and
let E have positive conformal 2-capacity, that is M
(
∆(E, ∂B2(2);R2)
)
> 0 where
∆(E, ∂B2(2);R2) is the family of all curves joining E to ∂B2(2) and M(∆) is the
2-modulus of ∆. Is it true that M
(
∆(E,F ;R2)
)
=∞, where F = R \E?
(A. A. Goncˆar; communicated by M. Vuorinen)
Update 7.58 No progress on this problem has been reported to us.
The following three problems (7.59, 7.60 and 7.61) are about polynomials in n
variables. We write z = (z1, . . . , zn) and D = (D1, . . . ,Dn) where Di denotes
δ
δzi
.
Also E denotes the set of entire functions in Cn.
Problem 7.59 Let (P,Q) denote a pair of polynomials with the following property:
the map f 7→ P (D)(Qf) carries E bijectively onto E . (7.10)
If (P,Q) has the property (7.10), is it necessarily true that (Q,P ) also has the property
(7.10)? (There is little theoretical ground so far to support such a conjecture, but in
all examples the proposer has been able to check it is true.)
Note that it is fairly easy to show that, under the hypotheses above, the
map F 7→ Q(D)(PF ) carries E˜ bijectively onto E˜ , where E˜ = {F : F ∈
E , F is of exponential type}.
(H. S. Shapiro)
Update 7.59 Meril and Struppa [564] have shown that the answer to the first
question is ‘no’ in general.
Problem 7.60 Let P be a polynomial of degree m in which the coefficient of zm1 is
non-zero, and let Q(z) = zm1 .
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(a) Does the pair (P,Q) have the property (7.10)?
(b) Does the pair (Q,P ) have the property (7.10)?
The proposer can prove the conjectures in the case that
Q(z) = zm1 +
(
polynomial in (z2, . . . , zn)
)
.
Note that if (a) were true, then it would follow that the non-characteristic Cauchy
problem with entire data on a hyperplane has a unique entire solution. (The
uniqueness follows from classical results; only the entirety is in question.)
(H. S. Shapiro)
Update 7.60 Meril and Struppa [564] have shown that the answer to (a) and (b) is
‘yes’.
Problem 7.61 Is it true that, for any polynomial P with complex coefficients, the
mapping f 7→ P ∗(D)(Pf), where P ∗(z) = P (z), is a bijection of E onto E?
The proposer can prove that this is true when P is a homogeneous polynomial;
and D. J. Newman told the proposer that he could prove the injectivity half of the
conjecture, but the proposer has seen no details of the proof. The conjecture would
follow if one could show that the partial differential equation P ∗(D)(Pf) = zα where
P ∗(z) = P (z), has a solution f that is entire and of exponential type for every
multi-index α.
(H. S. Shapiro)
Update 7.61 No progress on this problem has been reported to us.
Problem 7.62 Given a countable number of convergent series with positive decreasing
terms, one can find such a series converging more slowly than any of these. Without
making any assumption about the Continuum Hypothesis, can one associate with every
countable ordinal number α a convergent series
∑∞
n=1 xn,α with 0 ≤ xn+1,α ≤ xn,α such
that
(a) if α < β, then xn,α/xn,β → 0 as n→∞,
and
(b) if xn > 0 and
∑∞
n=1 xn <∞, then there exists α such that xn/xn,α → 0 as n→∞.
[See also Problem 2.66.]
(A. Hinkkanen)
Update 7.62 No progress on this problem has been reported to us.
Problem 7.63 For n ≥ 2 and α > 0, let
T̂αRf(ξ) =
(
1− |ξ|
2
R2
)α
+
fˆ(ξ)
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where R > 0 and f ∈ S(Rn). Is it true, for all f ∈ L2n/(n+1)(Rn) and all α > 0,
that TαRf(x) → f(x) a.e. as R → ∞? When n = 2 and {Rj} is a lacunary sequence
tending to ∞, Carbery [135], Co´rdoba and Lo´pez-Melero [174] and also Igari [456]
have shown that the answer is ‘yes’. When n ≥ 3, the more ‘elementary’ problem of
norm convergence remains unsolved. (See also [136], [173], [681].)
(A. Carbery)
Update 7.63 Carbery, Rubio de Francia and Vega [137] have answered have an-
swered the almost-everywhere convergence problem in the affirmative in all dimensions.
Problem 7.64 Let Γ be a Fuchsian group in D, and let i(z) ≡ z. Is it true that∑
γ∈Γ
|γ′(0)| ≥
∏
γ∈Γ, γ 6=i
|γ(0)|2 ?
Note that this is an equivalent formulation of a problem connecting the Bergman
kernel function and the capacity function of a Riemann surface.
(N. Suita; communicated by Ch. Pommerenke)
Update 7.64 No progress on this problem has been reported to us.
Problem 7.65 Let W be a hyperbolic Riemann surface, Gω the Green’s function
with pole ω ∈ W, and Γ = {[γn]} the fundamental group. Let Γ˜ be the subgroup
of equivalence classes [γ] such that, for every ω ∈ W, the harmonic conjugate G∗ω of
Gω changes by an integral multiple of 2π on a representative path in [γ]. Certainly
[Γ,Γ]⊳ Γ˜⊳Γ. Is it true that, if [Γ,Γ] 6= Γ˜, thenW is necessarily of the form V \A where
V is a hyperbolic surface and A 6= ∅ is a relatively closed subset of zero logarithmic
capacity?
The conjecture is true if Γ˜ = Γ and V is the unit disc; and it is false if [Γ,Γ] = Γ˜.
(The conjecture arises from work in [735].)
(K. Stephenson)
Update 7.65 No progress on this problem has been reported to us.
Problem 7.66 A continuous mapping f : Bn → Rn, whereBn = {x : x ∈ Rn, |x| < 1},
and n ≥ 2, is said to be proper if f−1(K) is a compact subset of Bn whenever K is a
proper subset of f(Bn). Let
Bf = {z : z ∈ Bn, f is not a local homeomorphism at z}.
Is it true that, if
(i) n ≥ 3,
(ii) f : Bn → Rn is proper and quasi-analytic,
and
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(iii) Bf is compact
then f is necessarily injective?
Note that the mapping f(z) = z2, where z ∈ B2, shows that the conjecture is false
when n = 2. The conjecture is known to be true in the special case that f(Bn) = Bn,
n ≥ 3. The conjecture is a special case of a more general open problem in [773].
(M. Vuorinen)
Update 7.66 No progress on this problem has been reported to us.
Problem 7.67 Let V be the zero set of some analytic function in a strictly pseudo-
convex domain Ω in C2. If V has finite area inside Ω, is it necessarily true that V is
the zero set of some bounded analytic function on Ω?
Bo Berndttson (no citation) has shown that the answer is ‘yes’ when Ω is the ball;
and easy examples show that the answer is ‘no’ for strictly pseudo-convex domains
in C when n > 2. Skoda ([719], [720]) and independently Henkin [433] have shown
(under some cohomology condition on Ω) for all n that V is the zero set of a function
of Nevanlinna class only if V satisfies the Blaschke condition.
(R. Zeinstra)
Update 7.67 No progress on this problem has been reported to us.
Problem 7.68 For a Hadamard gap sequence {nk}∞k=1, nk+1/nk ≥ q > 1, is it true
that the measure in [0, 2π[ of the set of those points x for which
lim inf
m→∞
∣∣∣ m∑
k=1
cos(nkx)− ξ
∣∣∣ = 0, for all ξ ∈ R,
equals 2π?
(T. Murai)
Update 7.68 No progress on this problem has been reported to us.
Problem 7.69 Given an associative algebra A, with identity 1 and countable basis,
then for a finite-dimensional subspace V spanned by the vectors {ej}kj=1 we have the
differential operator
k∑
j=1
ej
∂
∂xj
acting on differentiable functions defined over domains in V and taking their values in
A. We call a function f : U ⊆ V → A a left analytic function if
k∑
j=1
ej
∂f
∂xj
(x) = 0
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for all x ∈ U . Ryan [692] has shown that there is a generalised Cauchy integral formula
f(x0) =
∫
∂M
G(x, x0)
k∑
j=1
(−1)jej dxˆjf(x),
with real-analytic kernel G(x, x0), whereM is an arbitrary, compact real n-dimensional
manifold lying in U ; and x0 ∈ M˚ if and only if there are elements {pj}kj=1 ⊆ A satisfying
the relation
pjel + plej = 2δjl.
(a) Is the result still valid if we only assume G(x, x0) to be a C
1 function?
(b) What analogous result holds if we assume the algebra to be non-associative?
(J. Ryan)
Update 7.69 No progress on this problem has been reported to us.
Problem 7.70 Using arguments due to Ahlfors (see, for example [10]) any Mo¨bius
transformation in Rn can be written in the form (ax+ b)(cx+ d)−1, where x ∈ Rn and
a, b, c, d are elements of a Clifford algebra An that satisfies certain constraints. It can
be shown that the linear differential equations whose solution spaces are conformally
invariant are of the type
Dkfk((ax+ b)(cx+ d)
−1) = 0, k ∈ N,
where D is the Euclidean Dirac operator, and the associated conformal weight is
Jk(cx+ d) =
{
(cx+ d) ∗ |cx+ d|−n−1+k for k = 2p − 1,
|cx+ d|−n+k for k = 2p,
where ∗ is the involution described in [10].
1. What are the non-linear differential equations whose solution spaces are confor-
mally invariant?
2. Can their conformal weights also be expressed in terms of cx+ d, and what re-
lationship do these solutions have to the linear conformally-invariant differential
equations?
(J. Ryan)
Update 7.70 No progress on this problem has been reported to us.
Problem 7.71 Given a domain of holomorphy Ω ⊆ Cn, n ≥ 2, what conditions are
required on Ω to admit an analytic function p : Ω → C which cannot be analytically
extended beyond the boundary of Ω, and satisfies the complex version
n∑
k=1
∂2
∂z2j
p(z) = 0
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of Laplace’s equation?
(J. Ryan)
Update 7.71 No progress on this problem has been reported to us.
Problem 7.72 Let N denote the class of complex-valued L∞-functions v on the unit
disc U such that
∫
U vφ dx dy = 0 whenever φ is analytic in U with
∫
U |φ(x+iy)| dx dy <
∞. The Cauchy principal value of
(Bv)(z) =
−1
π
∫
U
v(ζ)
(z − ζ)2 dξ dη, ζ = ξ + iη,
defines the Beurling transform Bv of v.
Is it true that Bv ∈ L∞ and, furthermore, that
‖Bv‖∞ ≤ C‖v‖∞, (7.11)
for some C < ∞, whenever v ∈ N . A weaker question is whether this holds for all
v ∈ N ∩ P , where P is the class of all polynomials in z and z. (The inequality (7.11)
is true at least for certain subclasses of N ∩ P .)
(A. Hinkkanen)
Update 7.72 No progress on this problem has been reported to us.
Problem 7.73 LetD1, D2 be domains in {|z| < R}, and let λ1(z) |dz| and λ2(z) |dz| be
their hyperbolic metrics. What is the least number A = A(R) such that the hyperbolic
metric λ(z) |dz| of D1 ∩D2 satisfies the inequality
λ(z) < A(λ1(z) + λ2(z))?
(W. H. J. Fuchs)
Update 7.73 No progress on this problem has been reported to us.
Problem 7.74 In their famous Acta paper [377], Hardy and Littlewood introduced the
celebrated Hardy-Littlewood maximal function in connection with complex function
theory. Since then it has proved an invaluable tool in real analysis. Here we ask
some questions about the dependence of constants on dimension. Let B be a convex
compact symmetric body in Rn, normalised to have Euclidean volume 1. Let the
Hardy-Littlewood maximal functions be
Mf(x) = sup
t>0
( 1
tn
∫
tB
|f(x+ y)| dy
)
and
M˜f(x) = sup
k∈Z
( 1
2kn
∫
2kB
|f(x+ y)| dy
)
.
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(a) If B is the Euclidean ball in Rn, does there exist a constant C such that meas{x :
M˜f(x) > λ} ≤ Cλ−1‖f‖1 for all λ > 0, with C independent of n?
(b) If so, what is the answer to the same question for Mf?
(c) In the case that n = 1, a conjecture of F. Sonia and the proposer is that the best
constant in the inequality meas{x : Mf(x) > λ} ≤ Cλ−1‖f‖1 is C = 32 . Prove
this.
(d) Let 1 < p ≤ 32 . Can the best constant in the inequality
‖Mf‖p ≤ Cp‖f‖p
be taken to be independent of n and the body B? Even if B = [−12 , 12 ]n, can the
constant be chosen independent of n?
The following relevant facts are known. For (a) and (b), the best known constants are
found in [729]. For (c), Sonia and the proposer have shown that the answer is ‘yes’ if
3
2 < p ≤ ∞; for B with suitably-curved boundary, the answer is ‘yes’ for 1 < p ≤ ∞;
for the sphere, see [728].
(A. Carbery)
Update 7.74(b) Melas (see [563] and [562]) investigates the exact value of the
best possible constant C for the weak-type (1, 1) inequality for the one-dimensional
centered Hardy-Littlewood maximal operator. In connection to this problem, the
sharp bound for the weak-type (1, 1) inequality for the n-dimensional Hardy operator
is obtained by Zhao, Fu and Lu [813].
(c) Melas [561] studies the centered Hardy-Littlewood maximal operator acting on
positive linear combinations of Dirac deltas, and uses this to obtain improvements
in both the lower and upper bounds or the best constant C in the L1 → weak L1
inequality for this operator. A counter-example is given by Aldaz [15], and Aldaz [16]
also shows that the general conjecture fails for every n ≥ 2, and also asymptotically,
i.e. lim inf cn > lim
(
1+21/n
2
)n
=
√
2.
Problem 7.75 Prove or disprove the following statements about analytic capacity γ.
(a) If E ⊆ C is compact and φ is a C1-diffeomorphism of C onto C, then γ(E) = 0
if and only if γ(φ(E)) = 0. The statement is false if φ is a homeomorphism or a
quasi-conformal mapping.
(b) If E ⊆ C is compact and φ ∈ GL(2,R), then γ(E) = 0 if and only if γ(φ(E)) = 0.
(c) If E, F are compact subsets of C, then there exists a constant K > 0 (independent
of the choice of E and F ) such that
γ(E ∪ F ) ≤ K(γ(E) + γ(F )).
Perhaps one can take K = 1? See [183] for related results.
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(d) If K is a compact subset of C with γ(K) = 0, then
γ(E \K) = γ(E)
for all compact subsets E of C. Here γ(E \K) means the inner capacity
sup{γ(L) : L ⊆ E \K,L compact}.
An interesting special case would be that when K is the ‘corner quarters square
Cantor set’ (the so-called Garnett set).
(A. G. O’Farrell)
Update 7.75 Part (c) is the same as Problem 7.39, which has been proved by Tolsa
[752]. If E ⊂ R then γ(E) = 14 length(E), see Pommerenke [643].
Problem 7.76 Prove or disprove the following statement: If K is a compact subset
of C with continuous analytic capacity α(K) = 0, then
α(E \K) = α(E)
for all compact subsets E of C.
An interesting special case is when K is a C1-arc. The case when K is a C1+ε-arc has
already been settled.
(A. G. O’Farrell)
Update 7.76 Note that the continuous analytic capacity is different from the analytic
capacity used in Problem 7.75. No progress on this problem has been reported to us.
Problem 7.77 We will say that g(x) is a rearrangement of f(x) if
m{x : g(x) < y} = m{x : f(x) < y} for all y ∈ R,
where m is Lebesgue measure and f and g are defined on some finite interval I. What
are those functions f(x) for which f ′(x) is a rearrangement f(x)?
Obvious examples of such functions are f(x) = kex on any interval and f(x) = k sinx
on [0, 12π]. What others are there? How about other ‘differential rearrangements’ than
f ′(z) ∼ f(x)?
(L. A. Rubel)
Update 7.77 No progress on this problem has been reported to us.
Problem 7.78 Does there exist a sequence {zn}∞1 of distinct complex numbers such
that ∑ 1
|zn| <∞ and
∑ 1
z − zn 6= 0,
for all z ∈ C?
This has the following physical interpretation. If we imagine electrons (really
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unit-charged wires perpendicular to the complex plane) placed at each point zn, then
these generate a logarithmic potential given by
∑
log |z − zj|. The gradient of this
potential is
∑
1/(z − zn). Thus the question is whether such a field must always have
an equilibrium point - that is, a point where a free electron (or wire), once placed
there, would remain there.
Of course, the corresponding problem could be asked for Rn, n ≥ 3 also.
(L. A. Rubel)
Update 7.78 For n = 2 this was solved by Clunie, Eremenko and Rossi [163].
They also have partial results for n ≥ 3. Further generalisations were obtained by
Eremenko, Langley and Rossi [245].
Problem 7.79 Let f be analytic on a domain G in C. We will say that a point z0 ∈ G
is a MacLane point of f if there exists some neighbourhood N of z0 such that the
restrictions to N of the successive derivatives of f ,
{f (n)|N : n ∈ N},
form a normal family of functions on N . Let M(f) denote the set of MacLane points
of f .
What can be said about the set M(f), besides the fact that it is open? Must M(f)
be connected? If G is simply-connected, must M(f) be simply-connected? Or can
M(f) be an arbitrarily prescribed open subset of G?
Similar questions can be asked about functions meromorphic in G. Perhaps it is more
natural, also, to ask such questions about{f (n)(z)/n!} rather than simply {f (n)(z)}?
Some relevant facts can be found in [546] and [221].
(L. A. Rubel)
Update 7.79 No progress on this problem has been reported to us.
Problem 7.80 Let f be an inner function, with f(0) = 0; then f induces an ergodic
(Lebesgue-) measure-preserving map of the circle onto itself. What is the entropy,
h(f), of f? It is conjectured that h(f) <∞ if and only if f ′ belongs to the Nevanlinna
class; and that, in that case, then
h(f) =
1
2π
∫ 2pi
0
log
∣∣f ′(eiθ)∣∣ dθ.
(See [266] and [657].)
(J. L. Fernandez)
Update 7.80 No progress on this problem has been reported to us.
Problem 7.81 Let I denote the class of all inner functions. Then I, as a subset of
H∞, enjoys some of the properties that the collection of unimodular functions have as
a subset of L∞R (the real-valued functions in L
∞(Π) [706]).
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Is it true that if {Λn} ⊂ (H∞)∗ and if for each function φ ∈ I one has |Λn(φ)| ≤ C(φ),
then
sup
n
‖Λn‖(H∞)∗ <∞?
This is known to hold if Λn ∈ L1\H10 (⊂ (H∞)∗) ([267], [451], [706]); the corresponding
real-variable result is also known [706].
(J. L. Fernandez)
Update 7.81 No progress on this problem has been reported to us.
Problem 7.82 Let E ⊂ C, and the function F : E × D → C satisfy the following
conditions:
(a) F is injective on E, for all z ∈ D;
(b) F is analytic in z ∈ D, for each w ∈ E;
(c) F (z) = z, when w = 0.
Does there exist a function G : C × D → C that satisfies conditions (a), (b) and (c),
and for which G = F on E?
(D. Sullivan, W. Thurston, H. Royden; communicated by D. Hamilton)
Update 7.82 Slodkowski [721] has proved that the answer is ‘yes’.
Problem 7.83 Let G be a finitely-generated Fuchsian group of the first kind.
(a) If F : Π→ Π is a G-invariant quasi-symmetric function, is F totally singular?
(b) Is the Teichmuller space TG dense in the space SG (Schwarzians of G-invariant
univalent functions)?
(O. Lehto; L. Bers; I. Kra; communicated by D. Hamilton)
Update 7.83 No progress on this problem has been reported to us.
New Problems
To appear.
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Chapter 8
Spaces of Functions
Preface by F. Holland (to appear)
Problem 8.1 Let L = {L}∞0 be a non-negative increasing sequence such that
∞∑
k=0
Lkr
k <∞ (0 < r < 1).
If f(z) is analytic in |z| < 1, we will say that f ∈ PL if there exists a constant A such
that, for each integer n ≥ 0 and each polynomial Pn of degree n,
‖Pn ∗ f‖∞ ≤ ALn‖P‖∞,
where ∗ denotes the Hadamard product. The infimum of such A for a given f ∈ PL
defines a norm on PL which then becomes a Banach space. A variety of linear operators
(such as subordination) have the property that they are norm-decreasing on PL. This
enables one to obtain sharp coefficient inequalities for subordinate functions etc., once
a function has been shown to lie in PL. The spaces PL are ‘large-growth’ spaces; for
example, the case Lk = 1 (k ≥ 0) is the space of Cauchy-Stieltjes transforms. Convex
sequences {Lk}∞0 (such as Lk = k) have the property that
∞∑
k=0
Lkz
k
lies in the unit ball of PL.
Can one relate known spaces to these spaces, for example Hp, for 0 < p < 1?
(T. Sheil-Small)
Update 8.1 No progress on this problem has been reported to us.
Problem 8.2 Given functions f1, . . . , fN ∈ H∞, let I = I(f1, . . . , fN ) be the ideal of
H∞ generated by f1, . . . , fN and let J = J(f1, . . . , fN ) denote the set of all g ∈ H∞
for which there exists a constant C = C(g) ≥ 0 for which
|g(z)| ≤ C[|f1(z)| + . . .+ |fN (z)|], |z| < 1.
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J is an ideal of H∞ which contains I. The corona theorem states that I = H∞ if and
only if J = H∞; in general I 6⊆ J , and one seeks further relations between I and J
when these are proper ideals. In particular does there exist an absolute constant κ > 0
such that, if g ∈ H∞ and
|g(z)|κ ≤ C[|f1(z)|+ . . .+ |fN (z)|], |z| < 1,
then necessarily g ∈ I? (If so, we must have κ ≥ 2.) As a special case, is it true that
J2 ⊂ I? This is true in appropriate algebras of functions defined in terms of faster
rates of growth as |z| → 1.
(J. J. Kelleher)
Update 8.2 Von Renteln points out that the problem is improperly
stated. The problem should ask for a constant k, k ≥ 2 such that
|g(z)| ≤ C(|f1(z)|+ . . .+ |fN (z)|), |z| < 1, implies gk ∈ I(f1, . . . , fN ). Wolff
[796] proved the result with k = 3, and Treil [757] showed the k = 3 is best possible.
Problem 8.3 For a bounded plane domain D, denote by N(D) the class of functions
analytic on D of bounded characteristic (i.e., all quotients of functions in H∞(D) with
nonvanishing denominator); let f1, . . . , fN ∈ N(D) have no common zeros in D. Find
necessary and sufficient conditions on f1, . . . , fN in order that they generate the full
ring N(D). Equivalently, if g1, . . . , gN ∈ H∞(D), when does the ideal generated by
g1, . . . , gN in H
∞(D), or in N(D), contain a non-vanishing function?
For D = D, for example, the zeros of g1, . . . , gN should not get too close together as one
approaches ∂D, and one would like to obtain a corona-type theorem for this problem
- i.e., a lower estimate for
|g1(z)|+ . . . |gN (z)|
in D.
(J. J. Kelleher)
Update 8.3 For the unit disc, this problem is solved by Dahlberg, Kelleher and
Taylor (not published). Earlier partial results are due to Mantel [553] and von Renteln
[770].
Problem 8.4 Let D be a simply-connected domain in the complex plane C and A(D)
the ring of functions f : D → C analytic in D. Bers (no citation) has shown that (for
domains of arbitrary connectivity) the algebraic structure of A(D) determines the
conformal structure of D. Can A(D) be the direct sum of two non-trivial subrings of
itself? (This would represent a generalisation of Taylor’s Theorem.) Is there a more
general result for multiply-connected domains D?
(J. J. Kelleher)
Update 8.4 No progress on this problem has been reported to us.
Problem 8.5 Let G be a domain in C, and H(G) the ring of functions analytic on G.
It is known that, for two domains G1 and G2, H(G1) is isomorphic to H(G2) if and
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only if G1 and G2 are conformally (or anticonformally) equivalent. What can be said
under only the hypothesis that H(G1) and H(G2) are elementarily equivalent in the
sense of model theory? For a large class of domains the corresponding problem has
been solved for HC(G), the algebra of functions analytic on G, by Henson and Rubel
(see [434] and [435]).
(L. A. Rubel)
Update 8.5 Some real progress has been made by Becker, Hansen and Rubel [73].
The emphasis is on HC(G). The problem as stated is open when G1 and G2 are just
annuli.
Problem 8.6 Let Ap, p > 0 be the Bergmann space of functions f(z) analytic in
|z| < 1 such that
‖f‖p = (
∫ ∫
|z|<1
|f(reiθ)|p r dr dθ)1/p <∞;
clearly Hp ⊂ Ap. Horowitz [446] has shown that if f ∈ Ap and f has zeros {zk} in
|z| < 1 then
n∏
k=1
|zk|−1 = O(n(1/p)+ε) as n→∞, (8.1)
for all ε > 0; in (8.1) ε cannot be replaced by 0.
Recall that {zk} is a zero set for Hp if and only if
∑
(1− |zk|) <∞. Characterise the
zero sets for Ap, or at least find some non-trivial converse to (8.1).
(P. L. Duren)
Update 8.6 For a finite set F on |z| = 1 construct the domain
GF = {|z| < 1} \ ∪νR(Iν),
where Iν are the complementary arcs of F and
R(I) =
{
z = reiθ : 1− |I|
2π
≤ r < 1, eiθ ∈ I},
|I| being the angular length of an arc I.
Set further
κ(F ) =
1
2π
∑
ν
|Iν |
2π
log
( 2π
|Iν | + 1
)
.
Then there exists an absolute constant λ > 1 such that the two conditions
(a)
sup
F
{ ∑
zk∈GF
(1− |zk|)− λp−1κ(F )
}
<∞,
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(b)
sup
F
{ ∑
zk∈GF
(1− |zk|)− λ−1p−1κ(F )
}
<∞,
are respectively necessary and sufficient for zk to be a zero set for A
p (sup is taken
over all finite F ). From this it follows that
(c)
sup
F
{
κ(F )−1
∑
zk∈GF
(1− |zk|)
}
<∞
is necessary and sufficient for
{
zk
}
to be a zero set for some Ap(p > 0).
This is a modified version of a theorem of Korenblum [481].
Problem 8.7 We use the notation of Problem 8.6. Let {zn}∞1 be a sequence of points
in D such that the kernel functions kn(z) = (1− znz)−2 do not span the space A2, and
let {fj}∞1 be finite linear combinations of the kn which converge (in norm) to some
function f in A2. Prove that, if the sequence {fj} converges uniformly to 0 on some
disc ∆ in {|z| > 1}, then f ≡ 0.
Similar problems can of course be stated for the functions (1 − znz)−1, and for
spaces other than A2. This slightly ‘weird’ problem arises in the theory of generalised
analytic continuation; it is known to be true if the closure of {zn}∞1 does not contain
all of {|z| = 1}; it is also known that the analogous result for H2 is true.
(H. S. Shapiro)
Update 8.7 No progress on this problem has been reported to us.
Problem 8.8 Suppose that F is a relatively-closed subset of D, and let
‖f‖F = sup{|f(z)|; z ∈ F}
for functions f in the Bergman space A2. Describe geometrically the set
{z : |z| < 1, |f(z)| ≤ ‖f‖F for all f ∈ A2}.
(A. Stray)
Update 8.8 No progress on this problem has been reported to us.
Problem 8.9 Determine
‖Λ‖ = sup
∣∣∣∫ ∫
|z|<1
f(z)φ(z) dσz
∣∣∣
over those f ∈ A1 with ‖f‖1 ≤ 1, where
φ(z) = sgn(Re z).
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It is shown by Reich and Strebel [664] that ‖Λ‖ < 1, and that there exists an extremal
function for the problem. See also Harrington and Ortel [379]. Problems of this type
are of interest in connection with the theorem of Hamilton [373] in quasi-conformal
mapping.
(K. Strebel; communicated by M. Ortel)
Update 8.9 Reich [663] proved ‖Λ‖ < 1. Another proof is due to Harrington and
Ortel [378] who also showed in [379] that the supremum is actually attained. A
different (analytic) proof that ‖Λ‖ < 1 is given by Anderson [23].
Problem 8.10 If f and 1/f belong to the Bergman space A2, does it follow that Pf
is dense in A2? Here Pf denotes the set of all polynomial multiples of f , i.e.
Pf = {pf : p a polynomial}.
More generally, if f ∈ A2 and |f(z)| ≥ c(1−|z|)a for some a, c > 0, then does it follow
that Pf is dense in A2? (For partial results in this direction, see [4]).
(A. L. Shields)
Update 8.10 No progress on this problem has been reported to us.
Problem 8.11 Let g be a function in the space D of functions analytic in |z| < 1 with
finite Dirichlet integral, i.e., ∫ ∫
|z|<1
|h′(z)|2 dx dy <∞.
If Pg, as defined in Problem 8.10, is dense in D and if, for some f ∈ D, |f(z)| ≥ |g(z)|
for all |z| < 1, is it necessarily true that Pf is dense in D?
The analogous result is true in H2 and in A2. Shields [715] solved the special case
g(z) ≡ 1.
(A. L. Shields)
Update 8.11 No progress on this problem has been reported to us.
Problem 8.12 Let A denote the set of functions continuous on |z| = 1 which extend
continuously to analytic functions on |z| < 1 (the disc algebra). Let A˜ denote the
set of functions of the form f ◦ φ where f ranges over A and φ ranges over the set of
sense-preserving homeomorphisms of |z| = 1. Find a ‘good’ characterisation of A˜.
Is there a function in A˜ which coincides with
∞∑
n=1
2−n exp(−i2nθ)
on some subset of |z| = 1 having positive measure? The proposer conjectures not.
(This problem is related to generalised analytic continuation.)
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(H. S. Shapiro)
Update 8.12 No progress on this problem has been reported to us.
Problem 8.13 Does there exist a singular measure in Zygmund’s class A∗ all of
whose Fourier-Stieltjes coefficients are non-negative?
(F. Holland)
Update 8.13 No progress on this problem has been reported to us.
Problem 8.14 Which functions in L∞ on the unit circle generate positive Hankel
operators?
(F. Holland)
Update 8.14 No progress on this problem has been reported to us.
Problem 8.15 Characterise the Hankel operators on the Hardy space H2 on the
circle that are of trace class.
(F. Holland)
Update 8.15 No progress on this problem has been reported to us.
Problem 8.16 Miles [567] and Rudin [683] have shown that in Cn a function analytic
in the unit polydisc and in the Hardy class H1 may not be expressible as the product
of two functions in H2, if n ≥ 3. Is this result also true for n = 2?
(J. G. Clunie)
Update 8.16 Rudin notes that the problem was settled for n = 2, and hence for all
n ≥ 2, by Rosay [670]. The analogous problem is open (for all n > 1) if the polydisc
Un is replaced by the unit ball Bn ⊂ Cn.
Problem 8.17 In the ring of bounded analytic functions on the unit ball or the
polydisc in n variables, is the intersection of two finitely-generated ideals again finitely
generated? This was proved for n = 1 by McVoy and Rubel [559].
(L. A. Rubel)
Update 8.17 No progress on this problem has been reported to us.
Problem 8.18 For which simply-connected domains D (with 0 ∈ D) is it true that
there is a constant K = K(D) such that∫ ∫
D
|f |2 dx dy ≤ K
∫ ∫
D
|f ′|2 dx dy (8.2)
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for all functions f analytic on D with f(0) = 0? This inequality (8.2) is known as the
analytic Poincare´ inequality.
Courant and Hilbert [175] have given a Jordan domain for which (8.2) is false; and
Hummel [452] has given an example of a spiral domain D for which
∫ ∫
D|f |2 dx dy =∞
and
∫ ∫
D|f ′|2 dx dy <∞.
(D. H. Hamilton)
Update 8.18 No progress on this problem has been reported to us.
Problem 8.19 Let µ ≥ 1 be a singular measure on the boundary of the unit disc D;
and let Sµ be the corresponding singular inner function
Sµ(z) = exp
{∫ 2pi
0
z + eiθ
z − eiθ dµ(θ)
}
, z ∈ D.
The function Sµ is said to be discrete if µ is discrete, and continuous if it has no
discrete part. If Sµ is discrete, does there exist some δ > 0 such that ‖Sµ − sν‖∞ > δ
for all continuous functions Sν?
The answer is ‘no’ if ‘discrete’ and ‘continuous’ are interchanged [734].
(K. Stephenson)
Update 8.19 No progress on this problem has been reported to us.
Problem 8.20 Let f1, . . . , fn and g be H
∞ functions on D. If |g(z)| ≤ |f1(z)|+ . . .+
|fn(z)|, are there necessarily functions g1, . . . , gn ∈ H∞ such that
g2 = f1g1 + . . .+ fngn? (8.3)
Wolff (see [291], page 329) has shown that (8.3) holds with g2 replaced by g3, and
Rao (see [661]; and [291], Exercise 3, page 369) has shown that (8.3) is false with g2
replaced by g. For general background on the problem see [291, Chp. VIII].
(J. B. Garnett)
Update 8.20 Woytaszczyk notes that a paper by Tolokonnikov [751] is related to
this problem.
Problem 8.21 Let w ≥ 0 be an integrable function on the circle or on the line. Then
w is said to belong to the class A2 if
sup
l
( 1
|l|
∫
l
w dx
)( 1
|l|
∫
l
1
w
dx
)
<∞
over all (appropriate) intervals I ; and w is said to satisfy the Helson-Szego¨ condition
if logw = u+ v˜ where u ∈ L∞, ‖v‖∞ < 12π and v˜ is the conjugate function of v. It is
known that the Helson-Szego¨ condition is equivalent to A2, since both conditions are
necessary and sufficient for∫
l
|f˜ |2w dx ≤ const.
∫
l
|f |2w dx. (8.4)
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The problem is to prove that the Helson-Szego¨ condition and A2 are equivalent
without using (8.4). For information on the case ‖v‖∞ < π, see [170].
(J. B. Garnett and P. W. Jones)
Update 8.21 No progress on this problem has been reported to us.
Problem 8.22 Do there exist inner functions in any strictly pseudo-convex domain of
Cn, n ≥ 2? Alexandrov (no citation) and independently Løw (no citation) and Hakim
and Sibony [361] have shown the existence of inner functions in the case of the ball.
(R. Zeinstra)
Update 8.22 There is a positive answer by Løw (see [531] and [532]) if the domain
is smoothly bounded. Also, Aleksandrov [17] has constructed such inner functions if
the domain has a C2 boundary.
Problem 8.23 In Pompeiu’s formula, f(z) and
∫
Γ f(ζ)/(ζ − z) dζ make sense for
merely continuous functions, but∫ ∫
Ω
∂f
∂ζ
1
ζ − z dζ dη
needs at least some weak differentiability of f . It would be useful to extend the
validity of the formula, for example to cover the case of functions f ∈ Lip α, α > 0.
This prompts the following question. For which Borel sets Ω is the inequality∣∣∣ 〈∂χΩ
∂z
, f
〉 ∣∣∣ ≤ CΩ‖f‖Lip α
valid? Putting it another way, for which Borel sets Ω does χΩ act on the Besov space
Bα−1∞,∞? An interesting special case would be that when Ω is a ‘Swiss cheese’.
(A. G. O’Farrell)
Update 8.23 No progress on this problem has been reported to us.
Problem 8.24 Let the sequence {Mk}∞0 of positive numbers be such that
M0 = 1 and
Mk+j
MkMj
≥
(
k + j
j
)
.
Assume also the non-quasianalyticity condition that
∑
k
(
Mk/Mk+1
)
<∞.
Consider those functions f on a compact set X ⊂ C that are limits of rational functions
with poles of X in the norm
g 7→
∞∑
k=0
1
Mk
sup
X
|g(k)|;
these functions form a Banach algebra. Is X its maximal ideal space? (The answer is
‘yes’ if X is the unit disc or the unit interval.)
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(A. G. O’Farrell)
Update 8.24 No progress on this problem has been reported to us.
Problem 8.25 Let ψ : S1 → S1 be a direction-reversing homeomorphism, and let Aψ
denote the set of functions f : S1 → C such that both f and f ◦ ψ belong to the disc
algebra. When does Aψ contain only constant functions?
(A. G. O’Farrell)
Update 8.25 No progress on this problem has been reported to us.
Problem 8.26 Let ψ : S1 → S1 be a homeomorphism. When is it true that
Re A = Re A ◦ψ? That is, when is each function f in the real part of the disc algebra
also of the form g ◦ ψ, for some function g in the disc algebra?
O’Connell [609] has shown that it is necessary that ψ is absolutely continuous, and
sufficient that ψ is C1+ε.
(A. G. O’Farrell)
Update 8.26 No progress on this problem has been reported to us.
New Problems
To appear.
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Chapter 9
Interpolation and Approximation
Preface by J. L. Rovnyak (to appear)
Problem 9.1 A sequence {zn}∞1 in |z| < 1 is interpolating for bounded analytic
(harmonic) functions if, for each bounded sequence {αn}∞1 there exists a function
u(z) bounded and analytic (harmonic) in |z| < 1 with u(zn) = αn(n ≥ 1). It is
known that a sequence is interpolating for bounded harmonic functions if and only
if it is interpolating for bounded analytic functions ([140], [291], [767]); however all
such proofs require knowledge of conditions implying that a sequence interpolates for
bounded analytic functions. Find a simple proof of this equivalence which does not
rely on knowledge of such conditions.
(L. Zalcman)
Update 9.1 No progress on this problem has been reported to us.
Problem 9.2 Let f(z) ∈ H∞, and let {zn} be a Blaschke sequence
∞∑
n=1
(|zn|) <∞.
(a) Does there always exist a Blaschke product B(z) of norm not necessarily equal to
1, such that
B(zn) = f(zn) (9.1)
for n ≥ 1? This is certainly the case if the Blaschke sequence is uniformly sepa-
rated, that is
inf
n
∏
m6=n
∣∣ zm − zn
1− zmzn
∣∣ > 0.
See, for example, Earl [213].
(b) Is the unique H∞ function of minimal norm assuming the values {f(zn)} at {zn} a
constant multiple of a Blaschke product? The answer is ‘yes’ if the sequence {zn}
is finite, see Earl [212]. What happens if we know, in addition, that f(zn)→ 0 as
n→∞? The answer is again ‘yes’ if zn → 1 non-tangentially as n→∞.
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(c) One can ask questions (a) and (b) for sequences {zn} that are weakly separated,
viz
inf
m6=n
∣∣ zm − zn
1− zmzn
∣∣ > 0.
(d) Also, one can ask questions (a) and (c) for inner functions instead of for Blaschke
products.
(J. P. Earl and A. Stray)
Update 9.2 Stray [737] has proved that if there exist two distinct solutions B(z) of
(9.1) which have minimum supremum norm, then one of them is a Blaschke product.
Stray [736] has also shown that if
{
zn
}
is an interpolation sequence and f(zn) → 0,
then the solution of (9.1) with minimum norm is unique and is a Blaschke product.
Problem 9.3
(a) Suppose that f, f1, f2, . . . , fn ∈ H∞, and
|f | ≤ |f1|+ |f2|+ . . .+ |fn|.
Do there necessarily exist h1, h2, . . . , hn ∈ H∞ such that
f = f1h1 + f2h2 + . . .+ fnhn?
(If |f1|+ |f2|+ . . .+ |fn| ≥ δ > 0, this is the corona theorem.)
(b) Suppose that f1, f2 ∈ H∞. Do there necessarily exist f ∈ H∞ and δ > 0 such that
δ(|f1|+ |f2|) ≤ |f | ≤ |f1|+ |f2|?
If the answer is ‘yes’ is f necessarily or possibly of the form h1f1 + h2f2 for some
h1, h2 ∈ H∞? (Notice that (b) would imply (a)).
(J. P. Earl)
Update 9.3(a) The problem was originally posed by Rubel in Birtel’s collections
(see [99, Problem 12, p. 347]). A counter-example (N = 2, f1 and f2 Blaschke
products) was given by Rao [661]. An easier counter-example is the following: Let
F1(z) = 1 − z, F2(z) = exp[−(1 + z)/(1 − z)] and take f1 = F 21 , f2 = F 22 , f = F1F2.
Then |f | ≤ |f1| + |f2|. Since F1 and F2 are relatively prime, the existence of h1, h2
in H∞ with f = f1h1 + f2h2 is equivalent to the existence of g1, g2 in H∞ with
1 = F1g1 + F2g2. But this is impossible, since the right-hand side of the equation
tends to zero on the real axis.
Update 9.3(b) The following is a counter-example: take N = 2, f1 = F1 and f2 = F2
where F1 and F2 are defined as in Update 9.3(a). Assume that there exist f in H
∞ and
δ > 0 such that δ(|f1|+|f2|) ≤ |f | ≤ |f1+|f2| holds. The left-hand side of the inequality
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implies f 6= 0, δ|f1| ≤ |f | and δ|f2| ≤ |f |, that is, f is a divisor of f1 and of f2 (in the
algebra H∞). Since f1 is an outer function, so if f , and since f2 is an inner function,
so is f (up to invertible elements). That is, f has the factorisation f = gh where g is
invertible in H∞ and h is both outer and inner. Therefore h is a non-zero constant
function. This implies |f | ≥ ε > 0 for some positive ε, but this is a contradiction to
|f | ≤ |f1|+|f2|, since the right-hand side of the inequality tends to zero on the real axis.
Problem 9.4 For each pair of f, g ∈ H∞, does there necessarily exist another pair of
functions a, b ∈ H∞ such that
af + gb 6= 0, |z| < 1 ? (9.2)
It is easy to see that a necessary condition for this is that log(|f |−|g|) have a harmonic
minorant. Is this condition also sufficient for (9.2)? This problem is closely related to
Problem 9.3.
(B. A. Taylor; communicated by L. A. Rubel)
Update 9.4 This is a special case of Problem 8.3, and a positive solution has been
given by Dahlberg, Kelleher and Taylor (not published).
Problem 9.5 Let K1,K2,K3 be disjoint closed sets in the extended complex plane,
and C1, C2, C3 constants. Let ρn(f) be the best rational approximation to the function
f which equals Ci on Ki (i = 1, 2, 3); i.e.
ρn(f) = inf
g∈Rn
max
z∈∪iKi
|f(z)− g(z)|,
where Rn is the class of rational functions f order at most n. Find a geometric
characterisation of limn→∞ ρ
1/n
n . For the case of two sets, see Gonchar [333].
(T. Ganelius)
Update 9.5 No progress on this problem has been reported to us.
Problem 9.6 Let D be an open subset of the extended complex plane with non-empty
boundary ∂D, and let F be a relatively-closed subset of D. Let f be a function given
on F , and {fn}∞1 a sequence of functions analytic on D such that fn → f uniformly
on F . If E ⊂ (∂Fn ∩ ∂D) and if f extends continuously to F ∪ E, can each fn be
extended continuously to F ∪ E? The answer is ‘yes’ if D is the unit disc, or if E is
compact.
(A. Stray)
Update 9.6 No progress on this problem has been reported to us.
Problem 9.7 Let us call a closed set E in C a weak Arakelian set if, corresponding
to each function g(z) continuous on E and analytic in the interior of E, there exists
an entire function g(z) such that, for any sequence {zn}∞1 in E, |f(zn)| → ∞ if and
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only if |g(zn)| → ∞. Find a geometric characterisation of the weak Arakelian sets.
(L. A. Rubel)
Update 9.7 Goldstein [327] and Gauthier, Hengartner and Stray [296] have obtained
necessary conditions and sufficient conditions for a closed subset of C to be a weak
Arakelian set, but have not obtained conditions which are both necessary and sufficient.
Problem 9.8 Let γ be a Jordan arc in Cn, n ≥ 2 such that the projections γj on the
complex coordinate planes j = 1, . . . , n have area zero. Then R(γ) = C(γ). Is it true
that P (γ) = C(γ)? See Korevaar [484] and Wermer [787].
(J. Korevaar)
Update 9.8 No progress on this problem has been reported to us.
Problem 9.9 Does the condition
∑
1/pn <∞ for positive integers pn guarantee that
the sequences of powers {zpn} fails to span C(γ) for every Jordan arc γ? Korevaar
and Dixon [485] have shown that for arcs of locally limited rotation (for example C1
arcs), the condition
pn ≥ nL(n), 0 < L(n) ↑,
∑
1/nL(n) <∞
assues a non-spanning sequence {zpn}.
(J. Korevaar)
Update 9.9 No progress on this problem has been reported to us.
Problem 9.10 Let F be a closed subest of Rn, n ≥ 2. Call F a set of harmonic
approximation if every function continuous on F and harmonic in the interior of F
can be uniformly approximated there by a harmonic function in Rn. Give necessary
and sufficient conditions that F be a set of harmonic approximation. If F is nowhere
dense, Sˇaginjan [771] has done this. If F is the closure of its interior, Gauthier, Ow
and Goldstein [295] have given necessary conditions and sufficient conditions when
n = 2, but not necessary and sufficient conditions. This has applications to Rubel’s
Problem 9.7.
(M. Goldstein)
Update 9.10 No progress on this problem has been reported to us.
Problem 9.11 Let D be a planar domain. A sequence {zj} of points in D is said to
be an interpolating sequence if whenever {αj} ∈ ℓ∞ there is a function F ∈ H∞(D)
such that F (zj) = αj , for all j.
Suppose that the sequence {zj} has the property that for each j there is a function
Fj ∈ H∞(D) such that Fj(zk) = 0 if k 6= j, Fj(zj) = 1 and ‖F‖∞ ≤ C. Is {zj}
necessarily an interpolating sequence?
200
(P. W. Jones)
Update 9.11 No progress on this problem has been reported to us.
Problem 9.12 Let Γ ⊂ C be a Jordan curve of logarithmic capacity 1, and let φ
be a conformal map from the exterior of Γ to the exterior of the unit circle such
that φ(∞) = ∞. We consider charge distributions on Γ consisting of n point charges
1/n at nth order Fekete points z1, . . . , zn on Γ, n ∈ N. If Γ is smooth enough, the
corresponding potentials
1
n
n∑
k=1
log |z − zk|
give approximations to log |φ(z)| (outside Γ) and to 0 (inside Γ) which are O(1/n)
away from Γ (see [482], [483], [486], [496]).
Prove a similar result for the case where Γ is a square. It does hold in the degenerate
case Γ = [−2, 2].
(J. Korevaar)
Update 9.12 No progress on this problem has been reported to us.
Problem 9.13 Let K be a compact subset of Rn, n ≥ 3. For φ ∈ D, let D(φ) be a
least-diameter disc containing spt φ; let d(φ) = diam (spt φ), and let
‖φ‖∗ = ‖φ‖∞ + d(φ) · ‖▽φ‖∞.
Are the following conditions equivalent for continuous functions f : Rn → R?
(1) There exists a sequence {fn}∞1 of functions harmonic near K, such that fn → f
uniformly on K.
(2) There exists a function n such that n(δ) decreases to 0 as δ decreases to 0, for
which ∣∣∣ ∫
Rn
fδφ dx
∣∣∣ ≤ η(d(φ))‖φ‖∗C(D(φ)−X).
Here C denotes the harmonic capacity of Rn obtained from the kernel r−n+2.
Note that (1) implies (2), and that (2) implies (1) if f is a C2-function. The condition
(2) is formally analogous to one that occurs in rational approximation theory.
(A. G. O’Farrell)
Update 9.13 No progress on this problem has been reported to us.
Problem 9.14 Let f be continuous on a compact subset K of C. If there exists a
sequence {fn}∞1 of functions analytic near K for which gn → f2 uniformly on K,
does there necessarily exist a sequence {hn}∞1 of functions analytic near K for which
hn → f uniformly on K?
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Paramanov has proved this under the stronger hypothesis that f ∈ Lip (12 ); it is also
true under the hypothesis that f ∈W 1,p (p > 2).
(A. G. O’Farrell)
Update 9.14 No progress on this problem has been reported to us.
Problem 9.15 Let f1 and f2 ∈ H∞(unit disc) = H∞; and let the function g ∈ H∞
satisfy the inequality
|g(z)| ≤ |f1(z)| + |f2(z)|.
Do there necessarily exist functions g1 and g2 in H
∞ such that
g2 = f1g1 + f2g2 ?
In other words, is it true that g2 ∈ I(f1, f2) (the ideal generated by f1 and f2)?
Wolff has proved that g3 ∈ I(f1, f2). Also Rao has given an example of a function
g /∈ I(f1, f2). For related results by Tolokonnikov, see [381, p. 399].
(J. Garnett)
Update 9.15 No progress on this problem has been reported to us.
Problem 9.16 Let Γ be a curve of the form
{x+ iA(x) : −∞ < x <∞}
with
|A(x1)−A(x2)| ≤M |x1 − x2|.
Let E be a compact subset of Γ, ∆1(t) > 0, and let
Ω = C∗ \ E, where C∗ = C ∪ {∞}.
Prove the corona theorem for Ω.
(J. Garnett)
Update 9.16 No progress on this problem has been reported to us.
Problem 9.17 Let K denote the 13 -Cantor set on R; let E = K × K, and let
Ω = C∗ \ E. Prove the corona theorem for Ω.
(J. Garnett)
Update 9.17 No progress on this problem has been reported to us.
New Problems
To appear.
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Table 2: List of problems proposed
Topic A B C H I L N
1 1-23 24-29 30 - 31-36 37-43 TBC
2 1-32 33-46 47-57 58-64 65-68 69-90 TBC
3 1-10 11-15 16-18 19-20 21-30 31-35 TBC
4 1-21 22-24 25-27 28-31 - - TBC
5 1-21 22-37 38-58 59-66 67-70 71-79 TBC
6 1-26 27-31 32-63 64-82 83-95 96-117 TBC
7 1-8 9-22 23-32 33-52 53-67 68-83 TBC
8 - - 1-17 - 18-22 23-26 TBC
9 - - 1-7 8-10 11 12-16 TBC
Table 3: Comments on problems
Problem 1 2 3 4 5 6 7 8 9
1 B B C, G D B, C B, K
2 B B B, F B, D. F B, C, J, K D K
3 B, J D, J B B, C D D
4 B, F B, F C, G C D
5 B, F B B, D, K K B, E, K B D
6 E, K, M C, M D C, D K B D
7 B D, J B J C, G, J, K, E, K B, E D
8 B B, C, E, G B B, E
9 B E, M B E B D
10 B, K D, J B, K B D
11 B, K M D J B J
12 D M D B B, J E D
13 B J C, G B, E
14 B C, G C, D B, E B, E D
15 B D, K B, E
16 C, M B, C B B D, J D
17 B B, E, F, J D B, F J
18 B, C, G, M C D, K D, F
19 D, M J, K, M J
20 D, E, M M B, F D K
21 C, K B, M
22 B B, J D K
23 B, J, K M K D E
24 C C D J
25 C, G B, K, M K
26 J, M K J J
27 D K J, K
28 C, D, J B, E, F D, F
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29 K B, F J
30 B D, F C, D, K D
31 B D F
32 C, G, K
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36 D K
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39 K
40 C, J K K
41 J K D K
42 M D, J K
43 D D J
44 C, G D
45 D K
46 D J
47 J D
49 D, J
50 D
52 M
54 D
55 D
56 K
57 D D
58 J G, J
59 K
60 D K
61 J
62 J
63 J
64 M
65 M J
66 K K J
67 J
69 M J
70 M K
71 M
72 M
73 J
75 M
78 M
79 M K
83 M
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84 K
86 M
87 M K
88 M
90 K
94 K
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